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Abstract

This paper studies the population treatment coefficient from pooling a staggered-adoption
panel in a unit-and-time fixed-effect Poisson pseudo-likelihood. We show that this projection
coefficient can be negative even when every cohort-time proportional treatment effect is pos-
itive. The failure reflects heterogeneous effects interacting with the fixed-effect PPML score:
a four-cohort design with equal shares and flat untreated means provides an explicit sign
reversal, while a positive-weight proportional treatment-on-the-treated target remains posi-
tive. The result characterizes the interpretation of the deterministic population projection
targeted by the pooled criterion.

1 Introduction

Poisson pseudo-maximum likelihood with high-dimensional fixed effects is a standard way to
estimate multiplicative mean models. It is especially common in gravity and other settings
where the conditional mean is naturally proportional, zeros are empirically important, and
fixed effects absorb large parts of the untreated outcome structure [Santos Silva and Tenreyro,
2006, 2011, Correia et al., 2020]. At the same time, many policy applications have staggered
adoption: some units are treated early, others later, and some never. In linear difference-in-
differences, it is now well understood that a pooled two-way fixed-effect coefficient can fail
to aggregate heterogeneous effects with interpretable positive weights [Goodman-Bacon, 2021,
de Chaisemartin and D’Haultfoeuille, 2020, Callaway and Sant’Anna, 2021, Sun and Abraham,
2021, Borusyak et al., 2024]. This paper studies the corresponding issue for a different object:
the treatment coordinate of a pooled fixed-effect PPML population projection when treatment
effects are proportional rather than additive.

The object of interest is deliberately narrow. Consider a finite cohort-time staggered-
adoption design with positive limiting cohort shares, an exponential untreated mean with unit
and time components, within-cohort baseline limits, proportional cohort-time treatment effects,
and a full-rank collapsed fixed-effect design. The paper defines 8*(J) in Definition 3 as the
treatment coordinate of the limiting collapsed Poisson pseudo-likelihood projection. This is
the population analogue of the coefficient an applied pooled unit-and-time fixed-effect PPML
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regression is trying to summarize. Its projection definition permits signed comparison weights
and distinguishes it from causal average treatment effects built as convex aggregates of granular
proportional effects.

The central question is whether the sign of this pooled PPML coefficient must agree with the
signs of the underlying proportional effects. Sign reversal is possible. For any supported design
satisfying the horizon, no-first-period-adopter, rank, and maintained population restrictions and
whose cohort support contains {2, 3,4, 00}, Theorem 3 gives a primitive sign index ®. Its sign
is exactly the sign of $*(d). The theorem’s closed-form polynomial calculation is a separate
specialization to the exact four-cohort support {2,3,4,00}. The general sign equivalence also
shows that ® < 0 implies

B*(0) <0< PTT,

where PTT is the counterfactual-share proportional treatment-on-the-treated target. Thus the
pooled fixed-effect PPML coefficient can have the opposite sign from every granular proportional
effect while a positive-weight proportional target remains positive.

The mechanism is local as well as global. Theorem 1 shows that, under collapsed rank, the
derivative of 5*(0) with respect to a treated cell’s log multiplier has the sign of the treatment
indicator residual after projecting treatment on the fixed effects with weights qgt,u;t(é). These
weights are generated by the fitted PPML mean through the pseudo-likelihood score and its
curvature, producing a comparison geometry distinct from linear least squares. A treated cell
with a negative weighted fixed-effect residual pushes the pooled coefficient downward when
its proportional effect is increased. This is the multiplicative PPML analogue of a forbidden-
comparison concern.

The paper also records the benchmark in which the pooled coefficient is well behaved. Under
the same exponential untreated mean and collapsed rank conditions, if every treated cohort-time
cell has the same log proportional effect g, Theorem 2 shows that *(J) = o9 and that the fitted
collapsed mean equals the true collapsed mean in every cell. This calibration locates the sign
problem in the interaction between heterogeneous proportional effects and their compression
into one pooled treatment coordinate in a staggered-adoption design.

The explicit witness is intentionally simple. Definition 6 considers four periods and four
cohorts, {2, 3,4, 0o}, with equal cohort shares, flat untreated means, and strictly positive treated-
cell log effects. All treated cells have multiplier 101/100 except cell (2,4), which has multiplier
4. Theorem 4 shows that this primitive belongs to the sign-reversal region in Definition 5. The
special four-cohort calculation in Theorem 3 gives

_ ba?+ 12z — 2y — 15
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and the witness has ® = —11559/32000. Hence the negative coefficient occurs with equal shares,
strictly positive effects, and flat untreated time components.

The distinction between the pooled coefficient and a positive proportional target is important
for interpretation. Counterfactual-share proportional treatment-on-the-treated targets, such as
those studied by Moreau-Kastler [2025], aggregate granular proportional effects using positive
exposure-based weights. Under strictly positive granular effects, those targets preserve the
positive sign. The pooled fixed-effect PPML coefficient studied here is different: it is a pseudo-
true projection coefficient in the sense of misspecified likelihood theory [White, 1982, Gouriéroux
et al., 1984b,a]. Its sign is governed by the fixed-effect fit and the induced score equation, not
by positive aggregation weights.



The contribution is a sharp population diagnostic. It characterizes the deterministic projec-
tion target, derives its local and global sign formulas, and proves that under stated staggered-
adoption and multiplicative-mean restrictions its sign can oppose every underlying proportional
effect. These results identify the interpretation problem that granular-effect estimation and
sampling inference must address in subsequent work.

The rest of the paper proceeds as follows. The next section relates the result to linear
and nonlinear DiD, proportional treatment-on-the-treated targets, misspecified likelihood, and
PPML applications. The following section defines the finite-array and collapsed population
projections and the sign-reversal region. A later section gives the local derivative result, the
homogeneous benchmark, the primitive sign frontier, and the four-cohort witness. The final
section discusses interpretation and extensions. The appendix contains the collapse lemma, the
pseudo-true projection lemma, and proofs of the main results.

2 Related Literature

This paper contributes to the econometric literature on difference-in-differences by studying a
particular population object: the treatment coordinate of a pooled fixed-effect Poisson pseudo-
likelihood in a staggered-adoption design. The classical program-evaluation literature estab-
lished difference-in-differences as a comparison of changes across treated and untreated groups
[Ashenfelter and Card, 1985, Angrist and Pischke, 2009, Imbens and Wooldridge, 2009]. Semi-
parametric and nonlinear extensions clarify how identifying restrictions and target parameters
change beyond additive linear conditional-mean models [Abadie, 2005, Athey and Imbens, 2006,
Sant’Anna and Zhao, 2020]. The present paper studies the projection target generated by a
deliberately pooled multiplicative regression and asks when that common coefficient can have
the wrong sign even though all cohort-time proportional effects are positive.

A large recent literature shows that two-way fixed-effect linear regressions in staggered-
adoption designs can aggregate heterogeneous treatment effects through signed or hard-to-
interpret weights. Goodman-Bacon [2021] decomposes the linear two-way fixed-effect coefficient
into two-by-two comparisons and highlights the role of comparisons between already-treated and
newly treated groups. de Chaisemartin and D’Haultfoeuille [2020], Callaway and Sant’Anna
[2021], Sun and Abraham [2021], and Borusyak et al. [2024] develop alternative estimands and
estimators that use interpretable comparisons under suitable identifying restrictions. Those re-
sults are primarily about additive treatment effects and linear least-squares projections. Here
the regression is Poisson pseudo-maximum likelihood with unit and time fixed effects, and treat-
ment effects are proportional. Pooling across cohorts and periods therefore operates through a
different mechanism: the pseudo-true Poisson coefficient responds to the fixed-effect fit and the
induced comparison weights in the multiplicative mean model.

The analysis also relates to nonlinear difference-in-differences. Wooldridge [2023] specifies
nonlinear conditional-mean models whose parameters or average partial effects are given a causal
interpretation under maintained identifying restrictions. Roth and Sant’Anna [2020] and Roth
et al. [2023] emphasize how identifying assumptions, functional-form restrictions, and target
parameters must be separated. The present paper holds the multiplicative untreated-mean
restriction fixed and asks what sign is carried by the common treatment coordinate when het-
erogeneous cohort-time multipliers are pooled in a misspecified fixed-effect PPML criterion. Its
object is the pseudo-true projection coefficient 5*(9), which is distinct from a nonlinear-DiD
effect parameter selected for causal interpretability.



The closest proportional-effect comparison is the counterfactual-share treatment-on-the-
treated target studied by Moreau-Kastler [2025]. The objects differ in four steps. Its primitive
effects are granular proportional effects; its target weights those effects by untreated counter-
factual exposure; its sign is positive whenever every granular effect is positive; and its analysis
is organized around identifying that causal aggregate. Here the same granular effects enter
observed cohort-time means, but the target is the treatment coordinate solving the pooled
fixed-effect PPML score equations. Those score equations induce fitted-mean curvature weights
and residualized comparisons in place of counterfactual shares. Consequently, the positive pro-
portional PTT and the potentially sign-reversing $*(d) coexist as distinct summaries, and the
sign-reversal result requires the pooled-score characterization developed here.

Methodologically, the paper builds on the theory of misspecified maximum likelihood and
pseudo-likelihood. White [1982] formalizes pseudo-true parameters under misspecification, and
Gouriéroux et al. [1984b,a] develop the pseudo-maximum-likelihood properties of Poisson esti-
mators. Andrews [1988] provides general laws of large numbers for dependent and heteroge-
neous settings that underlie many asymptotic arguments. The formal results here characterize
the deterministic population target and its causal interpretation, separating that question from
convergence of an empirical estimator to its pseudo-true target.

Fixed-effect Poisson estimation is standard in applied microeconometrics and count-data
models [Hausman et al., 1984, Cameron and Trivedi, 2013]. In international trade, PPML with
high-dimensional fixed effects is a central empirical tool because it accommodates zeros and
multiplicative gravity equations [Santos Silva and Tenreyro, 2006, 2011, Correia et al., 2020].
Gravity applications often combine multiplicative conditional means, rich fixed effects, and policy
variation across country pairs or time [Anderson and van Wincoop, 2003, Head and Mayer, 2014,
Yotov et al., 2016, Nagengast and Yotov, 2025]. Those features make PPML attractive, but
they also make the pooled treatment coefficient easy to overinterpret when treatment timing is
staggered and proportional effects vary across treated cells.

Recent work continues to refine fixed-effect and staggered-adoption estimators, including
imputation and two-stage approaches for heterogeneous treatment effects [Gardner, 2022, Baker
et al., 2025]. This paper complements that literature with a population characterization of when
the coefficient produced by the familiar pooled fixed-effect PPML regression is negative despite
strictly positive proportional effects. The result isolates the projection itself as the source of
an unsafe causal summary and provides a diagnostic foundation for subsequent estimator and
inference work.

3 Setup and Assumptions

Consider a finite-N panel with units ¢ = 1,..., N observed over calendar periods t = 1,...,T.
Each unit belongs to an adoption cohort G; in the finite support C; the never-treated cohort is
denoted by co. Treatment is absorbing: D, indicates whether cohort g is treated in period ¢, and
Dt = D¢yt Let Igny = {i: G; = g} and ngn = |Ign|. Expectations under the triangular-array
population law are written Ep,, .

The first restrictions keep the large-array design stable and impose the multiplicative un-
treated mean structure. Potential outcomes are Y;;(0) and Y;:(1). The untreated mean has
a positive unit baseline b;y and a calendar component ~; EQN is the within-cohort average
baseline and 59 its limit.



Notation Economic object

D, treatment status of cohort g in period ¢

By = Bg exp(y0) untreated cohort-time mean

Ogt treated-cell log proportional effect

mgt(8) = Bgrexp(Dgyidgr) observed cohort-time mean

By (6) finite-array population PPML treatment coordinate

B8*(0) limiting collapsed population PPML treatment coordinate
Wgt(d) fitted-mean-weighted residualized treatment

d(6) primitive index with the sign of 8*(9)

Assumption 1. [ass:cohort-share-limit| (Cohort share limits) For every N > |C| and
every g € C,
n
ngy >0 and % — 7 € (0,1).

Assumption 1 is the positive limiting cohort shares condition: every cohort remains repre-
sented asymptotically and contributes positive mass to the collapsed comparison [de Chaise-
martin and D’Haultfoeuille, 2020]. The limit share is denoted 7.

Assumption 2. [ass:unit-untreated-exponential-mean| (Untreated exponential mean)
For every uniti =1,...,N and periodt =1,...,T,

Epy[Yi(0)] = bin exp(m0),
with the normalization vy19 = 0.

Assumption 2 is a unit-fixed-effect multiplicative parallel-trends restriction in an exponential
mean model [Wooldridge, 2023]. The normalization fixes the location of the time effects and has
no substantive content.

Assumption 3. [ass:within-cohort-baseline-1limit] (Within-cohort baseline limits) For
every g € C, the deterministic triangular-array average

by = ngﬁ; Z bin
i€lyn
satisfies
ng — bg S (0,00).

Assumption 3 is specific to this analysis. It is the condition that makes the cohort-time
collapse deterministic: after averaging within a cohort, the only limiting untreated heterogeneity
that remains is the cohort baseline b,.

Assumption 4. [ass:proportional-effects] (Proportional treatment effects) For every unit
i=1,...,N and period t = 1,...,T with Dy =1,

Epy [Yir(1)] = Epy[Yir(0)] exp(dc;1)-

Assumption 4 is the cohort-time proportional treatment effects condition [Moreau-Kastler,
2025]. The log multiplier d¢,; may vary across treated cohorts and calendar periods, so the
pooled coefficient below is not imposed to equal a common structural effect.



These assumptions induce a collapsed cohort-by-time representation. Define the untreated
cohort-time mean By = byexp(y10), the collapsed cell mass g = m,/T, and the observed
collapsed mean mg.(8) = Bgiexp(Dgidq4:), where d4; denotes the cohort-time log multiplier on
treated cells. Let 7y collect the collapsed fixed-effect regressors and the treatment indicator,
and let Xy; be the same vector with the treatment coordinate removed.

Assumption 5. [ass:collapsed-design-rank] (Collapsed design rank) The collapsed second-

moment matric
T
/
AgtTgtT gt
geC t=1

1s positive definite.

Assumption 5 is the full-rank Poisson fixed-effect design condition [White, 1982]. It rules
out exact collinearity in the collapsed regressors, so the population projection has a well-defined
treatment coordinate rather than an unidentified linear combination of fixed effects and treat-
ment.

The population object is a Poisson pseudo-likelihood projection defined through the
conditional-mean criterion. For a finite array, let v;y be the unit-time regressor vector
containing unit effects, time effects, and treatment; let 8y be the corresponding coefficient
vector; and let m;n(0) be the observed unit-time mean generated by the untreated mean and
proportional effects.

Definition 1. [def:unit-fe-population-projection| (Unit-FE Projection 83 (d)) Define
B () as the last coordinate of a mazimizer over O € RN+ of

Ly(On;8) = (NT) ™ 0 {min (6) vjnbn — exp(vpntn) } -
i=1 t=1

Definition 1 is the finite-array population analogue of the unit fixed-effect PPML regression.
The criterion Ly (0y;6) is evaluated at means rather than realized outcomes, and S3,(0) is the
treatment coordinate of that population projection.

Definition 2. [def:sample-unit-fe-ppml] (Sample PPML Coefficient 3y) Let Ay be the set
of admissible extended mazimizers of

N T
Z Z {}/zt ’UgtNHN - exp(vgtNHN)}

i=1 t=1

over unit-effect coordinates in R U {—oo}, time-effect coordinates in R satisfying the period-1
normalization, and B € R, with the convention exp(—oc) = 0. Admissibility means that the
period-1 time effect is normalized to zero and that a unit-effect coordinate may equal —oo only
for a unit whose whole observed outcome path satisfies Yy = 0 for every t; for such a unit the
extended objective contribution is defined to be zero. If Anx contains an element whose squared
Euclidean norm over the finite time-effect and B coordinates is no larger than that of every
element of Ay, then BN is the B-coordinate of such a selected element. If no such minimum-
finite-coordinate-norm admissible extended maximizer exists, set B v = 0.



The limiting projection works directly with the collapsed cohort-time cells. With 8 denoting
the collapsed coefficient vector, write the limiting collapsed Poisson criterion as L(6;¢). The
finite collapsed analogue, used only to connect the array to this limit, is denoted Ly.(6;0).

Definition 3. [def:collapsed-population-projection| (Collapsed Projection 6*(d)) Define

6* (5 L(;5
(0) € arg max L(6;0),

where

T
L(6;9) = Z Z gt {mgt(é) r;tﬁ — exp(r/gtﬁ)} .

geC t=1

The coefficient 5*(0) is the last coordinate of 0*(5), and the fitted collapsed mean is

13 (8) = exp{r 0°(5)).

Definition 3 gives the main object studied in the paper. The maximizer 6*(0), its treat-
ment coordinate 4*(d), and the fitted mean py,(6) are pseudo-true quantities in the sense of
misspecified likelihood theory [White, 1982, Gouriéroux et al., 1984b,a]. The target is therefore
a deterministic population projection defined by the Poisson mean criterion.

The analysis centers on this deterministic population projection. A sample fixed-effect PPML
regression replaces the means by observed outcomes and may also confront separation [San-
tos Silva and Tenreyro, 2006, 2011, Correia et al., 2020]; its sampling theory is a distinct ex-
tension. Accordingly, references below to a “pooled coefficient” mean the population coordinate
B*(9), unless explicitly stated otherwise.

The sign analysis uses the residualized treatment after partialling out the collapsed fixed
effects with weights given by the fitted PPML mean. Let p*(J) be the weighted least-squares
coefficient from that auxiliary projection.

Definition 4. [def:weighted-fwl-residual] (Weighted Residual Wgt(é)) Define

T

pr(0) €arg min DO age 15 (0){ Dyt — Xy}
P _
geC t=1

The weighted Frisch—Waugh—Lovell residualized treatment is

Wit (0) = Dgt — Xg10™(6).

Definition 4 gives the comparison weights that enter the local sign formula in the next section.
The residual Wy, (6) is the fixed-effect projection residual of treatment under the curvature
weights of the Poisson criterion and serves as a projection comparison weight.

The sign-reversal result is stated on designs with at least the four adoption statuses needed
for the explicit construction. The next two assumptions isolate that scope and the positive-effect
case of interest.

Assumption 6. [ass:multicohort-frontier-scope] (Multicohort frontier scope) The cohort
set satisfies
{2,3,4,00} CC.



Assumption 6 is specific to this analysis. It ensures that the design contains early, middle,
late, and never-treated cohorts, the minimal structure used by the four-cohort construction.

Assumption 7. [ass:strict-positive-effects| (Strict Positive Effects) For every cohort-
period cell (g,t) with Dy =1,
(5915 > 0.

Assumption 7 is also specific to this analysis. It deliberately restricts attention to the
strongest sign benchmark: every treated cell has a positive proportional effect, so any nega-
tive pooled coefficient is a property of the projection rather than a mixture of positive and
negative underlying effects.

The global parameter region collects the maintained restrictions under which the limiting
PPML treatment coordinate is negative despite those positive cell-level effects.

Definition 5. [def:global-sign-reversal-region| (Sign-Reversal Region Rr) Define Ry
as the set of all triples
((WQ)QEC7 (Bgt)gec, 1<t<T (5gt)(g,t):Dgt:1)

with T' > 4, indexed by a cohort support C that contains {2,3,4,00} and contains no first-period
finite cohort, such that

O<my<1 (geq), > mg=1,
gecC

there exist by > 0 for g € C with By = byexp(yio) for every supported cell (g,t), dg¢ > 0 for
every treated supported cell (g,t) with Dy = 1, the collapsed design has full weighted rank in the

sense that .
Va # 0, 0< Z Z % (r'gta)z,
geC t=1
and
B*(6) < 0.

Definition 5 names the population configurations in which the pooled limiting coefficient has
the opposite sign from every granular proportional treatment effect. The notation Rp is only a
shorthand for this primitive set of shares, untreated means, and treated-cell multipliers.

The paper uses one explicit triangular array to show that this region is nonempty. Its role
is evidentiary rather than calibrational: all baselines and untreated time effects are set to one,
and the only large treated multiplier is placed in the period-4 cell of the cohort first treated in
period 2.

Definition 6. [def:four-cohort-witness| (Four-cohort witness Wy) Let Wy be the cofinal
triangular subsequence indexed by N =4m, m =1,2,..., with T =4 and

C =1{2,3,4,00}.
For each such N,
M2N = N3N = YN = NooN = TN,
bin =1 for every i, and vo = 0 for every t. The treatment effects satisfy
dg¢ = log(101/100)
for every treated cell (g,t) # (2,4), while

d2,4 = log(4).



Definition 6 defines the witness W,. Equal cohort shares and flat untreated means remove
scale and composition as explanations for the sign reversal; the later result depends only on the
staggered treatment pattern and the heterogeneous positive proportional effects encoded here.

Finally, the primitive sign characterization uses an algebraic index based on observed mean
components. Let H denote the set of treated cohort-time cells when that notation is needed
later.

Definition 7. [def:frontier-elimination-handle] (Frontier-elimination polynomial ®(0))
Define
O(6) = MA =Y DyuR,C,
g,t
where

hgt = 7Tngt eXp(Dgtégt)a Rg = Z hgta Cy = Z hgta
t g

and

M=) R, A= Z;Dgthgt.
g g

The relation between ®(6) and B*(J) is stated separately.

Definition 7 introduces the scalar ®(4) used by the primitive sign result. The component
hgt is the cohort-share-weighted observed collapsed mean, equivalently T'qgmg:(6), while Ry,
Cy, M, and A are its cohort sums, period sums, grand sum, and treated-cell sum. The main
theorem in the next section supplies the sign relation for this scalar.

4 Main Results

The setup isolates a population object: the treatment coordinate of the collapsed fixed-effect
PPML projection in Definition 3. The first result gives the local comparative static of that
coefficient with respect to one treated cohort-time log multiplier. Its content is a nonlinear
analogue of a forbidden-comparison diagnostic: after the Poisson fixed effects have been fit,
the sign of the derivative is exactly the sign of the residualized treatment in that cell, where
residualization uses the fitted PPML mean as the curvature weight.

Theorem 1. [thm:sharp-ppml-forbidden-sign| (Sharp PPML Sign) Let T be positive and
let C be a nonempty finite cohort set. Fix cohort shares mq € (0,1), baseline levels by > 0, time
effects v¢, and a proportional-effect array §. Assume:

e (Rank.) The collapsed design satisfies Assumption 5.

e (Cell.) The cohort k belongs to C, the period s € {1,...,T}, and the cohort-period cell is
treated: Dys = 1.

Write .
Wis(0)

for the pseudo-true qgijiy,(9)-weighted FWL residual of the treatment indicator in cell (k, s), and
define

T
EW) =3 qge 1150(8) Wer(6)2.

geC t=1



Then £(0) > 0, and the one-coordinate path
T ﬂ*((? with Ors replaced by :U)

1s differentiable at x = s with derivative

Gks Bks exp(dks) Wks((s)
£(9) ’
Consequently,
dB*(6) ~ Ip*(d) T (8 —
05, <0 <= Wis(9) <0, %, 0 <= Wis(d) =0,
and 56%(5
B(9) >0 <— Wks(5)>0.
Qs

Assumption 5 makes the denominator £(¢) strictly positive by preserving residual treatment
variation after projecting on the fixed effects. Thus the local sign follows directly from the
pseudo-true fit. A treated cell with a negative residual in Definition 4 pushes the pooled coeffi-
cient downward when its proportional effect is increased; a positive residual pushes it upward.
This is the PPML counterpart to the comparison-weight concern in staggered-adoption linear
regressions [Goodman-Bacon, 2021, de Chaisemartin and D’Haultfoeuille, 2020], with weights
generated by the multiplicative pseudo-likelihood projection instead of least squares on the out-
come.

The next result records the exact-calibration benchmark. When all treated cells have the
same proportional log effect, the fixed-effect PPML projection recovers that common multiplier
exactly.

Theorem 2. [prop:homogeneous-effect-reduction| (Homogeneous Effect Reduction) Fix
T, a finite cohort set C, sampling laws {Pn}n, potential outcomes Yy (d), positive unit baselines
bin, cohort shares my € (0,1), positive limiting cohort baselines 59, untreated time components
Yo, cohort-time log effects 04, and a scalar dg. Suppose that

o (Untreated means.) Assumption 2 holds.
e (Collapsed rank.) Assumption 5 holds for C and {my},.

o (Common treated-cell effect.) For every g € C and every period t, if Dy = 1, then
dgt = 0p.

Then
B*(6) = do,

and, for every g € C and every period t,
:u;t(é) = Bgt eXp(Dgt(SO)'

The homogeneous case is therefore an exact calibration point. If the proportional effect is
common across treated cells, the treatment regressor completes the multiplicative mean speci-
fication after cohort and time effects are included, and the pooled coefficient has the expected

10



causal interpretation. Heterogeneous proportional effects generate the sign-reversal mechanism
studied here, the setting in which modern staggered-adoption estimands use cohort-specific ef-
fects and interpretable aggregation [Callaway and Sant’Anna, 2021, Sun and Abraham, 2021,
Borusyak et al., 2024].

The sharp local derivative identifies the cellwise mechanism. The next theorem complements
it with a primitive scalar index whose sign is exactly the sign of the limiting pooled PPML
coefficient under the maintained multicohort positive-effect scope. It also compares the pooled
coefficient with the counterfactual-share proportional treatment-on-the-treated target, which
remains positive when every granular proportional effect is positive [Moreau-Kastler, 2025].

Theorem 3. [thm:primitive-global-frontier| (Primitive Sign Frontier) Fiz a panel length
T, a finite cohort support C, triangular-array sampling laws Py, potential outcomes Yi(d),
deterministic cohort labels G;, positive unit baselines bin, limiting shares 4 € (0,1), positive
limiting cohort baselines Bg, untreated time effects o, and log proportional effects d4¢. Suppose:

e (Horizon and support.) T > 0, T > 4, the never-treated cohort belongs to C, and every
finite supported cohort has adoption date different from the first period.

(Array support.) For every N and every unit i, G; € C.

(Share limits.) Assumption 1 holds for (C,G;,my).

(Untreated means.) Assumption 2 holds for (Pn,Yi(d),bin, Vo).

e (Baseline limits.) Assumption 3 holds for (C, G, bin,bg).

(Proportional effects.) Assumption 4 holds for (Pn,Yi(d), Gi, 0gt).

(Rank.) Assumption 5 holds for (C,mg).

(Frontier scope.) Assumption 6 holds for (T,C).

(Positive effects.) Assumption 7 holds for (C,04:).

Define
T
hgt = 7Tg l_)g eXp(’}/t(]) exp(Dgt(Sgt), Rg = Z hgt; Ct = Z hgta
t=1 geC
T T
M=) R, A=Y Y Dghy, &=MA-> > DyRyC;.
geC geC t=1 geC t=1
Then

B*(6) <0 <= & <0, B*(6) =0 <= =0, 0<8() < 0< 9.

Moreover, the primitive tuple induced by (74,by,Yt0,04t) belongs to Rr if and only if ® < 0.
For every x > 1 and y > 1, in the four-period support {2,3,4,00} with equal shares, unit

limiting baselines, zero untreated time effects, multiplier x on treated cells other than (2,4), and

multiplier y at (2,4),

_ ba?+ 12z —2y—15

= G .

)
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Also,
5(101/100)% + 12(101/100) — 15 4441
2 4000’

and the explicit witness W4 has
11559

32000°
Let B
Mgt = bg eXp('VtO) eXp(Dgt(sgt)7 H = {(g7t) 1g€C, Dgt = 1}'

For every (g,t) € H,

Bgi}s = Bgt7 Tgt = exp(5gt) — 1, Wgt > 0.

The counterfactual-share weights sum to one:
Z Wyt = 1.
(g.t)eH

The counterfactual-share PTT satisfies

PTT — Z(g,t)eH dgt™Mgt 1

Y gnen 1o Bo

Finally,
<0 = p*(6)<0<PIT.

Theorem 3 has two distinct scopes. The sign equivalence between ® and the pooled coef-
ficient applies to every support satisfying the theorem’s assumptions, including supports that
strictly contain {2,3,4,00}. The displayed polynomial in x and y, and the numerical value for
Wy, specialize that general characterization to the exact equal-share four-cohort support. The
index ® serves as a population diagnostic conditional on known or specified primitives, while
the counterfactual-share proportional PTT is the causal aggregate. In the same primitive con-
figurations, the counterfactual-share weights are positive and sum to one, so the proportional
PTT is a positive weighted average whenever all granular proportional effects are positive.

The explicit four-cohort construction makes the sign reversal concrete. The support contains
cohorts first treated in periods 2, 3, and 4, together with a never-treated cohort; untreated
means are flat and cohort shares are equal. Hence the example establishes the phenomenon
under conventional baseline scaling and constant untreated time components.

Theorem 4. [prop:four-cohort-sign-reversal] (Four-Cohort Sign Reversal) The four-
cohort witness Wy is constructed with cohort support C = {2,3,4,00}, equal shares my = 1/4,
limiting baselines by = 1, untreated time component ;o = 0, and proportional-effect log multi-
pliers

log 4, (9,t) = (2,4),
dgt = { log(101/100), Dg =1 and (g,t) # (2,4),
0, Dy = 0.

Then:
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(Region membership.) The primitive Wy belongs to the sign-reversal region Ry of
Definition 5.

e (Positive effects.) Every treated supported cell has a strictly positive proportional-effect
log multiplier: if g € C, t € {1,2,3,4}, and Dy = 1, then 64 > 0.

e (Unique largest treated effect.) The treated cell (2,4) has the strictly largest
proportional-effect log multiplier: if g € C, t € {1,2,3,4}, Dy = 1, and (g,t) # (2,4),
then 5gt < 5274.

o (Weighted FWL residuals.) At the no-effect vector, the weighted FWL residual V[N/'gt of
Definition 4 equals
-3 3 1 -1
1/-1 -3 3 1
g1 -1 -3 3|
3 1 -1 -3

with rows g = 2,3,4,00 and columns t = 1,2,3,4. In particular, WQA =-1/8.
e (Negative late-cell derivative at zero.) Holding all other effects at zero,

1

d
P = G =0for (a) # 24)]  =-35

e (Local negative derivative under positive effects.) There exists € > 0 such that, for
every effect vector §' satisfying [0g,| < € for all g € C and t € {1,2,3,4}, if &' has strictly
positive treated effects in the sense of Assumption 7, then

d

T B*(8" with 63 4 replaced by x)

< 0.

— 5/
:1:—62’4

The residual table in Theorem 4 identifies the period-4 cell (2, 4) of the early-treated cohort as
locally negative at the no-effect vector, and the neighborhood statement extends that derivative
sign to small strictly positive effects. The actual witness Wy, however, is a global sign-reversal
example because Theorem 3 gives ® < 0 for its primitive tuple and Theorem 4 places that tuple
in R4. In this example every treated cell has a positive proportional effect, and the largest effect
is in that late calendar cell, yet the limiting pooled PPML coefficient is negative.

The main implication concerns interpretation under heterogeneous proportional effects: the
single pooled coefficient is a pseudo-true projection whose sign is governed by fixed-effect residual
comparisons. Interpretable causal summaries should therefore be built from granular propor-
tional effects and positive aggregation weights, as in counterfactual-share targets, in place of
inference from the sign of the pooled fixed-effect PPML coefficient alone [Moreau-Kastler, 2025,
Wooldridge, 2023, Roth and Sant’Anna, 2020].

5 Discussion and Extensions

The results are motivated by empirical settings where the multiplicative conditional mean is
substantively natural and the treatment timing is staggered. Gravity applications are a lead-
ing example: PPML specifications with high-dimensional fixed effects are standard because
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trade flows are modeled through multiplicative resistance terms, exposure variables, and policy
shifters, and because zeros are common in the outcome [Anderson and van Wincoop, 2003, Head
and Mayer, 2014, Yotov et al., 2016, Santos Silva and Tenreyro, 2006, 2011, Correia et al., 2020].
In such designs, a pooled treatment indicator may look like a compact summary of a policy
change. The results above show that, under heterogeneous proportional effects, the popula-
tion coefficient of that regression is instead a fixed-effect Poisson projection whose sign can be
governed by residualized comparisons across cohort-time cells.

The conclusion pinpoints how PPML summarizes a multiplicative mean model. The homo-
geneous benchmark in Theorem 2 shows that a common proportional effect is recovered exactly.
With heterogeneous cohort-time proportional effects, Theorem 1 shows that increasing a posi-
tive treated-cell effect moves the pooled coefficient in the direction determined by the weighted
fixed-effect residual for that cell. The interpretation problem therefore arises from compressing
a collection of heterogeneous economic effects into a single pooled projection coordinate.

5.1 Limitations and future work

The primitive index ® in Theorem 3 is a population diagnostic conditional on known or specified
primitives. It determines whether the limiting fixed-effect PPML treatment coordinate is neg-
ative, zero, or positive. Estimation of those primitives, implementation of ® as a specification
test, and construction of positive-weight estimators from granular proportional effects are the
main next steps.

That distinction is important for empirical interpretation. A negative pooled PPML coef-
ficient is sometimes read as evidence that the treatment reduced the conditional mean. Under
the conditions of Theorem 3, the same primitive configuration can instead have 5*(4) < 0 and
a positive counterfactual-share proportional treatment-on-the-treated target. The sign reversal
therefore identifies the pooled fixed-effect PPML coefficient as a projection summary distinct
from positive-weight proportional targets.

The positive counterfactual-share target remains closer to the causal object under the main-
tained proportional-effect restrictions because it aggregates treated-cell effects with weights tied
to untreated counterfactual exposure [Moreau-Kastler, 2025]. When each granular proportional
effect is positive, such an aggregation preserves the sign by construction. Theorem 3 formalizes
this contrast in the same population environment: the pooled coefficient can be negative while
PTT is positive. Empirical conclusions should therefore distinguish the regression projection
from the proportional treatment-on-the-treated estimand.

The four-cohort witness in Theorem 4 establishes the sign reversal with equal cohort shares,
flat untreated time effects, and positive treated-cell effects. Staggered timing and heterogeneous
proportional effects place a large positive effect in a cell with a negative residualized treatment
value. This makes the phenomenon relevant for conventional staggered-adoption designs, includ-
ing policy settings where treatment intensity or exposure plausibly varies across treated cohorts
and periods.

The population characterization also clarifies the choice that precedes estimation. A re-
searcher may intend a common log multiplier, a collection of granular proportional effects, or a
positive-weight proportional aggregate; the pooled projection equals the first under homogeneity
and can differ sharply from the third under heterogeneity. The primitive index ® establishes this
distinction theoretically. Future work can turn that diagnostic into an operational procedure
by estimating granular effects, constructing a sampling distribution for ®, assessing separation,
and determining how often the sign-reversal region occurs in empirically calibrated designs [San-
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tos Silva and Tenreyro, 2006, 2011, Correia et al., 2020, Wooldridge, 2023, Nagengast and Yotov,
2025].

Appendices

A Proofs, Auxiliary Lemmas, and Verification Note

This appendix records the two auxiliary population results used to connect the unit-level fixed-
effect regression to the collapsed cohort-time analysis. The ordering mirrors the logic of the
main text. The collapse result first justifies replacing the finite-/NV unit fixed-effect projection by
its cohort-time counterpart. The projection result then gives the first-order conditions for the
limiting collapsed pseudo-true parameter. The main theorem proofs use these statements before
establishing the primitive sign characterization in Theorem 3; the four-cohort sign-reversal result
in Theorem 4 is then read as a consequence of that characterization together with the explicit
witness construction.

The first auxiliary result formalizes the reduction from a unit fixed-effect PPML popula-
tion criterion to a collapsed criterion. Its role is to show that, under the same cohort-share,
untreated-mean, baseline-limit, proportional-effect, and rank restrictions used in Assumption 1,
the treatment coordinate is invariant to within-cohort rearrangements of unit baselines that
leave cohort averages unchanged. Thus the finite-array object in Definition 1 and the limiting
object in Definition 3 are linked through the cohort-time means that drive the sign analysis.

Proposition 1. [lem:unit-fe-collapse| (Unit FE Collapse) Let T' be a number of periods
and let C be a finite cohort set. Suppose:

e (Horizon.) T > 4.

e (Cohort support.) The never-treated cohort belongs to C, and every finite cohort in C is
dated after the first period.

(Array support.) For every N and every unit i, the cohort label G; belongs to C.

(Positive primitives.) The unit baselines b;n and the limiting within-cohort baselines
by are strictly positive, and each limiting cohort share satisfies w4 € (0,1).

(Share limits.) Assumption 1 holds for G; and .

(Untreated means.) Assumption 2 holds for Yii(d), Pn, bin, and .

(Baseline limits.) Assumption 3 holds for G, bin, and by.

(Proportional effects.) Assumption 4 holds for Yy (d), Pn, Gi, and dg.

(Collapsed rank.) Assumption 5 holds for C and 4.

Then, for every N with |C| < N, the finite-array unit-FE population criterion Ly(0n;0) of
Definition 1 has a unique global mazimizer, the collapsed finite-array criterion Ly.(0;0) has a
unique global mazximizer, and

BN (0) = the treatment coordinate of the unique mazimizer of Ly.(6;0).
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Moreover,
Bn(6) — *(0) as N — oo.

Finally, for every N with |C| < N and every alternative positive baseline array by, if
l_)’gN:l;gN for every g € C,
then replacing bin by b,y leaves the finite-array unit-FE coefficient unchanged:
B (030) = B (d;0).

The uniqueness clauses are population pseudo-likelihood statements in the usual misspecified-
likelihood sense [White, 1982, Gouriéroux et al., 1984b,a]. The final invariance clause is specific
to the cohort-time collapse used here: once unit effects absorb individual baseline levels, only the
within-cohort baseline average enters the collapsed mean relevant for the treatment coordinate.
This is why the later sign results can be stated in terms of cohort shares, untreated cohort-time
means, and proportional-effect multipliers rather than the full list of unit baselines.

The second auxiliary result records the first-order conditions for the collapsed pseudo-true
PPML projection. These score equations are the fixed-effect and treatment equations behind
the derivative formula in Theorem 1 and the algebraic sign calculation in Theorem 3.

Lemma 1. [lem:pseudo-true-ppml-projection| (Unique PPML Projection) Fiz a number
of periods T, a finite cohort set C, cohort shares my € (0,1), positive limiting baseline means
l;g > 0, time components o, and proportional-effect log multipliers dq4¢. Suppose the collapsed
design rank condition in Assumption 5 holds for (T,C, ). Let 0*(6), L(6;6), mg(6), and iy (9)
be as in Definition 3. Then 6*(0) is the unique global mazimizer of L(0;0). Moreover, for every
collapsed nuisance regressor index j,

T
DO g X i{mgi(8) — 5,(8)} = 0,

geC t=1

and the treatment score also vanishes:

T
SN G0t Dot {mgr (8) — i (8)} = .

geC t=1

Proof of Lemma 1. Throughout, a supported cell is a pair (g,t) with g € C and ¢t € {1,...,T},
and a collapsed parameter is written 6 = (a, 8) with nuisance block a and treatment coordinate
(3, so that the collapsed linear index is

r;]tﬁ = Zth’jaj + Dgtﬁ-
J
The collapsed cell mass and observed cohort-time mean are
e —
dgt = Tg? mgt(8) = Byt exp(Dgidgt), Byt = by exp(10)-
Definition 3 defines the limiting criterion L(6;¢), the collapsed projection 6*(0), and the fitted
collapsed mean

piy:(8) = exp{ry,607(d)}.
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Step 1: the supported-cell table is nonempty. Take the collapsed parameter 80 = (0,1), whose
nuisance block is zero and whose treatment coordinate is one, so ° # 0. If T'= 0 or C is empty,

then
T
Z Z gt (T;teo)Q =0,

geC t=1

because the sum is empty; this contradicts Assumption 5, which requires the displayed quantity
to be strictly positive at every nonzero collapsed parameter. Hence T' > 0 and C is nonempty,
and at least one supported cell exists.

Step 2: masses and observed means are strictly positive. For every supported cell,

T _
dgt = ?g > 0, mgt(d) = bg exp(*yto) exp(Dgtégt) > O,

the first because 74 € (0,1) and 7" > 0 by Step 1, the second because l_79 > 0 and the exponential
is positive.

Step 8: the collapsed design is injective. If two collapsed parameters 61,6y satisfy r’gt91 =
r;teg at every supported cell, then h = 6; — 05 satisfies r;th = 0 at every supported cell by
linearity of 6 + 7,0, whence

T
Z Z gt (7“;th)2 =0.

geC t=1

By Assumption 5 this forces h = 0, i.e. 61 = 6. Thus the linear map 6 — (rg,0) 4, from RICHT
into the space of supported-cell tables is injective.
Step 4: existence and uniqueness of the maximizer. Written cellwise,

T
L(0;6) = Z Z Ggt{mge(8) g — exp(nge) }, gt = rgi

geC t=1

so L(+;9) is a finite positive-mass, positive-mean Poisson criterion composed with the injective
linear design of Step 3. Two elementary cell facts drive the argument. First, for every m > 0
and every real 7,

(m +1)?
2
which follows from exp(n) > 0 for n < 0 and from exp(n) > n?/2 for n > 0. Second, for every

q > 0, every m, and every pair 1 # 1/,

a{mn — exp(n)} + q{mn’ —exp(i/)} _ {m ntau exp(n * 77/) } ,

mi) — exp(n) < — min(m, 1) [n],

2 2 2

by strict convexity of the exponential. The first display supplies the tail bound used for existence.
Applying it cell by cell bounds L(6; ¢) above by a constant minus the norm of the weighted index
table

(qge min{my(6), 1} ry,0) (9:)"

The map sending 6 to this table is injective by Step 3 and the strict positivity from Step 2, so
finite-dimensional norm equivalence bounds this table norm below by a positive multiple of ||6]|.
Hence L(#;0) — —oo as ||f]] — oo; since L(+;6) is continuous, a global maximizer exists on a
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large enough closed ball. The second display gives the uniqueness step: if 6 # 6" were two global
maximizers, injectivity would give a supported cell with r;tﬁ #* r’gtﬁ/ , and the strict inequality
in that cell together with the weak inequality in the others would make the midpoint (6 + 6)/2
strictly better, a contradiction. Hence

L(-;6) has exactly one global maximizer.

Step 5: identification of the projection with the unique maximizer. By Definition 3, 6*(6)
is a maximizer of L(-;0). Step 4 shows that this maximizer is unique. Therefore L(6;d) <
L(6*(6);0) for all 8, and L(0;9) = L(0*(9);6) implies § = 6*(5). This is the asserted unique
global maximality.

Step 6: every directional score vanishes. Fix a direction d € RIHT and consider s —
L(6*(0) + sd; ). In each cell the index is affine in s,

{07 (0) + sd} = ri,0%(0) + sryd,

and n — mn —exp(n) is differentiable with derivative m — exp(n). Differentiating the finite sum
term by term at s = 0 and using ju;,(5) = exp{ry,0*(d)},

T
L@ 6) + 5:0)|_ =303 a () mg(5) 53 (6)).

geC t=1

By Step 5 the scalar function s — L(0*(8)+ sd; §) attains its maximum at s = 0, so its derivative
there is zero:

T
Z Z gt (T;td){mgt((s) — Hgt(6)} = 0.
geC t=1

Step 7: the two stated score equations. Take d to be the unit vector in nuisance coordinate
J, so that ri,d = X 55 Step 6 gives

T
DY g X g {mgi(8) — pi(8)} = 0.

geC t=1

Take instead d to be the pure treatment direction, with zero nuisance block and treatment
coordinate one, so that r;td = Dgs; Step 6 gives

T
Z Z Qg Dgi{mgt(0) — p(0)} = 0.

geC t=1
]

Lemma 1 is the collapsed analogue of the pseudo-true score condition for a Poisson quasi-
likelihood projection. The rank condition rules out flat directions in the fixed-effect and treat-
ment regressors, while positivity of the cell means keeps the exponential criterion strictly concave
on the relevant design span. The argument uses the mean criterion characteristic of standard
pseudo-maximum-likelihood analysis [White, 1982, Gouriéroux et al., 1984a].

Combining Proposition 1 and Lemma 1 fixes the population target before the sign results
are applied. The derivative result in Theorem 1 uses the score equations to express the response
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of the treatment coordinate through the weighted residualized treatment. The homogeneous
benchmark in Theorem 2 then identifies the correctly specified common-effect case. The prim-
itive sign theorem, Theorem 3, comes next because it supplies the global sign criterion used to
place the explicit four-cohort construction in R4. With that ordering, Theorem 4 becomes the
concrete specialization of the sign frontier to the witness in Definition 6.

Reproducibility note. The formal supplement verifies the displayed population claims in
Lean 4 and records the correspondence between mathematical statements and declarations. Its
deterministic scope covers the finite-dimensional projection, collapse, derivative-sign, primitive-
sign, and four-cohort calculations. Sampling consistency, inference, and empirical identification
of the primitive means and proportional effects form the natural empirical extension.

B Proofs of the main results

Proof of Proposition 1. Throughout, a collapsed parameter § € RI€HT is written through the
levels it induces,

91n 9 - 007 0, t — 1,
cg(0) =M g wi(0) = B(6) = Oy,
eint + acoh,ga g 7& 0, Htime,t’ t 7é 1)

so that for every supported cell (g,t), g € C,
r;tﬂ = 69(9) + wt(é?) + B(H)Dgt

A unit parameter Oy € RV*7T is written the same way,

9]\7 int 1= 17 07 t= 1)
ai(On) = ’ . w(On) = B(On) = ON ort
{9N,int + ON wniti, @ F 1, ON time,t, t# 1,

so that
vinOn = ai(0n) + wi(0n) + B(ON)Dit, Dy = Dg,t.

Both identities are the statement that the intercept, dummy, and treatment coordinates of the
regressor pick out exactly these terms.
Write the finite-array collapsed primitives as

T'LgN

qgtN = W’ mgtN(5) = l_)gN eXP(%o) GXP(Dgt5gt),

T
Lne(0;6) =D ) qgun{mgn (8) riyf — exp(ry6)},
geC t=1

and write the unit-time observed mean entering the criterion Ly (0y;d) of Definition 1 as

min (0) = bin exp(vi0 + Ditdait)s

which is the form generated by the untreated mean of Assumption 2 together with the propor-
tional effects of Assumption 4.
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Step 0: standing positivity. The horizon assumption T' > 4 gives T' > 0, and oo € C makes
C nonempty, so at least one supported cell exists. Fix N with |[C|] < N. Assumption 1 then
supplies N > 0 and ngny > 0 for every g € C; every unit label lies in C by the array-support
hypothesis. Consequently, for every g € C and every t,

gN 7 -1
gtN = N 0, bgn =,y Z bin > 0, mgin(0) > 0, min (9) > 0,
lGIgN
the last two because they are products of positive baselines and exponentials.

Step 1: the collapsed designs are injective, and Ly. has a unique maximizer. If r’gtﬁl =
rgifo at every supported cell, then a = ¢ — 6 has rj;a = 0 at every supported cell, so
> gec ot qgi(rpa)® = 0, and Assumption 5 forces a = 0. Thus 6 — (r],0)(, Is injective.
With positive masses qg¢n, positive means mgn(6), and this injective design, the finite col-
lapsed criterion is a finite positive-mass, positive-mean Poisson criterion, so it has exactly one
global maximizer 0%;: each cell contribution n — mn — exp(n) is strictly concave and satisfies
mn — exp(n) < (m + 1)2/2 — min(m, 1)|n|, which by injectivity makes Ly.(-;d) continuous,
coercive, and strictly concave. Because % maximizes and the criterion is differentiable, every
collapsed directional score vanishes: for every a € RICHT

T
Z Z gt (Tgpa){mgen (0) — exp(ry,0%)} = 0.

geC t=1

Step 2: lifting the collapsed mazimizer to unit fixed effects. Define the unit parameter H}i\ft

by
. bin : _
s 0) =log 2 i (0R), w0 = wil6R), B = 5(65).
(Any prescribed levels are realized by a unique choice of intercept, dummy, and treatment
coordinates.) By the two level identities,
. b
VienON' = log 5 ZA][V + 16,405

i

Exponentiating and using myn(0) = (biN/l_)_GiN)mGit,N(é), which holds because myun(6) =
bin exp(yi0) exp(Dg,t0a,:) and ma,.n(6) = ba, N exp(0) exp(Dg,+0a,+), each unit residual is
the corresponding cell residual scaled by the baseline ratio:

, plifty b I e

mign(0) — exp(vitNHN )= b N {mGit,N((s) - eXP(TGitHN)} .

k3

Step 3: unit scores at the lift are collapsed scores. For every g € C, the definition of l_)gN

gives
bin
E z = ngN-

iEIgN 9

Given a unit direction d € RV*T, define the collapsed direction d¢ € RICIHT by its levels

cg(d®) = n;]\lf bzi\\[[ a;(d), wi(d) = we(d), B(d°) = B(d).
i€lyn 9
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Then
N T

NT)AZZ (virnd) {mitN(5) — exp(v thehft)} ZZQgtN gtd ) {mgn (9) exp(r;tﬁf\,)}.
i=1 t=1 gec t=1

Indeed, substituting the residual identity of Step 2 and grouping units by cohort (legitimate
because every Gj lies in C), the inner sum over i € Iy at fixed (g,t) is

(NT)™" {mgn (5) — exp(r gteN}Z bin {al d) + wy(d) + B(d) Dy}
i€lygn

and the displayed baseline-ratio identity turns that bracketed sum into ngn{cy(d®) 4+ w(d®) +
B(d®)Dgi} = ngn ry,d¢, while ngn /(NT) = qgen. Applying the vanishing collapsed score of Step
1 to a = d¢, we conclude that every unit directional score at 95{? vanishes:

1

@
Il
—
o
Il

Step 4: the lift mazrimizes the unit criterion. For a Poisson criterion with nonnegative
weights, vanishing of all directional scores is sufficient for global maximality:

N(On;9) < LN(Ghft J) for every O € RV*T,

because the tangent-line bound exp(n’) > exp(n){1 + (n’ — n)} makes each cell increment at
most its linearization, and the sum of the linearizations is the score in the direction 6y — 9}'{}%,
which is zero by Step 3.

Step 5: the unit design is injective. Suppose v}, nd = 0 for every unit ¢ and every period ¢.
For each g € C choose a representative unit j, € I,y this is possible because ngy > 0. Define a
collapsed parameter a by cy(a) = a;,(d), wi(a) = wi(d), B(a) = B(d). Then for every supported
cell,

r;ta = o, (d) +wi(d) + B(d) Dyt = fu;gtNd =0

using Gj, = g. Hence dec Do qgt(r;ta)Q = 0, so Assumption 5 gives a = 0; in particular
B(d) = 0 and wy(d) = 0 for every t. Evaluating 0 = v}, yd = o;(d) + w1(d) + B(d)D;1 in the first
period and substituting w;(d) = 0 and B(d) = 0 gives «;(d) = 0 for every unit 7. All levels of d
vanish, so d = 0, and the unit design 6x — (v,50n )i+ is injective.

Step 6: unique unit mazximizer and equality of treatment coordinates. The unit criterion
Ly(-;6) is a finite Poisson criterion with the constant positive weights (NT')~!, positive means
min(9), and, by Step 5, an injective design; exactly as in Step 1 it therefore has a unique global
maximizer. By Step 4 that maximizer is 64'. Hence Ly(-;8) and Ly.(-;d) each have a unique
global maximizer, and

BN(8) = BION') = B(O5),

i.e. By (0) is the treatment coordinate of the unique maximizer of Ly.(6;9).
Step 7: convergence to the limiting collapsed projection. Fix a supported cell (g,t). By

Assumption 1,
n N/N T
qgtN = gT —>Tg:Qgt7

21



and by Assumption 3, since exp(yy0) exp(Dg¢d4:) does not depend on N,

mgin (0) = BQN exp(vi0) exp(Dgidgr) — Bg exp(7:0) exp(Dgrdgr) = mge(0).

Write the finite set of supported cells as z = (g,t), put ¢ = qg, m. = mg(0), and write
n.(0) = T;tG for the supported-cell linear predictor. The preceding convergence is cellwise
convergence of (q.n,m.n) to the strictly positive array (q.,m.), and the map 0 — (n,(0)), is
injective by Step 1. Define

S, = 5 mln{ > ,1}, (BO), = s.1:(0).

Since every s, is positive, B is injective. Finite-dimensional norm equivalence therefore gives a
constant x > 0 such that
k[0| < || B9 for every 6.

For all sufficiently large IV, uniformly over supported cells,

m
%Z < q:N < 2¢;, 72 < MmN < 2m,.

Set

2m, + 1)2 Up +
=3 2. BT g =S ey, = DR

The one-cell bound mn — exp(n) < (m + 1)2/2 — min(m, 1)|n|, combined with the displayed
eventual coefficient bounds, gives for every 6 and all sufficiently large N,

Lnc(0;0) < Uy — || B
The same coefficient bounds give —Qo < Ln.(0;0). Since 65, maximizes Ly.(-;9),
—Qo < Lne(0;0) < Lye(0y;0) < U — || BOY|,

and therefore ||6%/]| < Ry eventually. Thus the finite maximizers are eventually contained in the
compact ball K = {6: 0] < Ro}.

Because there are finitely many supported cells, the cellwise convergence of (g,n, m.n) also
gives uniform convergence Ly.(-;) — L(-;9) on this compact set, and L is continuous there. By
Lemma 1, the limiting criterion L(-;d) has the unique global maximizer 6*(4), hence the unique
maximizer on K U {0*(6)}. The compact-containment bound, compact-uniform convergence,
eventual global maximality of 8%;, and this uniqueness yield

0, —> 6*(5).

Taking the treatment coordinate, which is a continuous function of the parameter, gives 5(6%,) —
B*(6); since By (0) = B(6%) for every N > |C| by Step 6,

B (6) — B7(0).

Step 8: invariance to within-cohort baseline rearrangement. Fix N > |C| and a positive
baseline array b, with b’g N = byn for every g € C. The finite collapsed observed mean depends
on the baselines only through the within-cohort average,

mgn(6;0") = l_);N exp(vi0) exp(Dgidge) = l_)gN exp(Vi0) exp(Dgidgr) = mgin (95 0),
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and the masses ggn do not involve the baselines at all. Hence Ly (-;0;0) = Lnc(-;0;b) as
functions of €, so their unique maximizers coincide. Applying Step 6 once with & and once with
b,

By (0:0) = B(O%) = BN (0:b).

Proof of Theorem 1. Write Wy = Wgt(é), gt = Hye(6), and

T
E=2_D oW

geC t=1

A collapsed parameter is written J = (1, 8) with 75,0 = > Xgi jn; + Dgt8, and p*(0) is the
weighted nuisance coefficient of Definition 4, so that

Wyt = Dyt — Zth,jP;‘(d)'
J

Step 1: £ > 0. Each summand is nonnegative, since gy > 0, puy; = exp{ry,0*(6)} > 0, and
Wg2t > 0. If £ = 0, every summand vanishes, and positivity of ggeuy, forces Wy, = 0 at every
supported cell. Consider the collapsed parameter

U= (—,0*(5), 1)7
whose treatment coordinate is one, so 9 # 0. Its collapsed index is exactly the residual,

r'gtqg =Dy — Z Xgt,jp;(0) = Wgr =0 at every supported cell,
J

whence /. Zthl qgt(r;tﬁ)Q = 0, contradicting Assumption 5. Thus & > 0.

Step 2: the perturbed criterion. For x € R let % be § with the coordinate dis replaced by
x, and write £g = 0ps. Because Dy = 1 and my(0) = By exp(Dgidq:), the perturbation moves
exactly one collapsed mean:

mys(0%) = Brsexp(z),  mg(6%) = mg () for (g9,¢) # (k. s),

Setting

d
we have . Mg (67) = Dgt-

T=x0

Dot = {Bks eXp(5k3)7 (g,t) = (k,S),
U (9:1) # (k. 5),

Step 3: the score system and its solution branch. For a direction d put
T
Sa(z,0) = Z Z qgt(rgd) {mge(67) — exp(r’gtﬁ)} :
geC t=1

By Lemma 1 applied at the effect array 6%, the criterion L(-; %) has a unique global maximizer,
and the nuisance and treatment score equations imply by linearity that Sy(x,8) = 0 for every
direction d at that maximizer. Conversely, vanishing of every directional score is sufficient for
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global maximality of a Poisson criterion with nonnegative weights, by the tangent-line bound
exp(n’) > exp(n){1 + (n’ —n)}. The system is smooth in (z,6), it is solved at (xq,0*(9)), and
its derivative in 6 at that point is the bilinear form

T
de — — Z Z gt Hogy (Tad) (Tgee),

geC t=1

which is negative definite: if e # 0, the injectivity of § — (r’gtﬁ)(g7t), obtained from Assumption 5
as in Lemma 1, gives a supported cell with r;te # 0. Hence the derivative is invertible. The
implicit function theorem therefore supplies a continuously differentiable = — 6(z) defined
near zo, with 6(zg) = 0*(5) and Sg(z,6(z)) = 0 for every d; by the characterization above
and uniqueness of the maximizer, §(z) = 6*(6*) for x near xy. In particular x — [*(%) is
differentiable at x(, with derivative the treatment coordinate vg of v = #'(x). Differentiating
Sq(x,0(x)) = 0 at © = ¢ and using the one-cell derivative display above gives the linearized
score: for every direction d,

T
Z Z q9t(7"/9td) {pgt - MZt (T;tv)} =0.

g€eC t=1

Step 4: solving the linearized score by weighted FWL. Put

T * T
K = Z ZQQtM;t >0, 7#gt = QQtI?gt’ <fa h> = Zzwgtfgthgta

geC t=1 geC t=1

and define the mean-normalized one-cell source and the nuisance part of v = (v, vg) by

pgt
Ugt = —» Qgt = E :thj”mﬁ
Mgt ]

so that 73,v = ag +vgDy and a lies in the span of the nuisance columns X. ;. Because ji;, > 0
and Ktbgt = qgtpiy;, each summand of the linearized score factors as

q9t(7“;;td) {pgt - U;t (T;tv)} =K g (r;td) {ugt —vsDgt — gt}
so dividing the whole linearized score by K > 0 rewrites it as
(u—vsD — a, (rygd)gs) =0 for every direction d.

Taking d to be the pure treatment direction gives (v —vgD — a, D) = 0; taking d = (p,0) for
arbitrary p gives (u —vgD — a, h) = 0 for every h in the nuisance span. The coefficient p*(0)
in Definition 4 minimizes a finite weighted least-squares projection of D on the nuisance span.
Its normal equations give

(W,h) =0 for every h in the nuisance span, D — W lies in the nuisance span.

Consequently (W, D) = (W, W), and, since « also lies in the nuisance span, (W, «) = 0. Com-
bining the score normal equations with D — W in the nuisance span gives

0=(u—wvgD—a, D) —(u—vgD —a, D—=W) = (u—vgD —a, W).
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Expanding this last display and using the projection orthogonality identities yields
0= (W, u—v3D — ) = (W, u) —vg(W,W).

Now (W, W) = £/K > 0 by the positivity of £ shown above, and, since p is supported on the
single cell (k, s),

T
1 P By exp(0rs )W,
(W) = Ezz%tﬂgtwgt% — TeBha xPU0ke) We
— gt K
geC t=1 g
Dividing,
(W, u) _ QrsDBis exp(Ors) Wis

o £

Step 5: the derivative formula. Combining the differentiability branch with the FWL calcu-
lation,

— s — kaBks exp(dks,')Wks(d)
- £(6) ’
which is the asserted differentiability at x = Jys together with the displayed derivative.
Step 6: the sign equivalences. The derivative is cWp, with

d
e B*(6 with &y, replaced by z)

. kaBks eXp(éks)
“= 3

> 0,

because qys > 0, Bis = b exp(Ys0) > 0, exp(ds) > 0, and € > 0 as shown above. Multiplication
by a positive scalar preserves and reflects each of the three order relations, so

Wi <0 <= Wi <0, Wis =0 < Wi, =0, 0< Wy < 0< Wy,

which, with Wy, = Wks(é), are exactly the three asserted equivalences. O

Proof of Theorem /. Throughout, T = 4, C = {2,3,4,00}, my = 1/4, by = 1, and 9 = 0, so

that
g 1

T 16
Treatment is absorbing from the adoption date on, so Dy = 1 exactly when g <t, and Do = 0;
in table form, with rows g = 2, 3,4, 00 and columns t = 1,2, 3,4,

Byt = bgexp(yo) = 1, Qgt = for every supported cell (g,t).

(Dgt) =

o O O O
o O O
S O = =
O = =

A collapsed parameter a is written through its levels: the intercept aint, the cohort dummies
Acoh,g for g # oo, the period dummies atime, for ¢t # 1, and the treatment coordinate agr, so
that
o= Qint + Qtime,t + atrthta g = oo,
9t Qint + Qcoh,g + Gtime,t + atrthta g 7& o0,

with the convention atime,1 = 0, the period-1 dummy being absent.
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Step 1: the collapsed design has full rank. Let a satisfy dec Z?Zl qgt(r;ta)z = 0. Every
summand is nonnegative and every g, = 1/16 is nonzero, so

r;ta =0 for every supported cell (g,t).

Evaluate this at four families of cells, using the displayed level formula and the treatment table.
At (00, 1): all dummies vanish and Dy = 0, so ainy = 0. At (g,1) for g € {2,3,4}: the period-1
dummy vanishes and Dy = 0, SO dcoh,g = —@ing = 0. At (00,t) for t € {2,3,4}: the cohort
dummy vanishes and Dot = 0, 80 Gtimet = —aint = 0. Finally at (2,2), where Dy = 1: all
dummies and the intercept vanish, so a¢t = 0. Hence a = 0, which is Assumption 5 for this
design.

Step 2: region membership. We verify each clause of Definition 5. The horizon clause is
4 < T = 4. The support clause holds because co € C and the finite cohorts 2, 3,4 all adopt
after the first period; those same three cohorts together with oo give the frontier scope in
Assumption 6. The shares satisfy

1 1
0<m=7<1, ng:zlq:l.
geC

The untreated-mean clause is witnessed by I_)g =1, since By = 1 = 1-exp(0) in every supported
cell. The positive-effect clause is Step 3 below, and the rank clause is Step 1. It remains to
check 5*(9) < 0.

Evaluate the polynomial of Definition 7 at the present primitives. Write =z =
exp(log(101/100)) = 101/100 for the common treated multiplier off cell (2,4) and
y = exp(log4) = 4 for the multiplier at (2,4). Since my = 1/4 and By = 1, the com-
ponents hg = mgBgr exp(Dgidg) are

1 =z =z vy
1 1 z =z
Gha) =11 1 1 o |
1 1 11
again with rows g = 2, 3,4, 00 and columns ¢t = 1,...,4, so that

4Ry =142x+y, 4R3=2+2x, 4R4=3+4+z, 4R, =4,

AC, =4, 40y =3+, 4C3=2+2c, 4Cy =142z +v,
AM =10+ 5z + v, 4A =5z +y.
The treated cells are (2,2),(2,3),(2,4),(3,3),(3,4), (4,4), so

4
16> > DyRyCr = (1422 +y)(6+5z+y)+ (2+22)3+ 4z +y) + 3+ 2)(1+ 2z +y),
geC t=1

which expands to 2022 + 10zy + y? + 38z + 12y + 15, while 16 M A = (10 + 52 + y)(5x + y) =
2522 + 10zy + y? + 502 + 10y. Subtracting,

_ b5x? 412z —2y— 15 5(101/100)? +12(101/100) —2-4—15 11559

P - _
16 16 32000 <

0.
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The collapsed sign comparison used here is the beta-zero frontier-elimination comparison un-
derlying Theorem 3. In this specialization, let §° = (u”,0) be the fixed-effect parameter whose

fitted cell mean is
R,Cy

0
M t =
9t~ M

The nuisance scores at #° vanish by the row and column identities defining Ry, Ci, and M. The
treatment score at % in the limiting collapsed criterion of Definition 3 is

4
)
So = Z Z(Jgtht{mgt(5) - Mgt} =TM

geC t=1

Here TM > 0, since T' = 4 and every hy is positive. The weights ¢4 and means mg/(J) are
positive, and the rank calculation above makes the collapsed design map injective. If 8* =
(u*, %) is the maximizer in Definition 3 and v = 6* — 6%, the score at §* is zero. Whenever
v # 0, strict monotonicity of the exponential along the nonzero fitted-index direction gives

4
0< Z Z gt (r'gtv){exp(r;te*) — exp(r;teo)} = *Sp.

geC t=1

If Sy = 0, then all score coordinates vanish at 6°, so 60 is the unique collapsed maximizer and
6* = 0. Therefore

B*(0) <0 <= P <0, B*(6) =0 <= =0, 0<B*(0) <= 0< .

For the present primitives ® < 0, hence 5*(§) < 0. Since the primitive tuple entering Defini-
tion 5 is exactly the restriction of (g, By, dg¢) to the supported and treated cells, its treatment
coordinate is this same *(4). All clauses hold, so Wy € Ry4.

Step 3: strict positivity of the treated effects. If (g,t) is supported with Dy = 1, then
dg¢ € {log4,10og(101/100)}, and both are strictly positive because 4 > 1 and 101/100 > 1.

Step 4: cell (2,4) has the strictly largest treated effect. The cell (2,4) is treated, since 2 < 4,
and 024 = log4. Every other treated supported cell has d4 = log(101/100), and 101/100 < 4
with the logarithm strictly increasing on the positive reals gives

5915 = 10g(101/100) < 10g4 = 52?4.

Step 5: the weighted FWL residual table at the no-effect vector. Take the effect vector
identically zero. Theorem 2 applies to it with common treated multiplier Jg = 0: its common-
treated-effect hypothesis holds because every effect is zero, its rank hypothesis is Step 1, and its
untreated-mean hypothesis is discharged by the auxiliary array in which every unit’s untreated
and treated outcomes are deterministically 1, with unit baselines b;n = 1 and the time compo-
nents y;0 = 0 already fixed here, so that Ep, [Yi:(0)] = 1 = b;y exp(y10) with the normalization
~v10 = 0. Its conclusion gives, for every supported cell,

figt(0) = Bgpexp(Dgt - 0) = 1.

Hence the projection weights of Definition 4 are

1
Wyt = qgtu;t(o) = 16 for every supported cell.
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Let Vi denote the entry of the displayed table,

3 3 1 -1
1{-1 =3 3 1
V_é 1 -1 -3 3|’

3 1 -1 -3

with rows ¢ = 2,3,4,00 and columns ¢t = 1,2,3,4. Two facts about V' are checked by direct
summation of these sixteen numbers:

4
SVu=0 (geC), Y Vu=0 (t=1,...,4)

t=1 geC

First, D — V lies in the fixed-effect nuisance span. Indeed, with

311 113
(62763364,600) - (Za 57170)7 (81752753354) - (Ovza ia Z)a

one checks cell by cell that

Dy — Vg = —g +cy + s for every supported cell,

and the right-hand side is the value at (g, t) of the nuisance combination with intercept coefficient
—3/8, cohort-dummy coefficients ¢, (with cc = 0 absorbed by the intercept), and period-
dummy coefficients s; (with s; = 0); every such additive intercept-plus-cohort-plus-period array
is a linear combination of the columns X ;. Second, V' is orthogonal to that span under the
weights wy;. Each nuisance regressor is either the constant 1, the indicator of one cohort, or
the indicator of one period; because the weights are the same constant 1/16 in every cell, the
corresponding weighted inner products are % > gt Vats 1—16 >t Vgot, and % >y Vgto» all zero by
the row and column sums above; orthogonality extends from these spanning columns to their
whole span by linearity:

4
E E wgt Vgt Xgtj =0 for every nuisance coordinate j.
geC t=1

The two facts together say that D — V is the w-weighted orthogonal projection of D onto the
nuisance span, which by Definition 4 means that the weighted FWL residual is the remainder:

Wor(0) = Dot — (Dot — Vor) = V.
Step 6: the late-cell residual. Reading off the entry in row g = 2, column ¢t =4 of V,

o 1
WQA(O) - —g

Step 7: the exact derivative at the no-effect vector. Since every weight is 1/16 and Wgt(O) =
Vyt, the residual energy of Theorem 1 is

4 4
E * (ON\TA7 1 1 80 5
£(0) = E :QQtMgt(O)Wgt(O)2 = — g E Vth =—.—=_
16 e 16 64 64

geC t=1 t=1
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because each row of 8V consists of two entries of absolute value 3 and two of absolute value 1,
contributing 94+9+1+1 = 20 per row and 80 in total. The cell (2,4) is treated, and Assumption 5
holds by Step 1, so Theorem 1 applies at (k,s) = (2,4) and gives, with go4 = 1/16, Ba4 = 1,
5274 = 0,

d By 4 exp(0)Wa4(0 11 (—
@6*(52’4 — 2, 5y =0 for (g,1) # (2,4)) B _ 924B24 egl()o()) 24(0) _ (1/16) é/614 (=1/8) _ _%'

Step 8: a meighborhood of the no-effect vector. The map § — WQA((S) is continuous at the
zero array: the collapsed projection 6*(d), hence each fitted mean py,(5), depends continuously
on § because it is the unique maximizer of a criterion whose finitely many positive means move
continuously with §; under Assumption 5 the weighted nuisance Gram matrix built from those
weights is invertible, and the residual is a continuous rational function of its entries. Since
W34(0) = —1/8 < 0 and the cells are finite in number, continuity supplies € > 0 such that

|0g¢| < € at every cell = WQA((S) < 0.

Now take any effect array ¢’ with [dy,| < e for every g € C and ¢ € {1,...,4} and with strictly
positive treated effects in the sense of Assumption 7, and define its supported truncation

55— {5;15; gecC,

t = .
g 0, otherwise.

Then [0y < € at every cell, so WQA(&S) < 0. Moreover ¢° and &' agree on all supported cells,
and the criterion L(+; ) — hence 6*(§), the fitted means, the weights, and the residual — involves
only supported cells, so . .

W274((5l) = WQA((SS) < 0.

Applying Theorem 1 once more at the treated cell (2,4), now at the effect array ¢’, the derivative
equals g2, 4Ba 4 exp(dy 4)W2,4(8")/E(d") with a strictly positive prefactor and denominator, so it
has the sign of WQA((S/):

d
= B* (8" with & 4 replaced by z) < 0.
Z )

z:6§74
L]

Proof of Theorem 2. For a collapsed parameter 6 € RIHT and a supported cell (g,t), write the
collapsed linear index as

Ngt(0) = T;t97
so that, by Definition 3,

T
L0;8) =Y > age {mge(8) g (0) — exp(ngu(9))} . p5(6) = exp{mge(6*(5))} -

geC t=1

The map 6 — 14:(0) is linear, so 1y:(0) — ng:(0') = 1g:(0 — 6’) for all 6,6’
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Step 1: the candidate parameter. Let oo be the never-treated reference cohort and define
8° = (a°, §y) coordinatewise by

0 0 _ 0

aj e = log boo, eon,c = log be —logbs, (c€C, c# o), Atime,u = Yu0 (u #1),

with treatment coordinate dg. Assumption 2 carries the normalization 19 = 0. Hence, for every
period t,

0, t=1,
= Yt0,
agime,t’ t 7& 17

since for t = 1 all period dummies are switched off and ;9 = 0, while for ¢ # 1 exactly the
dummy of period t contributes. Likewise, for every g € C,

0, g=00, 0, g = 09,
agoh,g? g # 00, logl_)g —logbso, g 7# 00,
because exactly the dummy of cohort g contributes when g # oo, and none when g = co.

Step 2: the index at #°. Adding the intercept, cohort, period, and treatment contributions
in the two cases g = 0o and g # oo gives, for every g € C and every period t,

Nngt(0°) = log by + 10 + Dyio.
Step 3: the homogeneous-effect hypothesis in product form. For every g € C and every ¢,
Dgt(;gt = Dgt(;O .

if Dyt = 1 the common treated-cell hypothesis gives d4¢ = do, and if Dy = 0 both sides vanish.
Step 4: the criterion is exactly specified at §°. Using By = bgexp(y0) together with Steps
2 and 3, the observed collapsed mean satisfies

mygi(8) = Byt exp(Dyidgt) = exp{log by + vio + Dyrdo} = exp{ng:(6°)}.
In particular mg(6) > 0 and
log gt (8) = 1ge(6°) for every supported cell.
Step 5: the scalar Poisson cell inequality. For every m > 0 and every real 7,
mn — exp(n) < mlogm — exp(logm),

with strict inequality when 1 # logm. Apply 1+ x < exp(x), strict for = # 0, at x = n — logm,
multiply by m > 0, and rearrange using exp(n) = mexp(n — logm).

Step 6: the cell masses are strictly positive. First T > 0: if T' = 0, then for the nonzero
collapsed parameter with zero nuisance block and treatment coordinate one the weighted sum
> gec Zthl qgt(r;ta)Q is an empty sum, hence zero, contradicting Assumption 5. Since 7, €
(0,1), it follows that

m
qgt = Tg >0 for every supported cell.

Step 7: 6° is a global mazimizer. Fix any 6. Applying Step 5 cell by cell with m = mgi(6) >0
and 1 = ng(6), and using log mg:(8) = 1y(6°) from Step 4,

mgt((s)ngt(g) - eXP(ngt(g)) < mgt(5)ngt(90) - eXP(Ugt(eo)) .
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Multiplying by g4+ > 0 and summing over supported cells,
L(6;6) < L(6°).

Step 8: the mazimizer is unique. Suppose L(6;8) = L(6°;6) and 6 # 6°. Then 6 — 0° # 0,
so Assumption 5 gives

T
Z Z qgt (Mgt (0 — 90))2 >0,

geC t=1

and by linearity ny:(0 — 6°) = 1g:(0) — 74:(6°), so some supported cell (go, to) has

Ngoto (0) 7£ Ngoto (‘90) = 1Og Mgoto (5)

At that cell the strict half of Step 5 applies, and all other cells obey the weak inequality of Step
7. Since gg,t, > 0, summing gives

L(6;6) < L(6°0),

contradicting the assumed equality. Hence 6 = 6°.
Step 9: identification of the projection. By Steps 7 and 8 the criterion L(-;d) has ° as its
unique global maximizer, and Definition 3 selects 6*(0) among the global maximizers, so

0*(8) = 6°.
Step 10: the two conclusions. The treatment coordinate of 69 is g, so
B(6) = do,
and for every g € C and every period t, by Step 2,
4 (0) = exp{ng:(0(9))} = exp{log by + 0 + Dgedo} = Byt exp(Dgedo).
O

Proof of Theorem 3. Write qg = 7g/T and mg = mg(d) = Bgrexp(Dgidg), with By =
by exp(v:0). Then the quantities of Definition 7 are

T
hgt = TgMgt = TQthgta Rg = Z hgta Cy = Z hgt>
t=1 gel

T T
M=) R,  A=>> Dghy, ®=MA-> Y DyR,C.

gel geC t=1 geC t=1

A collapsed parameter is written 6 = (a, 3), with nuisance block a and treatment coordinate 3,
and 13,0 = X0+ Dy 3. Finally set

g
MM a1 Moot
Bgllf)S:fnilooa H:{(g,t)gEC, Dgtzl}a Z = Z qgthfsa

* (g:t)eH

bs

Mgt qqtBgy
Tgt = Bo%s -1, Wgt = L Zg ) PTIT = Z Wyt Tgt-

gt (gt)eH
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Step 1: positivity of the primitive margins. Since T' > 4, we have T' > 0, and since co € C, the
support C is nonempty. Every hg = mgb, exp(y10) exp(Dgidge) is a product of strictly positive
factors. Hence

hgt>07 Rg>0, Cy > 0, M > 0.

Also, summing hg in the two possible orders gives

th M=) "R,

geC

Step 2: the zero-treatment row-column fit. Define the collapsed parameter 8° = (a°,0), whose
treatment coordinate is zero and whose nuisance levels are

mt -

R R R
=log — +1log C; — log M, agohg = log W—g —log % (g # 00),

Too g 00

APy = log Cy —log Cy  (t # 1).
Adding the intercept, cohort, and period contributions, with the cohort dummy absent for g = oo
and the period dummy absent for ¢ = 1, gives, for every supported cell,

T/gtao log — R g+ log Cy — log M, exp(r;teo) = %’
Tg mgM

where the logarithms and division use the positivity in Step 1.
Step 3: the conditional residuals and their margins. Define the mass-weighted residual of #°
in cell (g,t) by

T R,C 1 R,C
egt = qgt{mgr — eXP(T;teo)} = Tg {mgt - 91\415} =T {hgt - Jg\/[ ! } .

Using >, Cy = M and )

gec g =M from Step 1, its row and column sums vanish:

T 1 I
Zeyt:T{Rg_MgZCt}ZO (ge0),
t=1 t=1

Zegt:% Ct——ZR = (t=1,...,7T).

gec gecC

Step 4: the scores at §°. Every collapsed nuisance regressor X.; is either the constant 1,
the indicator of one cohort gy # oo, or the indicator of one period ty # 1. The corresponding
nuisance score at 6 is therefore > gt Cgts Dt €gots OF D €gty, and these vanish by Step 3:

Z Z qgt X gt j{mgr — exp(r;teo)} =0  for every nuisance coordinate j.
geC t=1

Because the nuisance block is finite-dimensional and Xg,u is the corresponding linear combina-
tion of the coordinate regressors, the same conclusion holds for every nuisance direction w:

Z Z gt ( gtu {mgt — exp rgteo )= Zu] Z quthw{mgt exp(rthO)} 0.

geC t=1 j geC t=1
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The treatment score at 6° is

T T
1 1 P
§=2_ 2 aotDylmar = xp(riy@')} = 7\ A= 372D DaRyCop = g

geC t=1 geC t=1

and TM > 0 by Step 1.

Step 5: the pseudo-true coefficient has the sign of S. The finite-dimensional Poisson sign
comparison used here is the following. For a finite index set with strictly positive weights ¢;,
strictly positive means m;, and an injective linear design map <7, suppose that a zero-treatment
point (u°,0) clears every nuisance-direction score,

Z ¢/ (u,0)i{m; — exp(</(u®,0);)} =0 for every nuisance direction u.

If
S0 = Zqz (0,1)i{m; — exp(%(uo, 0):)}

and (3 is the treatment coordinate of the unique maximizer of ), ¢i{m;(<70); — exp((#76);)},
then
B <0 < s9<0, B8=0 << s5=0, 0<pB < 0<sp.

Indeed, the score at a maximizer vanishes in every direction. Writing 6 for the maximizer,
0° = (u°,0), and v = 6 — 0°, the score identities and the nuisance-direction condition give

Bso = qummexp«wm — exp((76°);)}.

The summands on the right are nonnegative, and at least one is strictly positive when v # 0,
by injectivity of &7 and strict monotonicity of the exponential. If sy = 0, all scores at #° vanish,
and the tangent-line inequality for the exponential makes 6% globally maximizing; uniqueness
gives the zero treatment coordinate.

Apply this comparison with index set C x {1,..., T}, design &0 = (r},0) 4, and (u”,0) = 6°.
The weights and means are positive by Step 1, Step 4 supplies the nuisance-direction score
condition, and Assumption 5 gives injectivity: if two collapsed parameters have the same fitted-
index array, their difference has weighted sum of squared indices equal to zero, so the rank
condition forces the difference to be zero. Therefore the treatment coordinate 5*(d) of 8*(5) has
the same three-way sign as S. Since S = ®/(T'M) with TM > 0,

f*(0) <0 <= & <0, f*(0) =0 < & =0, 0<f*(0) <= 0< .

Step 6: the observed baseline proxy reproduces the untreated mean. For every supported
cohort g, the first-period treatment indicator is zero: if ¢ = oo this is the never-treated path,
and if g is finite then Dg; = 1 would force the adoption date to be the first period, which the
support excludes. Also Dy = 0 for every t, and Assumption 2 gives 19 = 0. Hence, for every

g € C and every t,

Mg Moot bge0 - boge0
Bobs _ g — 9= — bge’Yto — th

Mool booe'YlO

where moo1 = bso > 0 justifies the cancellation.
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Step 7: H is nonempty and Z > 0. Assumption 6 supplies a supported finite cohort adopting
in the second period; in that period its treatment indicator equals one, so H is nonempty. For
every (g,t) € H, g > 0, and Step 6 gives Bgfs = By > 0. Hence every summand of Z is
nonnegative and at least one summand is strictly positive:

Z= Y quBy>0.
(9:t)eH

Step 8: membership in Ry is equivalent to ® < 0. If the induced primitive tuple lies in
Rr, then the last clause of Definition 5 gives negativity of its treatment coordinate. In the
restricted primitive coordinates the limiting criterion is the same collapsed criterion L(6;6), so
this coordinate equals 3*(0), and Step 5 gives ® < 0. Conversely suppose ® < 0. The horizon,
support, and frontier-scope clauses of Definition 5 are hypotheses of the present theorem. The
simplex clause holds because the finite-array shares sum to one for every N > |C|,

NgN
g 17
geC

every unit label lies in C, and Assumption 1 gives > .71, = 1 after passage to the limit.

eC
The untreated-mean clause is witnessed by g — by, sincge the primitive untreated coordinate is
Byt = bge0. The positive-effect clause is Assumption 7. The rank clause is Assumption 5, after
rewriting the sum over supported cells as the double sum over g € C and t. Finally Step 5 gives
B£*(8) < 0, which is the tuple’s treatment coordinate. Hence the tuple lies in Ry.

Step 9: the four-cohort polynomial. Let x > 1, y > 1, and consider the four-period support
{2,3,4,00} with T" = 4, equal shares m;, = 1/4, unit limiting baselines, zero untreated time
effects, multiplier x on every treated cell except (2,4), and multiplier y at (2,4). With treatment
absorbing from the adoption date on, Dy = 1 exactly when g < ¢ and Dy = 0, so

4 (hgt) =

— =
= =8
_= =88
— 8 8w

with rows g = 2, 3,4, 00 and columns ¢t = 1,2, 3,4. Summing rows and columns,
4Ry =142z +y, 4Rs3=2+2x, 4Ry =3+2z, 4R, =4,

4C1 =4, 4Cy=x+3, 4C3=2zx+2, 4Ci=22x+y+1,
AM =10+ 5z + v, 4A =5z +y.

The treated cells of row g = 2 are t = 2, 3,4, those of row g = 3 are t = 3,4, and the treated cell
of row g =41ist =4, so

162DgthC't =(1+2z+y)bx+y+6)+2+22)dx+y+3)+B+z)2x+y+1),
g,t

which expands to 2022 + 10zy + y* + 38z + 12y + 15, while

16 MA = (10 4 5z + y) (52 + y) = 2522 + 102y + 3> + 50z + 10y.
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Subtracting gives

522 + 122 — 2y — 15

®=MA-Y DuR,Ci = T

g,t
Step 10: the numerical identity. With 5(101/100)?> = 51005/10000 and 12(101/100) =
1212/100,
5(101/100)2 4 12(101/100) — 15 _ 4441
2 4000
Step 11: the value at the witness. For Wy of Definition 6, the treated multipliers are
exp(log(101/100)) = 101/100 off cell (2,4) and exp(log4) = 4 at (2,4), so Step 9 applies with
x =101/100 and y = 4:

_5(101/100)? + 12(101/100) —2-4—15 11559

P =— .
16 32000

Step 12: the counterfactual-share objects on treated cells. Let (g,t) € H, so Dy = 1. Step 6

gives Bgfs = By, and By > 0, so

Mgt 1 — Byt exp(0ge) 1= exp(dye) — 1.

Togt = ==
g obs
Bt By,

Moreover g4 > 0, Bgfs > 0, and Z > 0 by Step 7, hence
_ 4By’

0.
7 >

wgt

Step 13: the weights sum to one. By the definition of Z and the positivity Z > 0,

1 Z
Z wWet = - Z g BY = 7= L
(gt)eH (g:t)eH

Step 14: the ratio form of PTT. Expanding the definition and using B‘g’fs > (0 on every
treated cell,

PTT — Z QgtBZ?s Mgt 4| _ Z(g,t)EH dgtMgt Z(g,t)eH qthg?s
A Z '

Bobs o
(gt)eH gt

The second fraction equals 1, so

Z(g,t)eH dgt™Mgt
b
2 (gen dgtBg”

PTT =

Step 15: the sign contrast. Suppose ® < 0. Step 5 gives *(§) < 0. For PTT, each treated
cell has wg: > 0 by Step 12, and Assumption 7 gives dg > 0, hence exp(dg) > 1 and 74 > 0.
The sum defining PTT has nonnegative terms and, by Step 7, at least one strictly positive term.
Therefore PTT > 0, and

P<0 = p%(9)<0<PIT.
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