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Abstract

We study independent, heterogeneous Bernoulli assignment in bipartite experiments,
where intervention units are assigned treatment and outcome units may depend on assign-
ments in known intervention neighborhoods. For the finite-population contrast between
all-treated and all-control neighborhood outcomes, we analyze an exposure-weighted Hajek
estimator under bipartite neighborhood interference. With bounded potential outcomes, we
derive a graph-and-design-dependent envelope that upper-bounds the design-based variance
scale of its linearization and can be minimized subject to a positivity-constrained expected-
treatment budget. Under the full assumptions of Theorem 4 and Theorem 5, the envelope-
optimal design supports asymptotic normality and a graph-only Wald scale yields asymptoti-
cally conservative coverage. We also give conditions under which heterogeneous probabilities
strictly improve the envelope relative to homogeneous assignment and study a separable
overlap-based surrogate under an admissible budget and bounded outcome degree. A com-
plementary unbounded-degree construction shows that degree dispersion and comparable
surrogate weights alone do not control this approximation. Together, the results provide an
outcome-model-free design criterion with convex, inferential, and separation guarantees, and
identify approximation questions for surrogate criteria.

1 Introduction

Interference often separates the units receiving assignments from the units whose outcomes are
measured. In bipartite experiments, treatments are assigned to one set of units, while outcomes
are recorded for another set whose members may each depend on several assigned interven-
tions. This structure arises in settings involving suppliers and customers, advertisers and users,
providers and patients, or policies and exposed populations. It also creates a design problem:
even when assignments are independent, overlapping intervention neighborhoods induce depen-
dence among outcome-level exposure terms.

This paper considers a finite-population bipartite experiment with known graph structure
and independent Bernoulli assignment probabilities that may differ across intervention units.
The estimand is the average contrast between each outcome unit’s all-treated and all-control
neighborhood potential outcomes. Under the bipartite interference restriction in Assumption 1,
the exposure-weighted Héjek estimator in Definition 3 uses realized all-treated and all-control
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Table 1: Scope of the graph-only heterogeneous-probability criterion relative to related ap-
proaches.

neighborhood exposures. The design question is how to allocate a fixed expected number of
treated intervention units when potential outcomes are unavailable at the design stage.

The answer studied here is a conservative design criterion. Theorem 2 gives an outcome-
model-independent graph envelope under heterogeneous Bernoulli assignment with 0 < pp < 1
and bounded potential outcomes. When the budget is admissible, we minimize this upper
bound over the feasible class in Definition 1, which imposes both a positivity floor and a fixed
expected-treatment budget. This yields a graph-adaptive allocation with an auditable robustness
interpretation before outcomes are observed.

The criterion targets an analytically convenient uniform variance upper bound over the
bounded-outcome class. Its value is that the objective is observable before randomization, per-
mits an exact convex formulation, and comes with formal separation and inference guarantees.
It provides a robust graph-only benchmark for subsequent numerical comparisons with homo-
geneous, clustered, and outcome-informed alternatives.

The paper’s closest literatures differ in either the assignment law, the information used to
choose a design, or the target of optimization.

The first contribution is a covariance representation that separates graph-and-design loads
from unknown centered potential outcomes. Theorem 1 recovers the homogeneous Bernoulli case,
in which same-exposure loads depend on the size of shared neighborhoods. Theorem 2 extends
this representation to heterogeneous independent probabilities and establishes the corresponding
envelope under bounded potential outcomes. This extension captures an intervention’s full role
in outcome-pair overlap beyond its intervention-side incidence.

The second contribution concerns the allocation problem induced by that envelope. Under an



admissible positivity floor and budget, Theorem 3 establishes existence of an envelope minimizer
and characterizes it with first-order conditions. The associated gradient score aggregates the
overlap contribution of an intervention across outcome pairs. Theorem 6 shows that, when
homogeneous-point scores differ and the homogeneous rate is strictly interior and unequal to
one half, a heterogeneous direction strictly improves the envelope and admits a quantitative
lower bound. In the special case of singleton outcome neighborhoods, unequal intervention-side
incidences are sufficient for this score heterogeneity.

The third contribution studies a computational simplification and its formal scope. The
envelope couples probabilities within shared neighborhoods, motivating a separable surrogate
under an admissible positivity-constrained budget and bounded outcome degree. Theorem 8
complements this analysis with an unbounded-degree construction in which the approximation
ratio diverges despite dispersed intervention-side degrees and comparable surrogate weights. To-
gether, the results motivate reporting outcome-neighborhood and overlap diagnostics as checks
when assessing surrogate reliability.

The inferential results remain design based throughout: potential outcomes are fixed, and
assignment is the source of randomness. For sequences satisfying the full assumptions of The-
orem 4, including outcome indexing and feasible envelope-optimal designs, Theorem 4 estab-
lishes a Héjek central limit theorem. Under the full assumptions of Theorem 5, the determin-
istic graph-only scale in Definition 9 yields asymptotically conservative coverage. The stated
bounded-degree regime supplies the local-dependence control supporting both guarantees.

The paper is related to design-based causal inference under interference [Hudgens and Hal-
loran, 2008, Aronow and Samii, 2017, Sévje et al., 2021], to approximate or structured neigh-
borhood restrictions [Leung, 2019], and to bipartite causal designs [Zigler and Papadogeorgou,
2018, Chattopadhyay et al., 2023]. Relative to homogeneous Bernoulli bipartite analysis [Lu
et al., 2025], the contribution is the graph-dependent heterogeneous-probability envelope and
the associated optimization and approximation results. Relative to clustered designs, the assign-
ment law remains independent across intervention units; whether that operational distinction is
preferable is application dependent.

The verification appendix describes the precise scope of the formal verification support. The
remainder of the paper sets out the experiment, estimator, and feasible design class; develops
the envelope, inference, separation, and surrogate results; and discusses the resulting scope and
limitations.

2 Setup and assumptions

At stage n, the experiment assigns interventions to a finite set I,,, with |I,,| = m,,, and records
outcomes for the outcome-unit set O,, of size n. A known bipartite graph G,, links intervention
units to outcome units. For outcome unit 4, its intervention neighborhood N;(G,) collects
adjacent intervention units and has degree d;. Conversely, let My(G,,) denote the outcome units
adjacent to intervention unit k, and write s; for its cardinality. These two degree concepts
can differ: d; governs the number of assignments entering one outcome’s exposure, whereas si
summarizes the outcomes potentially affected by a given intervention.

For i, j € Oy, the shared neighborhood S;;(G),) equals N;(G,) N N;(G,,). Distinct outcomes
are adjacent in the usual loop-free overlap graph when this set is nonempty. The formal quantity
A,, is instead the maximum cardinality of the closed overlap neighborhood {j € Oy, : S;;(Gy) #
@}, so it includes ¢ whenever N;(G,) # @. In the nonempty-neighborhood case it is the
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Figure 1: The bipartite graph GG,, and its loop-free outcome-overlap graph. Two distinct outcome
units are adjacent in the latter exactly when their intervention neighborhoods overlap. The
formal dependence bound uses the corresponding closed overlap-neighborhood cardinality, which
also counts the outcome itself.

conventional overlap-graph degree plus one. Thus, s; measures intervention-side incidence,
while A,, bounds the number of outcome-level exposure terms that can depend on a given term.

We work with a fixed finite-population potential-outcome schedule Y. Specifically, Y;(zy;)
is the potential outcome induced by a neighborhood assignment vector, and the all-treated and
all-control potential outcomes are YZ»1 and YZ-O, respectively. The observed outcome is Yi"bS =
Yi(Zn, ). Let p1 = n~! > ico, Yl and py = n7! > ico, Y?, so that the finite-population
estimand is 7, = pu1 — pg-

The potential-outcome restriction is as follows.

Assumption 1. [ass:bipartite-interference] (Bipartite interference restriction) For every
i € Oy, and every z,2' € {0,1}™,

NG = ey = Yilewan) = V(o)

Assumption 1 is the usual neighborhood-interference restriction for a bipartite experiment:
outcome ¢ depends exclusively on assignments in N;(G,,). It permits arbitrary interference within
a neighborhood while making the exposure mapping graph-based and known to the researcher
[Lu et al., 2025].

Assignment follows a finite-population Bernoulli randomization design. Write Z = (Zy)ker,
for the assignment vector, with Z, denoting its coordinate for intervention unit k, and let
p = (pk)ker, denote the probability vector.

Assumption 2. [ass:independent-heterogeneous-bernoulli] (Independent heterogeneous
Bernoulli assignment) For every k € I, Zy is Bernoulli with success probability py, and the
collection {Zy, : k € I,} is mutually independent.

Assumption 2 allows assignment probabilities to vary across intervention units while retaining
independent randomization. This is the design feature that permits adaptation to the observed
graph, in the spirit of heterogeneous exposure-based designs [Leung, 2019].

Fix a common positivity margin 0 < € < 1/2 and an expected-treatment budget B,,. The
design is subject to both restrictions.

Assumption 3. [ass:positivity-floor| (Assignment positivity) For every k € I,

e<pr<1l-—e



Assumption 3 imposes uniform overlap through the positivity floor €. It keeps every relevant
exposure probability away from zero once outcome degrees are bounded, preventing unstable
inverse-probability weights [Leung, 2019].

Assumption 4. [ass:budget-balance| (Assignment budget balance)

Zpk = B,.

keln

Assumption 4 fixes the expected number of treated intervention units through the budget
B,,. This restriction is specific to the present design problem: heterogeneous probabilities may
be reallocated across intervention units, but their total must remain fixed.

Together, Assumption 3 and Assumption 4 define the admissible design set.

Definition 1. [def:feasible-designs] (Feasible design class Py p,.) Under Assumption 3
and Assumption 4, with 0 < € < 1/2, define

PrBpe=14p€[0,1]" e <pp <1—¢€ for every k € I, Zpk =B,
kely,

The class in Definition 1 is the intersection of a probability box and a budget hyperplane. It
therefore isolates the design trade-off of interest: probabilities can respond to graph structure
while preserving the experiment’s expected treatment intensity.

For each outcome unit, define the treated exposure indicator T;(Z) as the indicator that every
intervention in N;(G,,) is treated, and define the control exposure indicator C;(Z) analogously.

Their design probabilities are 7} (p) and 7¥(p). The inverse-probability denominators are

Definition 2. [def :hajek-denominators] (Héjek denominators D;(p, Z) and Dy(p, Z)) Define

B 1;(Z) _ Ci(Z)
D1(p, Z) lezon s Do(p, Z) ZGZOH )

Here, Di(p,Z) and Dy(p,Z) normalize the treated- and control-exposure weighted sums.
The indicator convention in the next definition assigns value zero to a ratio whose corresponding
exposure denominator is zero.

Definition 3. [def:hetero-hajek-estimator| (Hajek estimator Tg(p)) Define

’_B'(Z)YiObS Ci(Z)}/iObS
ZEZOR 7 (p) z;on 70 (p)
Dipz) =0T 7

Definition 3 is the exposure-weighted Hajek estimator. Normalization makes the estima-
tor less sensitive to random fluctuations in the number of realized all-treated and all-control
exposures than its unnormalized counterpart.

Its first-order behavior is described by the following centered summands.

7 (p) = {D1(p, Z) > 0}

Definition 4. [def:first-order-linearization]| (Linearization summand 7;(p, Z)) For each

i € Oy, define
)= (S5 =1) 0 - = (S5 -1) 07 o




The summands in Definition 4 inherit a dependency graph from outcome-neighborhood over-
lap. Their scaled average has variance

Definition 5. [def:variance-scale] (Variance scale O'én ,(Y)) For a working finite design D,
define

1
O-én,D,p(Y) =n Varp <n Z ni(p, Z)) .

1€0n

When D is the heterogeneous Bernoulli design indezed by p, abbreviate this quantity as aémp(Y).

The variance scale O'émp(Y) is design based: potential outcomes are held fixed and variation
is taken only over the assignment mechanism.

We next construct a graph-only upper envelope for this scale. The treated and control
covariance loads, r}j(Gn, p) and r?j(Gn, p), quantify the inverse-probability amplification arising
from the shared neighborhood of i and j. The cross-exposure load r}JQ(Gn) records whether
that shared neighborhood is nonempty. These quantities depend only on G,, and, for the same-
exposure loads, on p.

Definition 6. [def:graph-envelope| (Graph envelope Veny (Gr,p)) Define

4
Venv(Gnap) = E Z {rzl](Gn)p) + T?](Gn)p) + 2T11]0(Gn)} .

The graph envelope Ve (Gr, p) replaces unknown outcome contrasts by a uniform bound,
thereby making the design criterion observable before randomization. The envelope-optimal
design is

Definition 7. [def:optimal-design| (Envelope-optimal design p}(G,)) Whenever the mini-
mizer set is nonempty, define

pn(Gr) € argming,ep o Veny(Gn,p).

Definition 7 selects p}(G,) from the feasible envelope minimizers. To characterize its allo-
cation of probability mass, we use the coordinatewise envelope score.

Definition 8. [def:kkt-gradient| (Envelope gradient score gi(Gn,p)) Define

gk(Gn,p)z% > | I ' |ei'+ I] Q-po) ') @=po)!

4,J€EOn: kesij(Gn) Zesij (Gn) eesij(Gn)

Definition 8 gives the partial derivative of one quarter of the envelope. Its dependence on all
pairs sharing intervention unit k& shows that design value incorporates the full overlap pattern
beyond direct degree.

For implementation, we also consider a separable surrogate. Define the overlap-derived first-

order weight
1 _
hi(Gn) = n ' Z |Sij(Gn)‘ L
4,JEOn:
keS;;(Gn)
These weights average pairwise overlaps and reduce to degree-based summaries under additional
graph structure.



Definition 9. [def:conservative-variance-estimator| (Conservative variance estimator

‘/COHS(GTH p)) Deﬁne

~

‘/COHS(GTL? p) = %nv(Gn7p)‘

The retained notation f@ons(Gn,p) denotes a deterministic graph-and-design scale known
before randomization.

Definition 10. [def : surrogate-design] (Surrogate design pac®(G,)) Whenever the minimizer
set is nonempty, define

pdee(G,) e argmingep Z hi(Gr) {pgl +(1- pk)_l} .
keln

Definition 10 selects the computationally separable design pgeg(Gn). Its performance relative
to the envelope optimum is measured by

Definition 11. [def:approximation-ratio] (Approximation ratio acert(Gr)) Define

Venv (Gn,pgeg(Gn)) '
Olcert(Gn) = ‘/env(Gnap:L(Gn)) ’ Zfo < VYGnv(Gn,pn(Gn)),

1, otherwise.

Here, each design selector equals its respective feasible minimizer when one exists, and equals
the homogeneous budget vector otherwise.

The approximation ratio acert(Gr) adopts a zero-loss convention when the optimal envelope
is zero.

For later comparison with homogeneous assignment, let p = B,,/m,, and set p}éom = p for
every k € I,. Write A, for the difference between the largest and smallest values of g (Gp, phom),
and let a and b index the corresponding extremal scores. The largest symmetric budget-feasible
displacement from pP®™ in direction e, — eq is denoted by Mpox, Where ey is the kth coordinate

vector. The associated directional second-order modulus L, is

Lypy= sup (ep— ea)T Hess{Venv(Gn,q)/4} (ep — €q).
qEPn,Bn,e

The supremum is explicitly over the feasible probability domain. Positivity therefore supplies
a compact domain on which application-specific finite bounds on this directional curvature can
be obtained.

The large-sample results impose regularity on potential outcomes and graph dependence.

Assumption 5. [ass:bounded-outcomes| (Bounded potential outcomes) For every i € Oy,
i<t and Y| <1

Assumption 5 is a standard bounded finite-population potential-outcome condition. It keeps
the potential-outcome component of exposure-weighted summands uniformly bounded in the
design-based model.

Assumption 6. [ass:bounded-outcome-degree] (Bounded outcome degree)

0<d and maxd; <d.
1€0p,



Assumption 6 keeps every outcome neighborhood uniformly small through the positive con-
stant d. Together with uniform positivity, it limits the number of assignment factors entering
all-treated and all-control exposure probabilities.

Assumption 7. [ass:bounded-overlap-dependency] (Bounded overlap dependency)
0<D and A, <D.

Assumption 7 bounds outcome-level dependence by the positive constant D. It is the stan-
dard dependency-graph sparsity condition that permits a central-limit argument despite inter-
ference among overlapping neighborhoods [Aronow and Samii, 2017].

Finally, inference requires an asymptotically positive variance scale under the optimal design.

Assumption 8. [ass:variance-nondegenerate] (Nondegenerate variance scale)

. 2
hnni}géf OCn (G (Y) > 0.

Assumption 8 excludes sequences in which the design-based fluctuation of the linearized
estimator degenerates. Such a lower-bound condition is standard for asymptotic normal ap-
proximation under interference [Lu et al., 2025].

3 Main results

This section characterizes the design-based variance of the Héjek linearization, then studies the
graph-only envelope as a conservative allocation criterion. The outcome-agnostic criterion pro-
tects against the bounded potential-outcome schedules permitted by Assumption 5. It provides
an exploratory design-stage rule for reallocating a fixed expected treatment budget using ob-
served overlap structure. Related design-based analyses under interference likewise distinguish
the randomization distribution from an outcome model [Aronow and Samii, 2017, Sévje et al.,
2021].

We first recover the familiar homogeneous Bernoulli expressions as a special case. When
all intervention units receive the same probability, only the size of the shared neighborhood
determines the same-exposure covariance loads.

Theorem 1. [prop:homogeneous-reduction| (Homogeneous Bernoulli Reduction) Under As-
sumption 2, suppose that the assignment probabilities are constant, pr = p for every k € I,, for
some p € (0,1). Then, for every i,j € Oy,

—1Si(Gn)| _ 1 S (G >0 1— —|S:;(Gn)| _ 1 S (G >0
b ) i n , p ) i n ,
rilj(Gn’p) = { ‘ ]( )’ T%(Gn, ) _ ( ) ‘ ]( )’

0, ‘SZJ(GTL)’ =0, a 0, ‘SZJ(G”)’ =0.
Moreover,
1
o p(V) = S0 3 [ (Guan) (V= ) (Y} = 1) + (G, (YL = o) (V0 = o) + 2r (G (V= ) (V) -
1€0y, jEO,

Theorem 1 shows that homogeneous assignment is governed by overlap counts beyond the
marginal degrees of outcome units. It also supplies the benchmark against which the heteroge-
neous criterion below is compared.



3.1 Variance representation and envelope optimization

The next result gives the pairwise covariance representation under heterogeneous assignment
and bounds the resulting variance scale by the graph envelope.

Theorem 2. [thm:hetero-envelope| (Heterogeneous envelope kernel) Suppose that:

o (Assignment probabilities.) 0 < p < 1 for every k € I,,.
e (Design.) Assumption 2 holds with assignment-probability vector p.

e (Outcomes.) Assumption 5 holds.
Then, for every i,j € O,

Ep[ni(p, Z)nj(p, Z)] = (G, p) (V7 —p0) (Y] =) 4735 (G, p) (V= 120) (Y —p20) 7 (Gr) { (Vi = 110) (Y] — o) + (

Moreover,
Uén’p(y) < V:anv(Gna p)'

Theorem 2 separates the schedule-dependent covariance terms from their graph-and-design
loads. Bounded outcomes make the displayed envelope uniform over the admissible schedule
class and give it a conservative design interpretation.

The envelope’s inputs are known before randomization, and its minimization has a convex
formulation. The following result establishes existence and provides the corresponding optimality
characterization.

Theorem 3. [thm:convex-design] (Convex feasible design) Let G,, be a bipartite experiment
with intervention-unit set I, and let €, B, € R. Suppose that

e (Positivity margin.) 0 < e < 1/2;
e (Feasible budget.) mpe < B, < mu(l —¢).

Then Pp B, is nonempty, compact, and convex, and p — Veny(Gr,p) is conver on P B, ..
Moreover, there ezists a minimizer p},(Gy) € Pn. B, such that

‘/env(Gnap:L(Gn)) S V;env(Gnyq) fOT’ every q S Pn,Bn,e-

For every such minimizer p}(Gy,), there exist A, € R and functions V_—j—n, Vit In — R such that,
for every k € I,
G20, v, >0, (G p(G)) = A — Vi, + Vi

)

and
vy (G — (1= ) =0, v, (e — (Pa(Gu))i) = 0.

Theorem 3 places the allocation problem in a standard finite-dimensional convex-
optimization form [Boyd and Vandenberghe, 2004, Chs. 4-5].  Positivity makes every
reciprocal-product term differentiable on the feasible box; convexity, the affine budget equality,
and the two coordinate bounds supply the objective and constraint structure. At an interior
coordinate, the envelope gradient score equals the common budget multiplier; at a probability
bound, complementary slackness gives the corresponding one-sided condition. The formally
verified statement covers feasible endpoint budgets directly. Because the objective couples
probabilities across shared neighborhoods, the allocation depends on the full overlap score
beyond sj, intervention degree, or any single local statistic.



3.2 Large-sample inference and design-stage coverage

We next turn to inference for the envelope-optimal design. The central-limit result combines
the Hajek linearization with the bounded-degree dependency structure induced by overlapping
neighborhoods.

Theorem 4. [thm:hetero-clt] (Heterogeneous Hajek CLT) Consider a sequence of bipartite
experiments indexed by n. Suppose:

e (Outcome indexing.) For all sufficiently large n, |O,| = n.

e (Assignment and interference.) Assumption 2 and Assumption 1 hold at every n for
the assignment design D,, and probabilities p,.

(Outcome and graph regularity. ) Assumption 5, Assumption 6, and Assumption 7
hold at every n, with constants d and D, respectively.

(Feasibility and optimality.) For every n, p, € Py B, e, a5 in Definition 1, and

Dn = p:(Gn)

as in Definition 7.

(Uniform positivity.) There exists €9 > 0 such that eg < €, for all sufficiently large n.

(Variance.) Assumption 8 holds for aémpn (Y) as in Definition 5.

Then, for every § > 0,

b (‘ﬁ{ﬁf(pz(an» =t} =072 Y mW(Gn), 2)

1€0n

26) — 0,

and, for every s € R,

\/ﬁ{?H(p;kz(Gn)) - Tn}
(Y)

Pr

p <s| — Pr{N(0,1) < s}.

2
TG pi(G)

Theorem 4 is a design-based result: the potential-outcome schedule remains fixed throughout.
Uniform positivity and bounded outcome degree control inverse-probability weights, bounded
overlap dependency limits the number of dependent exposure terms associated with any outcome,
and nondegeneracy supplies positive fluctuation. These familiar dependency-graph conditions
define a sparse local-dependence regime [Aronow and Samii, 2017, Lu et al., 2025].

For applied use, the relevant graph diagnostics are the empirical distributions of d;, inter-
vention incidences si, and degrees in the outcome-overlap graph. Sequences with uniformly
bounded values of the first and third quantities fall within the theorem’s graph scope. These
diagnostics therefore make the bounded-local-dependence requirement directly auditable.

The next result translates the same regularity conditions into a Wald interval based on the
deterministic graph-only scale of Definition 9.

Theorem 5. [thm:postdesign-wald] (Post-design Wald coverage) For a sequence of bipartite
experiments G, with outcome sets Oy, finite assignment designs, probability vectors p,, positivity
margins €, and budgets B,,, suppose:

10



(Outcome indexing.) |O,| = n for all sufficiently large n.

(Assignment law.) The assignment design satisfies Assumption 2 with 0 < p, < 1 for
everyn and k € I,.

(Interference and boundedness.) Assumption 1, Assumption 5, Assumption 6, and
Assumption 7 hold with constants d and D.

(Feasibility and optimality.) For every n, p, is a feasible design in the sense of Defi-
nition 1, €, € (0,1/2), and
Pn = p;(Gn)

in the sense of Definition 7.

(Uniform positivity.) There exists €9 > 0 such that eg < €, for all sufficiently large n.

(Nondegenerate variance.) Assumption 8 holds for U%mpn (Y).

(Wald critical value.) acov € (0,1), 214, /2 =0, and

[0
(P(Zl,acov/z) =1- CQOV .

Then, for every n, ~
O%'n,pn (Y) < Vcons(Gnapn),

where UQGn,pn(Y) and YZOHS(Gn,pn) are as in Definition 5 and Definition 9, respectively; more-
over,

~

~ V. G
1 — aeoy < liminf Pr |’7'n — TH(pn)‘ < 21— oy /2 M
n—00 pPn n

Theorem 5 yields asymptotically conservative coverage using a scale determined entirely by
the graph and selected probabilities, giving an outcome-model-free guarantee.

3.3 When heterogeneous probabilities improve on homogeneity

The envelope can strictly favor heterogeneity even under a fixed expected treatment budget. To
state a quantitative comparison, recall the directional curvature quantity introduced in Section 2.
Equivalently, along the budget-preserving direction from the highest-score coordinate a to the
lowest-score coordinate b,

Lypy= sup (ep— ea)T Hess{Venv(Gn,q)/4} (ep — €q).
qepn,Bn,e

The supremum ranges only over the feasible probability domain. Since the positivity floor
makes that domain compact and keeps every reciprocal probability factor finite, L,; admits
finite graph-specific bounds whenever the displayed derivatives are evaluated on that domain.

Theorem 6. [thm:heterogeneity-separation| (Heterogeneity separation) Let G, be a bi-
partite experiment with my, = |I,| > 0, and let € € (0,1/2). Suppose that:

o (Admissible budget.) mpe < B,, < my(1 —¢).

11



e (Homogeneous rate.) p = B,,/m,, withe < p <1—¢€ and p # 1/2.
e (Homogeneous design.) pzom = p for every k € I,,.
Then all of the following hold:

o If there exist a,b € I, such that

9a(Gr, P"™) # gy (G, p™™),

then pP°™ is not a minimizer of Venv(Gn, -) over Py, B, . Moreover, there exist a,b € I,
attaining, respectively, the mazximum and minimum homogeneous-point gradient scores,
such that

Ag = ga(Gnaphom) - gb(Gnaphom) > 0.

For every p; (Gy) € argmingep, Venv (G D),

PE(Gn) # "™, Veny (G, 5 (Gn)) < Veny (G, ™),

and

min{p — €, 1 — € — p}, Ly, =0,

‘/;BHV Gn7 hom _‘/env Gn, :; GTL > 2A
( i ) ( g ( )) B ! {min{min{p -6 1—e— p}7 Ag/Lab} ) Lab 7é 07

where Ly, is the directional modulus along e, — eq.
o If|N;i(Gp)| =1 for every i € Oy, then, for every k € I,
91(Gr, p"™) = n71s2 (1 —p) 2 — p72).
o If IN;(Gy)| = 1 for every i € O, and there exist a,b € I,, such that s2 # s, then the
preceding non-homogeneity, strict-improvement, and gap conclusions hold.

The singleton-neighborhood case gives a transparent diagnostic: when p # 1/2, heterogeneity
in intervention-side incidence produces heterogeneous homogeneous-point scores and a strict
envelope-improving direction away from homogeneous assignment. More generally, the score
spread captures overlap patterns beyond sj alone.

3.4 A bounded-degree surrogate and its limitation

The exact envelope couples probabilities across shared neighborhoods. The additive surrogate
in Definition 10 removes that coupling and is therefore attractive for implementation. Under
bounded outcome degree, its loss relative to the envelope optimum is uniformly controlled.

Theorem 7. [thm:surrogate-certificate| (Surrogate approximation certificate) For a bi-
partite experiment on Gy, suppose:

o (Admissible floor.) 0 < e < 1/2.
e (Bounded outcome degree.) Assumption 6 holds with bound d.

o (Admissible budget.) mpe < B,, < my(1 —¢).

12



Then, for every p € Pp B, e of Definition 1,

S heGdre + (-} < YO < fy @D S G (e + (-7
keln keln

Moreover, the approximation ratio of Definition 11 satisfies
acert(Gn) < max{l, 67(571)} .

The certificate constant deteriorates with the allowed outcome degree and with a small
positivity floor. Reporting max; d;, €, and the resulting bound therefore makes clear when the
surrogate guarantee is informative and when it is effectively vacuous.

A natural conjecture is that broad dispersion in intervention-side degrees, combined with
the one-sided conditional weight-ratio restriction used below, might itself control the surro-
gate’s envelope approximation quality. The following result rules out such a conclusion; its
counterexample can satisfy equal positive h-weights even though the formal condition is stated
one-sidedly.

Theorem 8. [thm:dispersion-certificate-unbounded| (Unbounded dispersion certificate)
For every € € (0,1/2), caisp > 0, and Cgisp > 1, there exist sequences of finite intervention-unit
sets I,, finite outcome-unit sets O, finite bipartite experiments G, and budgets By, such that,
for every n,

e (Admissible budget.) With m,, = |I,|,

mpe < Bp <my (1 —¢).

e (Positive energy.)
0< Z 57

kely,

Moreover, for all sufficiently large n,

e (Degree dispersion.) For every k € I,

2 2
St < Cdisp Z s7.
lely

e (h-weight ratio.) For every k,l € I,
hi(Gr) >0 = hi(Grn) < Caisp hi(Gr).

Finally, the approximation ratio of Definition 11 satisfies
eert (Gr) — 00.

Theorem 8 shows that degree dispersion and the conditional restriction hj(G,) > 0 =
hi(Grn) < Caisphi(Gr) cannot replace the bounded-degree condition behind Theorem 7. Thus,
the separable rule is best treated as a bounded-degree approximation with an explicit certificate,
not as a generally reliable proxy for the full overlap criterion.
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4 Discussion and extensions

The proposed allocation rule uses the observed bipartite graph to choose independent assignment
probabilities before outcomes are observed. Its objective is deliberately conservative: Veny (Gn, p)
bounds the design-based variance scale uniformly over the bounded potential-outcome schedules
allowed by Assumption 5. The resulting design gives researchers a transparent, outcome-model-
free way to reallocate a fixed expected treatment budget.

4.1 A prespecified design checklist

The following checklist turns the theoretical scope into a reproducible design-stage comparison
using graph and design inputs alone.

1. Fix capacity and candidate floors. Set p = B,,/m,, from the substantive treatment-
capacity constraint. Any candidate floor must satisfy 0 < € < min{p, 1 — p}. Prespecify
a small grid of substantively acceptable floors inside this interval to insulate the reported
gain from floor selection.

2. Audit graph scope. Report the maximum and selected quantiles of d;, sg, and the
closed outcome-overlap-neighborhood sizes. Flag persistent hubs or graph sequences whose
maxima grow with n for analysis under growing-degree methods.

3. Audit exposure support. For every candidate design, compute

mw= I »m == T C-m),

kEN;(Gn) kEN;(Gn)

and report their minima and selected quantiles. An experiment-specific minimum accept-
able exposure probability should be chosen before optimization. A candidate that violates
it is rejected even if its envelope is smaller.

4. Compare transparent benchmarks. For each floor, report the homogeneous vector,
the exact envelope minimizer when numerically available, and the separable surrogate as an
exploratory benchmark. Report Vepny, the relative envelope reduction from homogeneity,
the number of coordinates at each probability bound, the KKT residual for the exact
program, and the surrogate ratio.

5. Apply fallback rules. Retain homogeneous assignment when the envelope reduction is
no larger than the declared numerical tolerance, changes sign or is highly unstable across
acceptable floors, or requires unacceptable exposure probabilities. Treat the surrogate
as exploratory when its empirical performance is too unstable or too weak for the appli-
cation’s prespecified tolerance. Evaluate clustering as a separate design candidate when
cohesive graph regions, hubs, or exposure-support failures make independent assignment
unattractive.

4.2 Limitations and future work

The numerical tolerances and minimum exposure probability in this checklist are application-
specific design inputs, not universal constants supplied by the theory. Publishing the full floor-
sensitivity table prevents them from becoming hidden researcher choices. Sparse implementa-

14



tions, computation benchmarks, and simulations relating the envelope to realized variance and
coverage remain necessary before recommending routine use.

This perspective differs from clustering-based approaches to interference. Cluster random-
ization and graph-cluster constructions alter the dependence structure of assignment in order
to increase the probability of informative exposures or reduce cross-cluster spillovers [Eckles
et al., 2017, Ugander and Yin, 2020, Brennan et al., 2022]. Here the assignment law remains
independent across intervention units; adaptation occurs through the probability vector. That
distinction can be useful when independent implementation is operationally attractive, when
clusters would be difficult to define, or when a fixed expected treatment total is an important
design constraint. At the same time, clustering may be preferable when the graph contains
cohesive regions for which correlated assignment produces substantially more relevant exposure
variation.

The surrogate analysis motivates questions about computational simplification. Under an
admissible positivity-constrained budget and bounded outcome degree, the surrogate can be
compared with the full overlap criterion using constants determined by the positivity floor and
degree bound. Thus, the additive rule should be treated as a substitute for the full overlap
criterion only when its reported performance meets the application’s prespecified tolerance.

Theorem 8 characterizes the unbounded-degree behavior of this surrogate perspective. The
unbounded-degree construction shows that dispersed intervention-side incidences and the stated
one-sided conditional h-weight-ratio restriction do not by themselves prevent the approxima-
tion ratio from diverging. In particular, the construction shows that intervention-side degree
dispersion need not control higher-order overlap patterns that enter the exact criterion through
shared neighborhoods. It therefore suggests reporting outcome-neighborhood and overlap di-
agnostics, rather than relying on intervention-side degree summaries alone. Related work on
low-order and graph-aware experimental designs likewise emphasizes that graph structure be-
yond marginal degree can matter for design performance [Eichhorn et al., 2024, Harshaw et al.,
2021].

Several extensions are natural but are not developed here. First, auxiliary pre-treatment out-
comes or credible structural restrictions could support an outcome-informed criterion that tar-
gets an estimated variance rather than its uniform envelope. Such an approach would trade the
present robustness for dependence on an outcome model and its validation. Second, clustered or
dependent assignment mechanisms could be incorporated by replacing the independent-Bernoulli
exposure probabilities and covariance loads with those induced by the chosen randomization
scheme. Finally, graphs with growing degrees or overlap dependence may require asymptotic
conditions tailored to their growth rates, beyond the bounded-degree regime used for Theo-
rem 4. These extensions would connect the present design problem to broader work on network
experimentation and optimized randomization [Ugander and Yin, 2020, Viviano, 2020].

Appendices

A Proofs and auxiliary lemmas

This appendix records the auxiliary probability result used by the large-sample analysis: the
normal approximation for bounded summands indexed by a sparse dependency graph.
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A.1 Dependency-graph normal approximation

The linearization summands in Definition 4 are dependent only when their outcome neighbor-
hoods overlap. The next lemma states the bounded-degree central-limit result used to convert
that structure into the asymptotic normality asserted in Theorem 4; it is the bounded-summand,
bounded-dependency-degree specialization of the dependency-graph normal approximation of
Baldi and Rinott [1989].

Lemma 1. [lem:bounded-degree-dependency-clt| (Bounded-Degree Dependency CLT) Let
{Xn,i i € i} be real-valued random variables, where |u,| = n, under the usual measurability
and integrability conditions. Suppose:

e (Centered summands.) For everyn and i € iy, E[X,;] =0.

e (Dependency degree.) The variables admit a dependency graph whose neighborhood of
every i € v, has cardinality at most D, for a fired D € N.

e (Uniform bound.) There is an M > 0 such that | X, ;| < M for every n, i € v,, and
outcome.

e (Variance growth.) Writing Sy, = ., Xn, suppose E[SZ] = v, for every n, and, for
some ¢ > 0, v, > cn for all sufficiently large n.

Then, for every s € R,

S,
lim Pr( s §s>:Pr(Z§s), Z ~N(0,1).
n—o00 Un,
Proof of Lemma 1. Write i ~ j for adjacency in the dependency graph carried by the array, and

write
Sn=> Xni.

1€Ln

The two structural properties of that graph that the argument uses are
Hi€tn: j~i}| <D for every n and every i € ¢,

and: whenever A, B C ¢, satisfy a o b for all a € A and all b € B, the tuples (X, 4)aca and
(Xnp)vep are independent.

Step 1 (passage to a tail on which the variance floor holds). The convergence to be proved
is a convergence of a sequence indexed by n, so it is unaffected by discarding a finite initial
segment. By the variance-growth hypothesis and |i,| = n, there is an N such that

v, > cn and ltn| =n>1 for every n > N,
and it suffices to prove the asserted limit along n > N. Fix such an n. Then
Vp >cn >c >0,

S0 /vn, > 0 and division by /v, is legitimate.
Step 2 (standardization). Define

Y, . = 2 € that E Y= —.
"V (0 € n), w0 e e VO
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Each Y, ; is the image of X, ; alone under the fixed measurable map x — x/,/v,,, which does not
depend on the outcome; applying this map coordinatewise to a tuple preserves independence,
so the very same graph ~ is a dependency graph for {Y,,; : ¢ € t,}. In particular the degree
bound is unchanged:

Hj€un: j~i}| <D for every i € ¢y,.

The standardized summands are still centered, and their sum has second moment one:

2
E[ X, E[S2 "
E[Yii] = E/UJ —0, E (Z y> JES]_m

iebn

the last equality by the hypothesis E[S2] = v,, and v,, > 0.
Step 3 (summand bound and Lyapunov ratio). Put

M/ /e
e

Since M > 0 and ¢ > 0 we have b, > 0, and the uniform bound |X,, ;| < M together with
vn > cn gives, for every ¢ € 1, and every outcome,

by, =

Xuil . M _ M

Y4: =
|’I’L,Z| M_M_M

by,

Moreover

(M//e)? _ (M/Ve)

3
b, — 0 and lin| B3 =n - 7o NG — 0.

Step 4 (the dependency-graph normal approzimation). The array {Y;,; : i € 1} now meets,
term by term, the hypotheses of the following dependency-graph central limit theorem: if the
variables of a triangular array are centered, admit a dependency graph all of whose closed
neighborhoods have cardinality at most a fixed D, satisfy a uniform bound |Y;,;| < b, with
by, >0, b, — 0 and |1, b3 — 0, and have E[(>..., Y,.:)?] = 1, then, for every s € R,

iEL7L 7,

Pr(Z Vi < s> —Pr(Z<s), Z~N(01).

ieLn

This is the Stein-method estimate for locally dependent summands: the dependency graph turns
the Stein equation into a sum of neighborhood-localized error terms, and the two displayed limits
b, — 0 and |1, |b2 — 0 drive those error terms to zero.

Since Y ., Yni = Sn/\/Un, this reads

ieLn

S,
lim P T <s|=Pr(Z<s), Z ~N(0,1),
im r( s) r( s) (0,1)

n—00 U,

for every s € R, which is the assertion on the tail n > N and hence, by Step 1, the assertion
itself. O

The imported hypotheses map directly to the paper’s primitives. Bounded outcomes,
bounded outcome degree, and the positivity floor give a uniform bound on each centered
linearization summand. The outcome-overlap graph is a dependency graph because disjoint
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intervention neighborhoods depend on disjoint independent assignments, and Assumption 7
bounds its closed-neighborhood size. Assumption 8, together with the paper’s normalization,
supplies variance growth of order n. These are precisely the boundedness, local-dependence,
and nondegeneracy inputs used in the displayed design-based specialization of Baldi and Rinott
[1989].

A.2 Convex-program provenance

The KKT characterization used in Theorem 3 is the standard convex-program optimality system
for a differentiable objective with affine budget and box constraints [Boyd and Vandenberghe,
2004, Chs. 4-5]. The positivity box keeps the reciprocal objective differentiable; the theorem
supplies convexity and existence; the budget equality and coordinate bounds are affine. Its
displayed multipliers state dual feasibility, stationarity, and complementary slackness coordi-
nate by coordinate. The verified theorem directly includes feasible endpoint budgets and the
corresponding optimality conditions.

Verification note. The theorem and lemma statements, together with their proofs for
the finite-design and independent Bernoulli-randomization components, are machine-checked
in Lean 4. The formal development takes as hypotheses the experiment-specific bipartite
graph and neighborhood structure, the fixed potential-outcome schedule and interference
restriction, feasibility and positivity conditions, and the stated asymptotic regularity conditions
on outcomes, degrees, overlap dependence, indexing, and variance nondegeneracy. Classical
mathematical and probability-theory inputs used by the underlying libraries form the assumed
formal substrate.

B Proofs of the main results

Proof of Theorem 1. Recall the three covariance loads. For 4,5 € O, and an assignment-
probability vector p = (pg)ker, with 0 < p, <1,

r(Gnp) = HISy(G) > 0b | [T wt=1) (G =1{85Gnl >0k | [ (-p7t -1
k€Si; (Gn) keSi;(Gn)

ri () = 1{|S5(Gn)| > 0},

ij
Throughout the proof, p denotes the probability vector and p € (0,1) denotes the common
homogeneous coordinate, so py = p for every k € I,,. We write p~¢ as shorthand for (p?)~!, and
similarly for (1 — p)~f. We also adopt throughout the reciprocal convention

1/0 =0,

so that the symbol 1/n, with n = |O,,|, is defined for every finite outcome-unit set: it is the
ordinary reciprocal when O,, # @ and equals 0 when O,, = @. Every identity displayed below
is asserted under this convention, so the degenerate case O, = & needs no separate hypothesis.

1. For every k € I,,, homogeneity and p € (0,1) give

0<pr=p<I,
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so all exposure probabilities 7} (p) = ke, (c,)pr and m(p) = [ken, (1 — pr) are
strictly positive and the reciprocals above are defined.

. Fix i,j € O,. If |S;;(Gn)| > 0, substituting p, = p into the displayed definition of the
treated load yields

(Gup) = T p7 = 1= (o) — 1= pTSuGnl g
kESi]’ (Gn)

because the product has |S;;(Gy)| equal factors. If |S;;(Gp)| = 0, the indicator in that
definition vanishes and rl-lj(Gn, p) = 0.

. The same split applies to the control load, with p replaced by 1 — p. When |S;;(G)| > 0,

G = [ =™ =1= (=) =1 = (1= p) B =
kesij (Gn)

when [5;;(G)| = 0, it equals 0.

. It remains to prove the variance-scale identity. Write, for i € O,,,

5 =Y —p, & =Y — po, Ai= =<1, B; =

for the centered potential-outcome deviations and the centered inverse-probability weights,
so that Definition 4 reads n;(p, Z) = Aiéil - BZ'(S? . Under Assumption 2 the coordinates of
Z are independent, so

EL2)= [ wm=mn®), ECI= [] Q- =),

kENi(Gn) k‘ENZ(Gn)

both strictly positive by the coordinate bounds above; hence E,[A;] = E,[B;] = 0 and
Ep[ni(p, 2)] = 0.

Unfolding Definition 5 and applying the finite-design variance formula to the linear com-
bination » ;o Lni(p, Z) gives

G n,p =n Z E -~ COVP 771(]97 Z)ﬂh(p; Z)) .
1€0yp jEO,

The centering just proved turns each covariance into the corresponding raw pair moment.
If O, # @, then n > 0 and the scalar identity n - (1/n)? = 1/n applies; if O, = @, both
the displayed right-hand side and the double sum below are empty, hence 0, and the two
sides again agree under the reciprocal convention. In either case

o, ,(Y) = % > Eylnilp, Z)ni(p. 2)] -

1€0n 7EO,
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Next evaluate those pair moments. For any random variables U,V with E,[U] = 0y # 0

and Ey[V] = 0y # 0, E,[U/0y — 1)(V/0y — 1)] = E,UV]/(Oyby) — 1. In-
dependence gives E,[T;(2)T;(Z)] = erNi(Gn)uNj(Gn)pkv while ﬂ}(p)ﬂjl-(p) =
(erNi(Gn)UN]-(Gn) Pk) (ersij(cn) Pk)’ SO
ElAidl= [ »e ri;(Gn,p).
keS;;(Gn)

The same argument with 1 — pg in place of py gives

E,(BBjl= [] (-pe)"'—1=r}(Gnp),
kGSij(Gn)

With the empty—overlap case reducing to 1 — 1 = 0, the value selected by the indicators

in ng and r . For the mixed moments, if S;;(G,,) # @, then T;(Z)C;(Z) = 0 identically,

since a Shared intervention cannot be both treated and untreated, so Ey[A;B;] = —1. If
Sij(Gn) = @, then the two exposure events involve disjoint assignment coordinates, and
independence gives E,[T;(2)C;(2)] = w} (p)ﬂ?(p), hence E,[A;B;] = 0. In both cases, and
likewise with the roles of the two outcome units exchanged,

E,[AiBj] = Ey[BiAj] = =i (Gn).

Tij
Expanding 77@'(297 Z)?’]] (p, Z) = AzA](SZl(SJl - Aszézl(S;) - BZAJ(S?(S; + BlBJ(S?(S? and inserting
the four displayed moments gives

Eplni(p, Z)nj(p, Z)] = ri5(Gns p)0; 65 + 145(Gn,p)6103 +1i)(Gr) (6,65 + 676;) -

Finally, S;;(Gy) = Sji(Gy), so r}2(Gy) = r}(Gy); relabelling (i, j) — (j,7) in the double

] Je
sum gives

SN (G =D D 1 (Ga)d} Y.

€0, JEO, 1€O0y, JEO,

The two mixed contributions therefore combine into a single doubled term. Substituting
the pair-moment identity into the pair expansion of a%mp(Y) yields

n,p Z Z zg n,p - :ul)(Y - :ul) + r?j(GTL:p)(Y - ,UO)(Y - MO) + 2r7,1]O(Gn)( i
zeOn JEO,

as asserted.

Proof of Theorem 2. Recall the three covariance loads: for 4,5 € O,,

r(Grop) = 1{|S;(G) > 03 | [T wi' =1], r(Gup) =1{|Sy(Ga) >0y [ [T -p)~' -1

k‘ESij(Gn) k‘ESU (Gn)

13 (Gn) = 1{|S;;(Gn)| > 0},
all well defined under 0 < p; < 1.
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1. Temporarily write

_Ti(z) _Gi(2)
A= b B gy !

Then Definition 4 gives

Under Assumption 2, the assignment coordinates are independent, and 0 < pr < 1 makes
the exposure probabilities positive. Hence

EL(Z2))= ] w=m@), ElL(2)T(2) = 11 Pk

because T;(Z)T;(Z) is the indicator that every intervention in N;(Gy)UN;(G),) is treated.
For random variables U,V with o = E,[U] # 0 and 8 = E,[V] # 0,

S[(5-) (5] - 257

Applying this identity to T;(Z) and T;(Z) gives

. (G) P
E)[AA] = erNzl((Gn;uzlv(J(fm Y
m; (p)7; (p

The last ratio is matched to r}j(Gn, p) by the two overlap branches. If S;;(Gy,) # @, then
the nonzero factors satisfy

erNi(Gn)uNj(Gn)pk _ 1
1 = H Dy

I
; (p)m; (p) keSis(Cn)
so Ep[A;A)] = ersij(gn)p,;l — 1 =1}(Gn,p). I Sij(Gn) = @, then Ny(G,) and N;(Gp)
are disjoint, the union product factors as Wil(p)w]l(p), and Ep[4;4;] = 0 = rilj(Gn,p).
Therefore

E,[A;Aj] = T}j(Gn,p)'

The control-control calculation first gives
[ken,@nyun, @1 — pr)

EplBil3y] = 0 (p)7?(p) !

It has the same two branches with 1 — p, in place of pg: on the nonempty-overlap branch
the ratio equals [, Si;(Gn) (1—pg)~ !, while on the empty-overlap branch the disjoint union
product factors and the centered ratio is zero. Thus

Ep[B;Bj] = r{;(Gn,p).

For the mixed moment, if S;;(G,) # @, then a shared intervention is required to be
both treated and untreated in T;(Z)C;(Z), so T;(Z)Cj(Z) = 0 for every assignment and
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E,[A;B;] = —1. If S;;(G,) = @, the two exposure events use disjoint assignment coordi-
nates, so E,[T;(2)C;(2)] = ﬂil(p)’f(?(p) and E,[A;B;] = 0. Thus

Ep [AzBJ} = —TlO(Gn)

)

The same argument with ¢ and j exchanged, using S;;(Gr) = Sji(Gr), gives

Ep [BlAJ} = —TlO(Gn)

i
Expanding the product of the two linearization summands,
ni(p, Z)n;(p, Z) = AiA; (Vi — ) (Y] — 1) — B (Y — ) (Y} — pao)
= BiAj (Y = po) (Y} — 1) + BiBj(Y, = o) (Y} = ho),
and inserting the four moment identities yields

Eplni(p, 2)n;(p, Z)) = v (G )Y — i) (V] = 1) + 15(Gon )V = p10) (Y — o)
+ il (G (V! = i) (Y = po) + (V2 = o) (V]! — )}

. The one-score centered-ratio identities give E,[A;] = E,[B;] = 0, hence E,[n;(p, Z)] = 0
for every ¢. Starting from Definition 5, the finite-design variance of the linear combination
nt > mi(p, Z) expands as a double sum of covariances, and the zero means identify those
covariances with joint moments. The empty-outcome branch is evaluated separately, where
both finite sums and the scaled variance term are zero; on the nonempty branch, this is
the ordinary pair average. Thus

1
G,y (Y) == D Bylmilp, Z)ni(p. 2)].
€0, jEO,
Substituting the preceding pair-moment identity and combining the two mixed double

sums by the symmetry S;;(Gp) = Sji(Gr) gives

1
oY) =~ D D A{r(Gup) (V) = ) (¥ = ) + 755 (G p) (Y = o) (V) — pao)
1€0n JEO,

+ 210 (Ga) (Y3 — 1) (Y} — po) }-

. By Assumption 5, |V;!| < 1 and |Y;?| < 1 for every i. Applying the triangle inequality to
the finite-population means gives

| <1, lnol <1,
with the empty-population case evaluating both means as 0. Therefore, for every i € O,
Vi —ml <2, [V —pol <2

The overlap loads are nonnegative under 0 < p; < 1. Indeed, when S;;(G,) = @ all
three loads are 0; when S;;(G,,) # @, the factors plzl and (1 —pg)~! are at least 1, so the
corresponding products minus 1 are nonnegative, and rl-ljo (Gy) = 1. Thus
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4. For a nonnegative weight 7 and real numbers u,v with |u| < 2 and |v| < 2,
ruv < rlullv] < 4r.

Applying this bound to the treated, control, and mixed terms using the bounds and non-
negativity just established gives, for every ordered pair (i, j),

745 (G, p) (Vi = 1) (Y} = 1) + 735(G ) (V) = 110) (Y5 — o)
+ 20 2(GR) (Y7 = 1) (Y] = pao)
< 4{r}{(Gn,p) + 135(Gn,p) + 2r}(Gn) } .

5. Summing the pairwise inequality over i, j € O,, and multiplying by the nonnegative inverse
n~! gives
1
08 p(¥) < = 30 Y 4{rk(Ga,p) +14(Guap) + 20 (Gn)}
1€0y jEO,
= ‘/env(Gmp)7

by Definition 6.

O]

Proof of Theorem 3. Throughout write m, = |I,,| and S;; = S;;(G), and interpret the factors
n~! in Definitions 6 and 8 as (]O,|)~!, with the total reciprocal convention 0! = 0. Thus
when O, = @ the corresponding finite sums and scaled gradients are zero, and otherwise the
notation is ordinary division by the outcome count. Recall that the three covariance loads
entering Definition 6 are

keS;; keSi;
ri (Gn) = 1{]Sij| > 0}
Note that every p € P, B, satisfies 0 < € < pi, <1 —€ < 1, so all coordinate reciprocals in
these loads are defined on the feasible class.

1. First suppose that I, is nonempty and define the constant design

By
P = — (k S In).
mp

Since m,, > 0, the budget bounds mue < B, < m,(1 — ¢€) give

€< B <l-g
My
and 0 < € < 1/2 makes this interval a subset of [0,1]. Thus p satisfies the probability and
positivity requirements, and its budget is >, . 1, Pk = Mp(Bp/my) = By. If instead I,
is empty, the two budget inequalities read 0 < B,, < 0 and force B,, = 0, so the unique
empty design is feasible. Hence P, B,  # @.
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2. The feasible class is closed. Indeed, under 0 < e < 1/2, Definition 1 describes it as
the intersection of the coordinatewise closed probability constraints 0 < p, < 1, the
coordinatewise closed bounds € < p;, < 1 —¢, and the closed affine hyperplane ), - 1, Dk =
B,,; each of these is the preimage of a closed set under a continuous coordinate map or
under the continuous finite sum. It is contained in the finite product [0, 1]1“, which is
compact; a closed subset of a compact set is compact, so Py, B,  is compact.

3. Let p,q € Pp B¢, and let 6,0’ > 0 with 6 + ¢’ = 1. Coordinatewise,
e=0c+0e<Opp+0q <01 —¢)+0(1—¢)=1—¢,
and by the same convex combination 0 < 0p; + ¢’ < 1. Its budget is

> (Opp+0'q)=0> pp+0 > qo=0B,+0B, =B
kel, kel, keln,

Thus 6p + 0'q € Py, , proving convexity of the feasible class.

4. The envelope is continuous on the feasible class. Fix 7,j € O,. If S;; # &, then the maps
D ersij pr and p — ersij (1 —pg) are continuous, and the bounds € < pp < 1—e€ with
0 < € < 1/2 keep both products nonzero on Py, g, ; reciprocals of nonvanishing continuous
functions are continuous, so r}j(Gn, -) and r?j(Gn, -) are continuous there. If S;; = @, both
are identically zero. Adding the constant 2r$JQ(Gn), summing over the finitely many pairs
(i,7), and multiplying by the fixed scalar 4(|O,|)~! shows that Veny(Gy,-) is continuous
on P, B, e

5. For each nonempty S;;, the maps

-1 -1

p— | [ ee] - p— | J] Q=m0

kES;; keSi;

are convex on P, g, .. Indeed, on that class every p, and every 1 — py, is strictly positive,
SO

-1 -1

[[r] =eo| > —logp |, [[Ta=p)| =exp| D —log(l—ps)

kESij k‘ESij kJESi]‘ kESi]'

Each p — —logpi is convex on the feasible class as a convex one-dimensional function
composed with a linear coordinate map; likewise p — —log(1 — pg), with the affine coor-
dinate map p — 1 — pi. Finite sums of convex functions are convex, and exp is convex
and nondecreasing, so composing preserves convexity. Subtracting the constant 1 gives
convexity of rilj(Gn, -) and r?j(Gn, -); when S;; = @ both are constant, hence convex.
Consequently each summand

15(Gop) + 195G, p) + 20 0(G)

is convex on the feasible class. Finite summation preserves convexity, and so does multi-
plication by the nonnegative scalar 4(|O,|)~!. Thus Veny(Gp, -) is convex on Pr.B, e
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6. The preceding nonemptiness and compactness conclusions, together with the continuity of
Venv(Ghn, -) on Py B, ., put the envelope in the finite-dimensional extreme-value theorem.
Hence it attains its minimum on P, g, . Denote one minimizer by p}(Gy). Then

Venv (G, 1 (GR)) < Venv(Gn, q)

for every g € Pp B, e-

7. It remains to establish the multiplier statement, and for that we first identify the coordinate
derivatives of the envelope. Let x : R — R be the standard smooth transition function
with x(t) = 0 for t <0 and x(¢t) = 1 for t > 1. Define the floored reciprocal

() oo

0, xz =0.

Because x((z—e/4)/(e/4)) is identically zero on a neighborhood of the singular point z = 0,
this function is continuously differentiable on all of R. If x > €/2, then (z—¢/4)/(e/4) > 1,
so R.(r) = 2!, Replace every reciprocal factor in the two overlap kernels by this R,
obtaining

i) =1{Syl >0} [ [ Retow) =1 |, #0) =1{Syl >0} | J] Rl —px)—1
keS;; keES;;
V(p) =4(0.)7" D> {7i( (p) +2ri(Gn)} .
1,J€O0n

Then V is continuously differentiable on all of R, and
V(p) = Verv (G, p) whenever py > €/2 and 1 — py, > €/2 for every k € I,,.

Transporting ‘7/ 4 along a bijection between I,, and {1,...,m,} to Euclidean coordinates
gives a differentiable objective on R™~,

For a feasible p, a coordinate k, and a shared neighborhood S;;, differentiation along the
k-th coordinate line gives

d

dt H (pf + 1{€ = k‘}t)il = {O (HZESZ'J' by >pk , ke 51]7

t=0 €€S;; k §é S’L]7

and

d

[T -pe—1{t=k})" {(H“S p) ) (1=p) ™ ke Sy,

t=0 €Sy, k ¢ SZ]

When k ¢ S;; the product does not depend on ¢, and when k € S;; only the factor indexed
by k varies, contributing %(pk + 1) im0 = —p,;2 and %(1 —prp — ) Himo = (1 — pr) 2,
respectively. Subtracting the constant 1 leaves these derivatives unchanged, so the same

formulas hold for the treated and control overlap loads, including the case S;; = @, where
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both derivatives vanish. Summing over (4,;) and multiplying by (|O,|)~! gives exactly

Definition &:
d Veny (Gmp + tek)

dt 4

= gk(Gnap)~
t=0
Since € < pp < 1 — ¢, every [t| < €/2 keeps p + teg in the region where 1% agrees with
Venv(Gh, ). Therefore the k-th Euclidean partial derivative of the transported objective
at any feasible p is gx(Gn, p).

. Fix any minimizer p}(G,). In Euclidean coordinates, impose the equality constraint
Mn

h(zx) = Z:Uu—Bn =0
u=1

and the 2m,, inequality constraints
e, () =2y —€>0, cHr)=1—€e—2,>0 (u=1,...,my).

The correspondence between the Euclidean points satisfying these constraints and P, B,, ¢
is exact. The displayed agreement of V with Venv(Gh, +) on the feasible box shows that the
transported smooth objective agrees on that set with Veny(Gr,-)/4; hence the Euclidean
image z* of p!(G,) is a local minimum of the transported objective subject to those
constraints. The objective is differentiable, the Euclidean domain is all of R™", and

h,c; ,cl are affine, so the affine linear constraint qualification holds at z*.
The finite-dimensional first-order necessary condition under this affine constraint qualifica-
tion states: if 2* is a local minimum of a differentiable f subject to h(x) = 0 and ¢j(z) > 0

with all constraints affine, then there exist A, € R and v; > 0 with

Vf(z*) — A\ Vh(z") — Z viVej(z*) =0 and vijcj(z*) =0 for every j.
J

Write v, for the multiplier of ¢, and V;:n for the multiplier of ¢} at the coordinate u
corresponding to k € I,,. Since Vh is the all-ones vector, V¢, = e, and V¢ = —e,, the
k-th coordinate of the stationarity condition reads, using the coordinate-gradient identity
just established, whose right-hand side is the score in Definition 8,

k(G D (Gn)) = A — v, + v, = 0,

or equivalently

Dual feasibility gives l/ljn > 0 and v, > 0. Complementary slackness for the upper and

lower constraints gives I/,Incf[ (z") = 0 and v, ¢,/ (z*) = 0, equivalently

Vi ((Pr(Ga)e = (L= 6)) =0, v, (e = (Pr(Gn)i) = 0.

This holds for every k € I,,, as required.

26



Proof of Theorem 4. Write p,, = p}(G,). The proof uses the feasibility, positivity, assignment,
interference, graph-regularity, and variance hypotheses attached to this sequence. Throughout,
put B

K(e,d) = e 'max{1,e (4"},

1. Outcome indexing gives |O,,| = n eventually. Hence |O,,| — oo, and, on this tail, /|0, | =
Vvn and |0,|7Y? = n=1/2. All limit statements below may therefore be proved after
discarding the finitely many earlier stages.

2. Uniform positivity gives ¢y > 0 with ¢y < €, eventually. Since each ¢, € (0,1/2), the
denominator-kernel monotonicity bound gives

K(en,d) < K(eo,d) eventually.
Together with |O,,| — oo, this fixed upper bound implies

K (€, d) R
|On]

3. Define the two centered numerators and the two centered denominator ratios,

n@2 = 2 iy = D oy

Rin = |0,"Y2U1(Z),  Ron = |0n|7Y?Us(2),
an = ’OnrlDl(me) - 17 QOn = |On’71D0(pna Z) -1

The scaled numerators are bounded in probability. Indeed, Ep, [T;(Z)/7}(p,)] = 1 and
p1 = 0,73, Y give Ep, [Ui(Z)] = 0, hence Ep, [R1,] = 0; and expanding the variance
into pair covariances, using Assumption 5 and the row bound of Assumption 7 together
with the kernel bound supplied by Assumption 6 and the eventual floor ¢y < ¢,, one gets
eventually

Varp, (Rin) < 4DK (e, d), Varp, (Ron) < 4DK (o, d).

A sequence with mean zero and uniformly bounded variance is bounded in probability, by
Chebyshev’s inequality.

The centered denominator ratios vanish in probability. The treated denominator has mean
|Onl, so Ep, [@Q1n] = 0. The same covariance expansion gives

Varp, (D1(pn, Z)) < |On|DK (€, d),

and therefore _ 3
DK (e, d)
(&%

by the denominator-kernel rate displayed above. Chebyshev’s inequality then yields

Vaan(an) S — 0

an i 07 QOn i 0.
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A product of a sequence bounded in probability with one vanishing in probability vanishes
in probability, so

Pr
2|R1n‘|Q1n| + 2|R0n||Q0n| — 0.

For all sufficiently large n, split according as

[0n] |On|
: :

2

When both inequalities hold, both denominators are positive, the Hajek estimator in Defi-
nition 3 takes its ratio form in both arms, and expanding each ratio around its denominator
mean gives the capped remainder bound

D1(pn, Z) 2 and  Dy(pn, Z) >

V ’On‘{?H(pn) - Tn} ‘O ’ 1/2 Z i pTl7 < 2|R1nHQ1n’ + Q‘ROTZHQOTL‘

1€0n

Here Assumption 1 identifies the observed outcome Y°* with Y;' on {T;(Z) = 1} and
with ;Y on {C;(Z) = 1}, so that the two arm numerators are Uy(Z) + p1D1(pn, Z) and
Uo(Z) + poDo(pn, Z), and the cap Dgy(pp, Z) > |Op|/2 bounds the factor |Oy,|/Dq(pn, Z)
by 2. If instead Di(pn, Z) < |Onl|/2, then |O,| 1D1(pp, Z) < 1/2, so Q1, < —1/2 and
|Q1n| > 1/2; likewise for the control arm. Thus, for every d > 0, the probability that the
absolute remainder exceeds d is bounded by the probability of this denominator-ratio bad
event plus

Pr(2|R1n||Qunl + 2| RonllQonl| 2 9),
and both terms converge to zero.

. Consequently, for every § > 0 the probability that the absolute remainder is at least ¢
tends to zero, that is

VIOl 7t (pn) = 7} = 10472 3" mipn, 2) 25 0.

1€0n
Replacing |O,,| by n on the outcome-indexing tail gives the first conclusion.

. Set X,; = 10i(pn, Z) for i € Oy, and declare i and j adjacent when i = j or S;;(Gp) # @.
This is a dependency graph for {X,, ;}: the summand ;(p,, Z) of Definition 4 is assembled
from T;(Z) and C;(Z), together with 7} (py,), 70 (pn), Y;', Y22, 1, po, so it depends on Z only
through the coordinates in N;(G,,). If no outcome in A C O, is adjacent to any outcome
in B C Oy, then J;c4 Ni(Gr) and ;¢ g N;(Gr) are disjoint, and Assumption 2 makes the
two assignment-coordinate blocks 1ndependent. The closed neighborhood at ¢ is contained
in {i} U{j:Si;(Gn) # @}, so Assumption 7 gives cardinality at most [D] + 1.

These summands have mean zero, because Ep, [T;(Z)/7}(pn)] = Ep, [Ci(Z2)/70(pn)] =
1. Moreover Assumption 5 gives |Y11 — | < 2 and |Y? — po| < 2, while Definition 1,
Assumption 6, and the eventual floor ¢y < €, give

(Wz'l(pn))il < K(GOa J) +1, (W?(pn))il < K(Eo, J) +1

Thus |T;(Z)/7} (pn) — 1| < K(eo,d) + 2 and likewise for the control arm, and the eventual
uniform bound )
[ Xni| < 4{K(eo,d) + 2}
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holds for every ¢ € O, and every assignment.

Finally, with

2
Up = EDn <Z Xn,z) )
1€0.

n

expanding the square into pair moments and comparing with Definition 5 gives

on =3 3" Ep, [1:(pn, 2)0(pn, 2)] = |Onl 0F, 5, (V).
iEOn ]GO”L

Assumption 8 supplies ¢ > 0 with Uémpn (Y) > ¢ eventually. Hence v,, > c|O,,| eventually,
and on the outcome-indexing tail this is the variance-growth condition v, > cn. Applying

Lemma 1 with D = [D] + 1, M = 4{K (€9, d) + 2}, and this c yields, for every s € R,

g}:(Z"EO%p m?) s) L Pr{N(0,1) < s}.

Since \/vn, = \/|Onl4 /O‘%n », (Y), the statistic inside is (|On|*1/2 > ini(pn. 2))/ O‘én oY),
SO

’ON‘_I/Q Zz’eOn 0i(Pn, Z)

Uén Pn (Y)

Pr

p <s| — Pr{N(0,1) < s}.

. The difference between the studentized H&jek statistic and the studentized linear-score

statistic is ~ "
VIOul{TH (pn) — T} — O™ / ZieOn 1i(pns 2)

O-én sPn (Y)

By Assumption 8, eventually ,/Jén o (Y) > \/c. Hence, for every § > 0, the probability

that the absolute value of the displayed difference is at least ¢ is eventually bounded above

by
Pr (
Dn,

which tends to zero by the linearization established above. The converging-together prin-
ciple in CDF form then transfers the standard-normal CDF limit from the studentized
linear-score statistic to the studentized Hajek statistic: for each x, sandwich the event for
the Héjek statistic between the corresponding linear-score events at © — § and x + 9, up
to the small-difference event, and let § | 0 using continuity of the standard-normal CDF.
Therefore, for every s € R,

\/m{?H(pN) — T} — ‘Onrl/z Z 0i(Pn, Z)

i€0n

26ﬁ>,

Pr| -~ [On{Tt1(pn) = ™} <s| — Pr{N(0,1) < s}.
D UQGn,pn(Y)

Replacing |O,,| by n on the outcome-indexing tail proves the second conclusion.
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Proof of Theorem 5. The eventual identity |O,| = n implies that |O,| — oo; in particular
|Oy] > 0 on an eventual tail.

1. Fix n. The admissibility condition €, € (0,1/2) and the feasibility floor give
0<en<ppp<l—e,<1 (k € I,).

This display supplies the assignment-probability hypothesis 0 < p, ; < 1 in Theorem 2.
Together with Assumption 2 and Assumption 5, the second conclusion of Theorem 2 gives

U2Gn7pn (Y) S ‘/enV(Gnvpn)-
By Definition 9, Veons(Gs pr) = Venw(Ga, pn), and hence

5 ~
O'Gmpn (Y) < ‘/cons(Gnvpn)-
Since n was arbitrary, this proves the variance-domination assertion for every n.

2. By Assumption 8 there are ¢ > 0 and an eventual tail on which
c< U%n,pn(y)‘

Hence Uén’pn(Y) > 0 eventually. The eventual identity |O,| = n also gives the positive
normalization |O,| > 0 eventually. Under the assumptions listed in Theorem 4 — outcome
indexing, assignment and interference, bounded outcomes, bounded degree, bounded over-
lap, feasibility, optimality p, = p}(G,,), uniform positivity, and variance nondegeneracy —
Theorem 4 gives, for every s € R,

PI‘ \/H[TH(pn)_Tn] SS —>¢(S)
Pn O_énypn (Y)
3. Write R
W, = \/E[TH(pn) - Tn]’ 2= 2 a2

Uén,pn (Y)

Since z > 0, the event {W,, < —z} is contained in {W,, < z}, and the finite-design
probability split gives

Pr(—z < W, <z)=Pr(W, <z)—-Pr(W, < —2).
Pn Pn Pn

The convergence supplied by Theorem 4 at s = z and s = —z, together with ®(—z) =
1 — ®(z) and the calibration ®(z) = 1 — acov/2, yields

Pr(W, <z)—Pr(W, < —z) — ®(2) — &(—2) = 1 — acov-
Pn Pn

On the eventual tail where |O,|, n, and aémpn(Y) are positive, the strict interval event is
contained in the Wald coverage event. Indeed, if —z < W), < z, then |W,| < z, so

VT (pr) — Ta] < 24 /Uémpn(Y).
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Dividing by v/n > 0 and using the variance-domination bound O'émpn (V) < ‘A/COHS(GH, Dn),
monotonicity of the square root, and z > 0, gives

o2 Y Vo (G

Consequently, on that tail,

Veons(Gn, n) > Pr(W,, < 2) — Pr(W, < —2).

Pr| |7 —Ta(pn)| < =z
Pn n Pn Pn

Taking lower limits and using the displayed convergence gives

~

R Veons(Gns
1 — oy < liminf Pr | |7, — T (pn)| < 21— acou /2 —COHS( n:Pn) ,
n—oo Pn n

which is the claimed coverage bound.

Proof of Theorem 8. Fix € € (0,1/2), cqisp > 0, and Cgisp > 1. Put

1/2 3p—1/2
th=n+1, dn:t?w p:€+/7 szpi/v
2 2

so that € < p < 1/2 and € < ¢ < 1/2, both by direct substitution of 0 < € < 1/2. Recall also

the objects the argument evaluates: for 7,5 € O,,

Rz)=2"t+ (1 —2)!,

15 (Gnp) =1{IS5 (G >0 [ [ wi' =1, m(Gup) =1{S;(Gn) >0} | [ Q-p)'-1],
kESij(Gn) kGSij(Gn)

ri (Gn) = 1{]S3j(Ga)| > 0}

j
1. Let I,, be the disjoint union of a core block of d,, interventions and a filler block of 2d,

interventions, so m, = 3d,. Let O, consist of d, core outcomes together with ¢, filler
outcomes for each filler intervention, so

|On| = dp, + 2dpt,.

Each core outcome is adjacent to every core intervention, while each filler outcome is
adjacent only to its designated filler intervention; take all potential-outcome schedules
to be zero. Explicitly, N;(G,) is the whole core block when i is a core outcome, and
N(4,)(Gn) = {f} when (f,r) is the r-th filler outcome of the filler intervention f. Counting
the outcomes adjacent to a given intervention,

sp = dy (k core), sp =t, (k filler).

2. Set B, = myp. Since € < p < 1/2, one has € < p < 1 — ¢, and multiplying by m,, > 0,

mpe < By, < my (1l —e).
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3. Summing the two degree values over the d,, core and 2d, filler interventions, the degree
energy is
D sp=dpdl + 2d, t] = db + 2d7,
kely

using t2 = d,,; since d,, > 1 this is strictly positive.
4. Since d,, — oo and cgisp > 0, for all sufficiently large n,
1< Cdispdn'

Fix such an n. If k is a core intervention, then sz = d2 and, multiplying the displayed
inequality by d2 > 0,

Si = di S Cdispdi S Cdjsp (di + 2d721) = Cdisp Z 812.
lel,
If k£ is a filler intervention, then s% =t2 =d,, and since d,, > 1,
Sz = dn < d% < cdispdi < Cdisp Z 5l2'
lely,
Thus the degree-dispersion condition holds eventually.
5. Every intervention has the same strictly positive h-weight. Indeed, the ordered pairs (i, )

with k € S;;(G,,) are: for a core k, the d2 core-core pairs, each with |S;;(G,)| = dp; and
for a filler k = f, the t2 pairs of filler outcomes both carrying the label f, each with

|Si(Gn)| = 1. A core outcome and a filler outcome share no intervention, and two filler
outcomes with distinct labels share none. Hence
d2 . d-1 d, 2.1 d,
hi(Gp) = —— = (k core), hi(Gr) = = = (k filler),
Ol [Onl On|  |On|

again by t2 = d,,. Consequently, for every k,l € I,,,

dn
|On]

hk(Gn) = hl(Gn) = >0 and hence hk(Gn) < Cdisphl(Gn)7

the last step because Cgisp > 1. So the h-weight-ratio condition holds for every n.

6. The surrogate design is homogeneous. The equal-weight calculation above makes the sur-
rogate objective of Definition 10 a positive multiple of a separable barrier sum,

> hi(Go) it + A —pe) '} = |g’;| > R(pp).

kely, keln,

For 0 < r < 1, the barrier R satisfies

(x —7)2{r? 4+ 2rz — 2r —zx + 1}

R(z) = R(r) = R(r)(e —r) = =5t =

0<zxz<1).

The denominator is positive. The bracket is also positive: if 7 < 1/2, then

P2z —2r—z4+1=r*+(1-2r)1—-2z) >0,
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and if 1/2 < r, then
24 2rr —2r —2x+1=(1-7r)72+2r -1z >0.

Therefore
R(r)+ R(r)(z —7) < R(x) 0<z<1),

and equality holds exactly when x = r, since the displayed gap then has positive denomi-
nator and positive bracket, leaving only the factor (z —7)? to vanish. Summing the tangent
inequality over k € I, at r = p and using the budget >, 1, Pk = Bn = myp, the linear
terms cancel and

mnR(p) < > R(p)  for every p € P p, e,
kely,

with equality only if pr = p for every k. The homogeneous vector p}éom = p is feasible,
because € < p < 1/2 <1 —¢€ and Zkeln p = mpp = B,. Hence the surrogate minimizer is

unique and
p;ileg(Gn) _ phom.

. Two envelope evaluations. For any design p, Definition 6 splits over the outcome blocks.
A core-core ordered pair has S;;(Gy,) equal to the whole core block, of size d,; a pair of
filler outcomes with the same label f has S;;j(Gy) = {f}; all remaining ordered pairs have
S;j(Gr) = @ and contribute 0. There are d? pairs of the first kind and 2d,,t2 of the second.
At the homogeneous design p"°™ this gives

Vere (G, ") 1
4 BN

{2 (p=" + (1= p)™ ) +20,2R ()}

since a core-core pair contributes (p~% — 1) + ((1 —p)~% — 1) +2 = p=& + (1 — p)~n
and a same-label filler pair contributes (p=t — 1) + ((1 —p)~ 1 — 1) +2 = R(p).

For comparison, let ¢ be the design assigning 1/2 to every core intervention and ¢ to every
filler intervention. It is feasible: € < ¢ < 1/2 and € < 1/2 < 1 — € give the box constraints,
and

1 1 1
qu:dn-i—i—antp:dn <2+3p—2> = 3d,p = By.
kel

The same block split, with a core-core pair now contributing 2% + 2¢» = 2dn+1 gives

V;znv(Gn7Q) _ 1
4 e

{di 9dnt1 | 2dntiR(<p)} .

. The envelope minimum 1is positive. The bounded-outcome-degree condition holds here

with d = d,, since core outcomes have degree d,, and filler outcomes degree 1. Hence the

lower half of the sandwich in Theorem 7, applied at the envelope-optimal design p}(G,,),

gives

dn * * — * — ‘/EHV(Gnap:L(Gn))
32 R(@G) = 32 he(Ga) {B (G + (1= (G} < - ,

@)
| kel, kely,

0<

the strict positivity because d,,/|On| > 0, I, # &, and R > 0 on (0,1). Thus
Venv (G, P (Gr)) > 0.
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9. Lower bound on the ratio. The positivity just proved selects the positive branch of Defini-
tion 11, and the surrogate-design calculation identifies its numerator with the homogeneous
envelope. Since ¢ is feasible, Vony (G, 2% (Gn)) < Vene (Gas ), and Veny (G, pP°™) > 0, so

Veny (G, ") Veny (G, p"™)
‘/venV(Gn7p:L(GTL)) B ‘/:BnV(G’rMQ)

Substituting the two envelope evaluations above, cancelling the common factor |0, |1,
and using 2d,t2 = 2d2 so that d2 cancels as well,

Olcert (Gn) ==

Veny (G, p"™) _ p~" +(1—p)"™ +2R(p) _ _ p~™
Veny (G, q) 24nt1 + 2R(p) — 290t 4+ 2R(p)’

the inequality because (1 — p)~% >0 and R(p) > 0. Hence
p~ ™
Cert(Gn) 2 201 2R ()

10. Since 29" — oo, eventually 2R(p) < 2%, so the denominator is at most 29n+1 24n = 3.20n

and 4
—d, 1 B
acert(Gn) > 3/) odn = §(2P) dn~
Finally, p < 1/2, so (2p)~! > 1; as d,, — oo, the right-hand side tends to +oco. Therefore
Oeert (Gn) — 00.

O

Proof of Theorem 6. Throughout, e, is the k-th coordinate vector on R», and we write
Mhox = min{p —€, 1 —e — p} >0,

which is positive because € < p < 1—¢€. Recall from Definition 8 the summation formula defining
the envelope gradient score gi(Gp,p). Throughout we use the reciprocal convention

1/0 =0,

so that the normalizing factor 1/n, with n = |O,,|, is defined for every finite outcome-unit set: it
is the ordinary reciprocal when O,, # @ and equals 0 when O,, = @. Under this convention the
gradient formula of Definition 8 and the identities derived from it below hold verbatim, with no
separate nonemptiness hypothesis.

1. Suppose that the homogeneous-point gradient scores are not all equal. First, pPo™ €

Pr.B,,e: each coordinate equals p € (e,1 —¢€) C [0, 1], and

> pi™ = mup = By
kel,

We next show that pP®™ is not a minimizer. Otherwise, Theorem 3 supplies a budget

multiplier \,, and nonnegative upper- and lower-box multipliers V,j , and v satisfying
9k(G, P"™) = My — Vi + Vi s
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together with the complementary-slackness identities

y,;fn(p}gom —(1- e)) =0, V,;n(e —p};om) =0.

hom

Since pp°™" = p and € < p < 1 — ¢, both factors multiplying the respective multipliers are
nonzero. Thus I/]:_n = v, = 0 for every k, so all gradient scores equal ), a contradiction.

Choose a attaining the maximum and b attaining the minimum of k +— g3 (G, pP°™), which
exist because I, is finite and nonempty. If these extrema were equal, all scores would be
equal, contrary to hypothesis. Hence

Ay = ga(Gn, p™™) — go(Gr, p"™) > 0.

For these extremal indices, set
1
d=ep, — eq, v(s) = ZI/'em,(Gn,phom + sd).

The segment pP°™ + sd is feasible for s € [~1pox, Mbox). Indeed |di| < 1, so for 0 < 5 < Npox
every coordinate satisfies

e<p—s<p+sdy,<p+s<1l—ce

by the two bounds defining n,0x; the budget is preserved because

Y dp=1-1=0,

keln

80 >4 (PrO™ +sd),) = By,. For s < 0 the same argument applies with the direction reversed.
Moreover, on 0 < s < Mpx,

PR A sd > p—s>e>e/2, 1= (P 4sdy) > 1—p—s5>e>e€f2

On this region the envelope agrees with the globally twice continuously differentiable cutoff
extension obtained by replacing each reciprocal factor by a C? reciprocal cutoff that agrees
with 27! for 2 > ¢/2. Consequently 7 is twice continuously differentiable on [0, 7p0x] and
differentiable at 0. The line-calculus identity for Von,(Gp,-)/4 along d gives

Y(0) = dp ge(Grn, P"™) = go(G, P"™) = ga(Gn, p"™) = —A,.
kel

Define the directional second-order modulus for this same pair by

2
Loy = sup

1
7.0 ) 4 Venv 7 t - Ca

t=0

The supremum is finite: the feasible class is compact by Theorem 3, and the displayed
directional curvature is continuous in the base point through the same C? cutoff extension.
For 0 < t < 1oy, the shifted base point pP°™ 4 td is feasible, and the second derivative of
~ at t is precisely the directional curvature at that base point. Hence

Wll(t) < Lgp (O <t< "7box)-
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Convexity of Veny(Gn, ) on Py, B, ¢, supplied by Theorem 3, makes 7 convex on the feasible
line segment. Thus the curvature at the homogeneous base point is nonnegative, and since
that curvature is one of the feasible values bounded by the displayed supremum,

0 < L.

Define
5 — {nboxa Loy =0,
min{nhox, Ag/Lab}, Lap # 0.
Then s, € [0,Mhox].- The one-dimensional second-order descent bound applied to v, with

initial slope at most —A, and second derivative bounded above by L, on the segment,
gives

Ag
7(0) =15 = Frs..

The design g = p"°™ + s,.d is feasible by the segment argument above. Therefore, for every
p:’(L(Gn) € a’rgn’linpe'PmB"76 V:env (G’na p)u

Venv(Gna p;(Gn)) < V:env(Gna Q)'

Multiplying the preceding descent inequality by 4, and using 4(0) = Veny (Gr, pP°™) and
4’)/(3*) = %HV(GTHQ)? giVGS

‘/env(Gnaphom) - ‘/env(Gn;p:(Gn)) Z %nv(Gnaphom) - V:EDV(GTM CI) Z QAQS*?

which is the asserted bound after substituting npx and s,.

Finally, p}(Gp) # pPo™, since otherwise pP®™ would be a minimizer. Optimality and

feasibility of pP°™ give Viny (G, pf(Gn)) < Veny (Gr, pP°™); equality would again make

pP°™ a minimizer. Thus

‘/EI’IV(GTL’ p;(Gn)) < ‘/veHV(G’rL?phom)'

. Now suppose that |N;(G,)| = 1 for every ¢ € O, and fix k € I,. If k € S;;(G,), then
S;i(Gy) is a nonempty subset of N;(G,,), and hence has cardinality one. Since p"™ is

constant, every nonzero summand in the gradient formula of Definition 8, evaluated at

phom - equals

—p T (A=) A=) T = (- p)) T = ()T
For the counting term, the intervention-side degree is
Sk = ‘{Z €e0,: ke Nz(Gn)}‘ .
The condition k € S;;(Gy,) is exactly the conjunction k € N;(G,,) and k € N;(G,). Hence
the ordered pairs (7, j) contributing to the sum are precisely
{i€0y: ke Nj(Gp)} x{j€Oy: ke N;(Gp)},
2

and their number is s;. Substitution into the gradient formula gives, for p € (0,1) and
n = |0y,

2
S _ _
gr(Gn, ") = 2 (1= )72 = p7%),,

which is the displayed formula. When O,, # @ both sides are read in the ordinary way;
when O,, = @ the defining double sum is empty and s; = 0 for every k, so both sides are
0 under the reciprocal convention fixed above.
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3. Retain the singleton-neighborhood condition and suppose that s2 # sg for some a,b € I,.

Put
C=((1-pH "= (")

This scalar is nonzero. Indeed, if C = 0, then (1 — p)?> = p?; thus either 1 — p = p,

contradicting p # 1/2, or 1 — p = —p, which would imply 1 = 0.
Also n = |Oy] > 0. Otherwise O,, would be empty, so {i € O,

k € NZ<Gn

)} would

be empty and s, = 0 for every k, making s2 # sg impossible. Hence C'/n # 0, and the

formula of the preceding step gives

hom) hom) —

slQ

9a(Gn, p™™) = gb(G, p (s2—sp) #0,

so that
9a(Grs D"™) # gy (G, p™™).

The conclusions of the first step therefore apply.

Proof of Theorem 7. Put

Z hi(Go){a, '+ (1 — i)', C := max{1, 67@71)}.

kel,

Then C' > 1, hence C > 0. Recall also the three covariance loads, for i,j € Oy:

T

1
ij

I a-a'-1),

(Grg) =1{|S5(Gn)[ >0} [ ] a@'-1], r%(Gnrq) =1{|S;;(Gn)| > 0}
kESij(Gn) kesij(Gn)
10( 7
rij (Gn) = 1{|Si;(Gn)| > 0}.

1. By Theorem 3, whose positivity-margin and feasible-budget hypotheses are exactly those

assumed here, the envelope-optimal design p} (Gy,) is feasible and satisfies
Venv (Gns Pp(Gn)) < Venv(Gn,q)  for every ¢ € P p,, .

2. On Pp B, every g and 1 — g lies in [e,1 — €], hence is strictly positive. Thus A is
continuous there, being a finite sum of reciprocals of nonvanishing continuous coordinate
functions. Nonemptiness and compactness from Theorem 3 therefore yield a feasible sur-

. deg
rogate design py, ~(G,) such that
A(pde(G,)) < A(q) for every ¢ € Pn.B, e
3. Fix q € Py B,.c, and write

Substituting the definition of hy(G,) into A(g) and exchanging the order of the finite

summations,

=Y 3 Y SH(G) g + (- a)

1€0p j€OR k€S;(Gn)
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and Definition 6 gives

Venv Gna _

i€0p jE€EO,

For a fixed pair (7,7), let S = S;;(Gy). If S = @, then K;; = 0 and the corresponding
triple-sum contribution to A(q) is an empty sum. Otherwise, since 0 < ¢ < 1 for each
k € S, the two reciprocal factors qlzl and (1 — g)~! are at least one. Hence the product
of the remaining treated reciprocal factors is at least one, so

' <[[a' (kes),
les
and averaging over k € S gives
S gt < JTat
kesS kesS
The same argument applied to the control reciprocal factors gives
1S A —a) < JJA—a)
kesS kesS

For nonempty .5, the displayed definitions of the loads give

Kij = (qu1—1> + (H(l—Qk)_1—1> t2=]]a'+JJO—a) "

kesS keS keS kesS
Adding the preceding two inequalities yields
Bl Z{qgl +(1—q) '} < Ky
keS

Multiplication by n~! > 0 and summation over (i, 5), with the empty-shared-neighborhood
pairs contributing zero on both sides, prove

‘/env(Gna Q)

A(q) < 1

. For the reverse bound, retain S # @. Since S C N;(G,,), Assumption 6 gives |S| < d; < d.
Moreover, the feasibility bounds € < g < 1 — € give

0<g'<el, 0<(Q-—q)t<e

After deleting any single index k € S, each treated or control reciprocal product has |S|—1
factors and is therefore bounded by

(6—1)|5\—1 = (8- < e (d=1) <C,
the first inequality because 0 < € < 1 makes ¢ — ¢! nondecreasing and |S| < d. For
nonnegative reciprocal factors whose product after removal of any one factor is at most C,
the full product is at most C' times the factors’ average: for each k € 5,

[e'=a" I «'<cq’

tes LeS\{k}
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and averaging over k € S gives the treated reciprocal claim. Applying the same argument
to the control reciprocal factors gives

[Ha'<as™ > " J[0-a)"<CS™ > (1—a)™
keS keS keS keS
Adding these and using the preceding identity for K;;,
Kij <CISI7 ) {gp' +(1—a) ')
keS

If S = @, then K;; = 0 by the displayed load definitions, and the associated triple-sum
contribution on the right-hand side of the final summed inequality is empty. Multiplying
the nonempty-pair inequality by n~! > 0, summing over all nonempty (i,7), and adding
the empty pairs with zero contribution on both sides, the displayed expansions above yield

This proves the asserted sandwich for every feasible q.
5. Let Vi = Venv(Gn,pi(Gr)). If Vi > 0, the two sandwich bounds and the minimizing
property of pgeg(Gn) established above imply

Venv (Gn, p%eg (Gn)>
4

< CAWE(GL) < C AW (Ga) < O,

the middle step because p} (Gy,) is feasible and C' > 0. Thus

Venw (G P(G) ) < OV,

and division by V, > 0, together with Definition 11, gives aert(Gr) < C. If Vi # 0, that
definition assigns aeert(Gp) = 1, which is at most C'. The claimed approximation-ratio
bound follows.

O]
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