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Abstract

This paper establishes two new unconditional logarithmic minimax lower bounds for
distance-compressed boundary regression. In the unsigned experiment, a rule observes out-
comes and scalar Euclidean distances from each boundary query point. Over the compact
nonparametric law class Pxp(L, ¢) in Definition 9, with ¢ > 1 and L > 4, both the CTY
common-map risk in Definition 12 and the larger point-indexed outer risk in Definition 14
have minimax expected boundary sup-loss bounded below on the scale

(logn>1/4
ap = .
n

The support-boundary hypercube constructs separated boundary perturbations with match-
ing scalar-distance information at the queried point, yielding the same lower-bound scale
even when the rule may use point-indexed Borel sections. Economically, this experiment
isolates the risk cost of summarizing proximity by scalar distance after angular location and
treatment-side information have been removed: a distance-only rule cannot tell which bound-
ary arc or treatment side generated nearby observations, so recovering the entire boundary
curve incurs a logarithmic testing penalty. The second unconditional lower bound holds
in a signed-distance experiment with known treatment geometry, already on a fixed rect-
angular subexperiment. Conditional on the three CTY-style analytic inputs collected in
Definition 33, the stabilized local-polynomial estimator and that lower bound characterize
the signed-distance expected outer-risk rate on the same scale for every fixed polynomial
order p, moment exponent v > 2, and envelope L > Lg(p). Thus the unsigned contribu-
tion is lower-bound sharpness, while the signed two-sided frontier is explicitly conditional on

Al .

1 Introduction

Regression discontinuity designs use discontinuities in treatment assignment to identify local
causal effects near assignment thresholds. The classical scalar-cutoff design begins with the
threshold assignment framework of Thistlethwaite and Campbell [1960] and the continuity-
based identification analysis of Hahn et al. [2001]; modern econometric treatments develop local
comparisons, bandwidth selection, bias correction, and inference around that threshold [Imbens
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and Lemieux, 2008, Lee and Lemieux, 2010, Imbens and Kalyanaraman, 2012, Calonico et al.,
2014, 2020, Armstrong and Kolesar, 2020, Kolesér and Rothe, 2018, Imbens and Wager, 2019].
Boundary and geographic RD designs extend the same logic to bivariate or multivariate scores,
where treatment changes across a curve or interface rather than at a scalar cutoff [Keele and
Titiunik, 2015, Keele et al., 2015, Keele and Titiunik, 2016, Papay et al., 2011, Reardon and
Robinson, 2012, Wong et al., 2013, Choi and Lee, 2018, Diaz and Zubizarreta, 2023, Sawada
et al., 2024, Merlano, 2025, Kendall et al., 2026].

Distance-to-boundary reductions are central in this setting. They turn a two-dimensional
local problem into a one-dimensional running-coordinate problem and are used both as empir-
ical summaries of proximity to the boundary and as coordinates for local-polynomial fitting.
Cattaneo et al. [2026] develop distance-based identification and estimation tools for bound-
ary discontinuity designs, including local-polynomial methods for boundary treatment-effect
curves. This paper studies the minimax expected-risk consequences of two precise distance ex-
periments: an unsigned experiment in which angular and side information is compressed away,
and a known-geometry signed experiment in which the rule retains the treatment side induced
by the boundary.

The first experiment is an unsigned distance-compressed boundary regression problem. The
law class Pxp (L, q) in Definition 9 consists of compact bivariate random-design regression laws
with bounded continuous design density, Holder regression smoothness of order ¢, and uniformly
nondegenerate conditional variance. At a boundary query point x, the data available to the rule
are

Var(z) = (Y, |Xi —z[2) : 1 <i <),

as defined in Definition 10. The target is the boundary regression function = +— pp(z), and the
loss is expected supremum error over bd(Xp).

For this unsigned experiment, Theorem 1 establishes that, for every integer ¢ > 1 and
every L > 4, the common-map risk RNT in Definition 12 is bounded below on the scale
an = (logn/n)/*. Theorem 2 gives the same lower scale for the larger point-indexed class
in Definition 13, evaluated with the outer-expectation risk in Definition 14. Thus the logarith-
mic lower bound is tied to the unsigned distance information set itself: even law-independent
Borel sections chosen separately at each boundary point face the same order of uniform expected
loss over Pxp(L, q).

The proof of the unsigned converse combines a direct-product testing inequality with a
support-boundary packing. Lemma 1 converts many small coordinatewise overlaps into a lower
bound on the probability of at least one decoding error. Lemma 2 builds many separated
boundary points on a square support and assigns an independent binary regression perturbation
to each local cell. The perturbations are smooth enough to remain in Pyp(L, q), their boundary
values differ by order a,, and the unsigned distance laws at each coordinate have Kullback—
Leibler divergence of logarithmic size. The support-boundary packing yields separated boundary
signals of order a,, and logarithmic compressed-distance KL control.

The second experiment is a known-geometry signed-distance boundary RD problem. The
law class Pi2(p, v, L) in Definition 22 is the displayed Euclidean-distance, uniform-kernel spe-
cialization of the CTY Assumptions 1-2 boundary design, with rectangular support, bounded
continuous density, smooth potential-outcome regressions, continuous variances, a 2 + v mo-
ment envelope, a rectifiable interior interface, two-sided local mass, and a population Gram
lower bound. The rule observes signed-distance data U () from Definition 21 and may de-
pend on the known geometry G'p from Definition 20. The 7target is the interface treatment-effect



curve 7p(x) = p1,p(x) — po,p(z) in Definition 23.

For the signed-distance experiment, Theorem 3 proves a lower bound on the signed-distance
minimax risk R}?’i(p, v,L) in Definition 26. For every fixed order p, there is an envelope
threshold Ly(p) > 48 such that, for every v > 2 and L > Ly(p), the risk is bounded below on
the a, scale. The same lower bound is already present in the fixed rectangular subexperiment
in Definition 27. The hard family in Lemma 6 places independent local perturbations along the
bottom edge of a known treated rectangle and keeps all vertices inside the same known-geometry
design.

The signed-distance upper bound uses an explicit local-polynomial rule. Definition 28 defines
a degree-p estimator that winsorizes outcomes at B(h) = h=1/3_ inverts the empirical Gram
matrix only on a uniform conditioning event, and clips the resulting treatment-effect estimate
to [-2L,2L]. Under the distance-identification, first-order bias, and expected maximal inputs
collected in Definition 33, Proposition 1 shows that this estimator with bandwidth h,, = a,, has
expected outer risk bounded by a constant multiple of a,, uniformly over P € Pia(p,v, L).

Under Al 1, the signed-distance upper bound combines with the lower bound to give the
conditional frontier in Theorem 4. For every fixed p, v > 2, and L > Lo(p), the signed-distance
minimax risk satisfies

12,4+ 12,4+
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The same theorem records that the winsorized, Gram-stabilized signed-distance local-polynomial
estimator attains the upper side of this bound under the same three analytic inputs. A short
reproducibility note records the checked scope for the anchored mathematical statements in
Section D.

The comparison between the two experiments is organized by law class, information set,
and risk. In the unsigned problem, scalar Euclidean distances from each query point create a
boundary-indexed compression in which many angularly separated alternatives remain hard to
distinguish, producing unconditional lower bounds. In the signed problem, known boundary
geometry and treatment side supply the one-dimensional coordinate used by local-polynomial
RD methods; its fixed-geometry lower bound is unconditional, while its two-sided rate charac-
terization uses the displayed analytic inputs. The common normalization a,, therefore records
a shared logarithmic lower scale, with a conditional upper side for the signed experiment.

The remainder of the paper proceeds as follows. Section 3 defines the compact nonparametric
unsigned distance experiment, its decision classes, and its minimax risks. Section 4 defines the
known-geometry signed-distance RD experiment, the A1/A2 law class, the treatment-effect tar-
get, and the stabilized local-polynomial estimator. Section 5 states the unsigned lower bounds,
the signed-distance lower bound, the conditional upper bound, and the matched signed-distance
frontier. Section 6 discusses the interpretation for boundary RD designs. Sections A to E contain
the direct-product and packing arguments, the signed-distance empirical-process ingredients, the
fixed-geometry signed hypercube, the reproducibility note, and deferred proofs.

2 Related Literature

Regression discontinuity designs originate in the threshold assignment framework of Thistleth-
waite and Campbell [1960] and the identification analysis of Hahn et al. [2001], with modern
econometric treatments emphasizing local comparisons, bandwidth choice, and inferential refine-
ments [Imbens and Lemieux, 2008, Lee and Lemieux, 2010, Imbens and Kalyanaraman, 2012].



Geographic and boundary designs extend this logic to assignment regions in space, where the
score is vector-valued and the estimand is indexed by an interface rather than a scalar cut-
off [Keele and Titiunik, 2015, Keele et al., 2015, Keele and Titiunik, 2016, Papay et al., 2011,
Reardon and Robinson, 2012, Wong et al., 2013, Choi and Lee, 2018, Diaz and Zubizarreta,
2023, Sawada et al., 2024, Merlano, 2025]. Within that literature, Cattaneo et al. [2026] de-
velop distance-based identification and estimation tools for boundary regression designs. Their
analysis establishes identification from distance-to-boundary reductions, sequence-scoped bias
expansions, and probability-order stochastic control for local-polynomial procedures under their
maintained design conditions.
Theorem 6 of Cattaneo et al. [2026] studies the unsigned minimax risk

inf  sup  Ep| sup [Tu(Ual@) —pp(@)l|,  Un(@) = (¥ | Xi — 2ll2) i < n),
Tn pePyp(L,q) z€bd(Xp)

where one law-independent measurable map T}, is used at every boundary point. Their theorem
proves a positive lower bound after multiplication by n'/4. The printed conjecture immediately
following that theorem replaces n'/4 by (n/log n)l/ 4 matching the scale of their uniform upper
bound. The unsigned common-map result here proves that conjectured strengthening without
changing the law class, transformed data, target, decision class, or expected supremum loss.
The point-indexed result changes only the decision rule: a law-independent Borel section may
now be selected separately for every query point, while the transformed data and regression
target remain the same; outer expectation supplies the measurable envelope for the boundary
supremum. It proves the same logarithmic lower scale for this larger class.

The signed result concerns a different econometric target and information set. Motivated
by CTY’s signed-distance identification and local-polynomial analysis, it studies the boundary
treatment-effect curve when the assignment geometry and treatment side are available to the
rule. The paper proves a new minimax lower bound already on one fixed known rectangular
geometry. Its expected-risk upper bound is stated under the displayed identification, bias, and
expected maximal hypotheses. Table 1 records these three deliverables in parallel.

This paper studies the uniform expected-risk consequences of those distance reductions. In
the unsigned experiment, the relevant object is the compact bivariate nonparametric regression
class Pnxp(L, q) in Definition 9, where a rule observes outcomes and unsigned Euclidean distances
as in Definition 10. The decision problem uses the common-map class 7" in Definition 11
and its completed-expectation risk RN in Definition 12. The resulting converse is a same-class
statement: over the law class and information set just described, the minimax expected boundary
sup-loss has the logarithmic scale a, introduced in Definition 8. The point-indexed extension
uses the sectionwise-Borel outer-risk setup in Definitions 13 and 14, thereby characterizing the
same compression barrier for rules that may choose a law-independent Borel section separately
at each boundary point.

This focus differs from the usual role of distance in geographic RD applications. Empirical
distance reductions often serve as low-dimensional summaries of proximity to a boundary or
as practical coordinates for local fitting [Keele and Titiunik, 2015, Keele et al., 2015, Keele
and Titiunik, 2016, Kendall et al., 2026]. Here the distance reduction is part of the statistical
experiment: the rule receives the outcome and the scalar unsigned distance from the query point,
and the risk is the expected supremum over boundary points. The lower bound therefore speaks
to information loss under the compressed observation scheme, rather than to specification choice
in a geographic RD regression. Related diagnostic and design tools, including manipulation tests



Deliverable

Nearest CTY result

Exact increment in this paper

Unsigned CTY
decision problem

Point-indexed
unsigned rules

Signed  known-
geometry treat-
ment effects

Theorem 6 of Cattaneo et al.
[2026]: Pxp(L, q), data U, (x) =
(Vi | X; = 2ll2) : @ < n), one
common map T, boundary re-
gression target, and expected
boundary sup-loss; lower scale
n=1/4,

CTY’s lower-bound theorem
uses one law-independent com-
mon map across query points.

Theorems 1-2 and Supple-
mental SA-8.3-SA-8.4 provide
the nearest identification,
bias, and stochastic-process
ingredients for signed-distance
local-polynomial analysis.

Keeps the law class, information, target,
decision class, and risk fixed and proves
the conjectured lower scale a,,.

Allows a separate law-independent Borel
section for each query point, uses outer
expectation for the boundary supremum,
and still proves the a,, lower scale.

Changes the target to the boundary
treatment-effect curve and the informa-
tion to signed distance with known ge-
ometry; proves an unconditional a,, lower
bound on a fixed rectangular subexper-
iment and, under Al,, r, a stabilized

expected outer-risk upper bound at the
same scale.

Table 1: Nearest CTY benchmarks and the exact change in target, information, decision class,
risk, or conditioning status.

and geographic balance analyses [McCrary, 2008, Cattaneo and Titiunik, 2022, Cattaneo et al.,
2019, 2023, 2025], address complementary features of RD credibility; the present comparison is
organized around the target, the available data transformation, and the uniform loss criterion.

The signed-distance part connects to local-polynomial boundary estimation. Local-
polynomial methods provide the standard approximation architecture for nonparametric
regression and RD estimation [Fan and Gijbels, 1996, Ruppert and Wand, 1994, Calonico
et al., 2014, 2020, Imbens and Wager, 2019]. Robust bias correction and optimal inference
results refine confidence interval construction and coverage for scalar or boundary-local targets
[Calonico et al., 2014, 2020, Armstrong and Kolesar, 2020, Kolesar and Rothe, 2018]. The
known-geometry signed-distance experiment fixes the CTY Assumptions 1-2 potential-outcome
boundary design through Pi2(p, v, L) in Definition 22, observes signed-distance data in Defi-
nition 21, and evaluates treatment-effect rules in Definitions 25 and 26. Assuming the CTY
distance-identification, uniform first-order bias, and expected maximal inputs collected as Al,, ,, 1,
in Definition 33, the paper combines the signed-distance lower bound with the winsorized,
Gram-stabilized local-polynomial upper bound to obtain the two-sided expected-risk rate.

The minimax structure draws on classical nonparametric lower-bound and empirical-process
ideas. Packing and modulus arguments underlie the rate calculations in nonparametric esti-
mation [Stone, 1982, Tsybakov, 2009], while boundary and set-indexed empirical-process tools
support the stochastic controls used in local smoothing problems [Mammen and Tsybakov, 1995,
Cuevas and Rodriguez-Casal, 2004, Vapnik and Chervonenkis, 1971, Pollard, 1984, van der Vaart
and Wellner, 1996]. The lower-bound construction in this paper adapts those ideas to boundary-
indexed distance compression: many separated boundary locations carry independent binary
perturbations, while scalar distance observations constrain the coordinatewise information avail-
able to any admissible rule. The empirical-process component enters the signed-distance upper



result through the stated analytic inputs and the bounded-envelope maximal inequality used
for the winsorized score. Together, these ingredients place the paper between geographic RD
methodology and minimax nonparametric theory: the estimand is a boundary treatment-effect
or boundary regression curve, the information set is a distance-compressed experiment, and the
criterion is uniform expected loss over the displayed law classes.

3 Setup: Distance-Compressed Boundary Regression

This section fixes the statistical experiment used for the unsigned lower bounds. The object
of interest is a boundary-indexed regression function under a compact bivariate random-design
law, and the information available at a boundary point is the outcome together with the scalar
Euclidean distance from that point. The normalization used throughout the converse arguments
is introduced first.

Definition 1. [synth_25] (Law operator £) For a random element Z taking values in a mea-
surable space (E, &) under a probability law P, write Lp(Z) = Po Z~! for the distribution of Z;
when P is clear, write L(Z). For an event A with P(A) > 0, write Lp(Z | A) for the conditional
distribution satisfying Lp(Z | A)(B) = P(Z € B, A)/P(A) for every B € £.

Definition 2. [synth_28] (Smallest quadratic-form eigenvalue Apmin) For a real symmetric
matriz ¥, we write Amin(¥) = infj,|,—1 v Yo, equivalently Amin(¥) > ¢ means c|[v||3 < v’ W
for every vector v.

Definition 3. [synth_43] (Closed Euclidean ball By(x,7)) For x € R? and r > 0, we write
Bs(z,7) for the closed Euclidean ball {z € R? : ||z — x|z < r}.

Definition 4. [synth_36| (Euclidean ¢g-Holder ball H4(Xp, L)) We say g € HI(Xp, L) when
g:R?2 = R is C1! on Xp, satisfies |DIg(z)|| < L for every 0 < j < q—1 and every v € Xp,
and its (q — 1)st Fréchet derivative is L-Lipschitz on Xp: |D? 1g(z) — D" 1g(y)|| < L||z — y||2
for all x,y € Xp.

Definition 5. [synth_72] (Faithful random-design law space P) We say P € P when P is a
probability law of (Y,X) € R x R? with square-integrable outcome, whose carried objects Xp,
fp, pup, and a% are tied to the law as follows: Xp is the topological support of the X -marginal,
the X-marginal has Lebesque density fplx,, pp is an X-marginal-almost-everywhere version
of Ep[Y | X = z], and 0% is an X-marginal-almost-everywhere version of Varp(Y | X = x).

Definition 6. [synth_138] (Bivariate design support X) For a law P of (Y,X) on R x R2,
we say X is the bivariate design support when X = supp(Lp(X)), the topological support of the
X-marginal under P.

Definition 7. [synth_29] (Total variation distance ||Qj0 — Qj1llTv) For the two probability
laws Qjo0 and Qj1 on the common measurable sample space of S;, define their total variation
distance by

1Qj0 — QjallTv = Sup 1Qj0(A4) — Qj1(A4)],

where the supremum ranges over all measurable sets A in that sample space.



These preliminary conventions give the basic probabilistic and geometric vocabulary. In par-
ticular, the law-space convention ties the support, density, regression, and conditional variance
to the same underlying law, while the Holder and ball notation provide the local smoothness
and Euclidean localization language used in the packing arguments. Total variation enters later
through the direct-product comparison of coordinatewise compressed experiments.

Definition 8. [def:frontier-rates| (Frontier rate a,) The frontier normalization is

<logn>1/4
an = )
n

The scale in Definition 8 is the common normalization for the unsigned boundary lower
bounds. Its logarithmic factor reflects the uniform boundary supremum loss rather than a
pointwise loss criterion.

The nonparametric class now fixes the bivariate random-design model. It combines compact
support, a bounded continuous design density, Holder regression smoothness, and uniformly
nondegenerate conditional variance.

Definition 9. [def:cty-nonparametric-class| (Nonparametric law class Pxp(L,q)) Forq €
N and L € R, the class Pnp(L,q) consists of all random-design regression laws P satisfying the
following conditions.

e (Parameter regime.) 1 < q and 4 < L.

e (Sampling.) P is a probability law for one observation (Y,X) € R x R2, Y is square-
integrable under P, and for every n, (Y;, X;)I~, are sampled independently and identically
from P.

e (Design.) The X-marginal has Lebesque density fply,, where Xp is the exact topological
support of the X-marginal. Write fp for this density. It is continuous on Xp, Xp is
compact and satisfies Xp C [—L, L)%, and

L < fple) <L
for every x € Xp. The boundary bd(Xp) admits a Lipschitz parametrization by [0, 1].

e (Regression.) The function up is an X-marginal-almost-everywhere version of Ep[Y |
X = z] and belongs to H1(Xp, L).

e (Variance.) The function J?D is an X -marginal-almost-everywhere version of Varp(Y |
X = x), is continuous on Xp, and satisfies

L 1<oi(z)<L
for every x € Xp.

Equivalently,
Pxe(L,q) = {P : P satisfies the conditions above}.



The class in Definition 9 is a compact-support version of a random-design nonparametric
regression model. The density bounds keep local sample sizes comparable across admissible laws,
the Lipschitz boundary condition gives a one-dimensional interface over which a supremum can
be evaluated, and the Holder condition calibrates how quickly regression values may change
near separated boundary locations. These conditions are standard in nonparametric minimax
analysis, with compactness and smoothness playing the same organizational role as in classical
regression lower bounds [Stone, 1982, Tsybakov, 2009].

At a boundary query point, the unsigned experiment compresses each covariate to its distance
from that point. The rule retains the outcome and the scalar distance, so all angular information
around the query point is absorbed into this one-dimensional summary.

Definition 10. [def:cty-distance-data] (Distance data V, p(z)) For x € bd(Xp), the dis-
tance data are
Vop(z) = ((Yl, |1 Xi —zll2) : 1 <i < n)

The observation in Definition 10 is indexed by the boundary point because the same sample is
re-expressed relative to each query location. This formulation matches the distance-to-boundary
reductions studied by Cattaneo et al. [2026], while the present risk criterion evaluates the re-
sulting boundary-indexed regression rule uniformly over bd(Xp).

The first decision class uses one law-independent map for all query points. This common-
map restriction captures procedures that process the distance data by a single measurable rule
once the sample size is fixed.

Definition 11. [def:cty-distance-decision-class] (Common-map class T,NY) For a rep-
resented rule, write T, for its selected law-independent measurable map. Define the sample-size-
indezxed class by

L there exists a measurable map Ty, : (R x [0,00))" — R selected independently of P,
N L fn(x) = T,,(Vy,p(x)) for every x € bd(Xp)

Definition 12. [def:cty-distance-risk] (Common-map risk RNY) The common-map mini-
maz risk is
R = inf  sup Ep| sup [Ae() - pp(o)
Bn€TNY PePyp(Lyq) zebd(Xp)

Together, Definitions 11 and 12 define the completed-expectation minimax problem for
common-map rules. The expectation is the ordinary expectation under the product law gen-
erated by P, and the loss is the supremum error along the support boundary. The infimum
therefore ranges over estimators that share the same measurable distance-data transformation
across all admissible laws and all boundary points.

For comparison, the point-indexed decision class lets the measurable section depend on the
query point while remaining law independent. This keeps the unsigned distance information set
fixed and enlarges the admissible class by allowing a separate Borel rule at each .

Definition 13. [def:point-indexed-distance-decision-class| (Point-indexed class 7,5%)
The point-indexed decision class is

there exists a family {T,, » : © € R2} selected independently of P,
P _ ] et Tz (Rx[0,00))" = R is Borel measurable for every fized ,
R R ﬁgfp(m) = Tno(Va,p(x)) for every P € Pxp(L,q)
and every x € bd(Xp)

b



This class consists exactly of such law-independent fized-x Borel sections.

Definition 14. [def:point-indexed-distance-risk| (Point-indexed risk REY) For an ea-
tended nonnegative function Z on the sample space, define the outer expectation by

Ep[Z] = inf {Ep[W]: W is extended nonnegative and measurable, and W > Z pointwise} .

The point-indexed distance risk is

R,'= inf  sup Ep| sup |h,'p(x)—pp(z)|
ATy PePyp(L,g) zebd(Xp)

The outer expectation in Definition 14 follows the standard empirical-process convention for
suprema that may require measurable majorants [van der Vaart and Wellner, 1996]. With this
convention, Definitions 13 and 14 define a sectionwise Borel problem that preserves the same
distance-compressed observations as Definition 10. The main lower bounds compare these two
unsigned risks after the common notation and signed-distance setup have been fixed.

4 Setup: Known-Geometry Signed-Distance Designs

The second experiment keeps the boundary geometry available to the rule and records which side
of the interface each nearby observation occupies. This is the setting in which local-polynomial
methods use distance as a one-dimensional coordinate while preserving the sign induced by
treatment assignment, as in boundary regression designs developed by Cattaneo et al. [2026].
We first fix the assignment, interface, basis, and coordinate conventions that underlie the signed-
distance reduction.

Definition 15. [synth_4| (Assignment regions A; p) We say Ay p is the arm-t assignment
region of P, fort € {0,1}, when Ao p and Ay p are Borel subsets of Xp satisfying Ao.pUA; p =
Xp and Ag p N Ay p =&, with deterministic treatment assignment T = 1{X € A; p}.

Definition 16. [synth_35] (Known treatment interface B) We say B is the known treatment
interface for the fired hypercube geometry when it is the boundary of the treated rectangle,

B =0d([-1,1] x [0,2).

Definition 17. [synth_71] (Degree-p Polynomial Basis r,) For an integer p > 0 and u € R,
define rp(u) = (1,u,...,uP)’ € RPFL,

Definition 18. [synth_24] (Score-coordinate projection score) We say score is the score-
coordinate projection when, for every potential-outcome observation w = (yo,y1,z) € Rx RxR2,
score(w) = x.

The partition in Definition 15 makes treatment deterministic given location, so the side of the
boundary is a feature of the design rather than an additional random assignment variable. The
fixed interface in Definition 16 is the rectangular geometry used in the lower-bound construction,
while Definition 17 supplies the signed-distance polynomial basis used by the local fits. The
projection in Definition 18 records that the score coordinate is the Euclidean covariate.

The known-geometry object packages the support, assignment regions, interface, Euclidean
metric, and smoothing weight. The canonical smoothing weight is the one-dimensional uniform
kernel K, which selects observations whose signed distance lies within the bandwidth window.



Definition 19. [def:cty-uniform-kernel] (Uniform kernel Kn) The fized uniform kernel is
Ko@) =1{u/<1}, uek

Definition 20. [def:cty-known-geometry| (Known geometry Gp) Define A to be the class of
admissible known geometries G = (X, Ao, A1, B,d, Kn), where Ay, A1 are a Borel partition of
X,

B =bd(Ap) Nbd(A;) C int(&X), d(z,z) = ||z — z||2.

For a member law P, write Ag p, A1 p for its assignment regions and write Bp = bd(Ag,p) N
bd(A1,p). Define its known design object by

Gp = (Xp, Ao,p, A1p,Bp,dp, Kn) € A.

Definition 21. [def:cty-known-geometry-signed-distance-data] (Signed-distance data
Unip(a:)) For x € Bp, define the signed distance

D}, = {1(X € Ap) — L(X € Agp)}| X — |5
and the signed-distance sample
UZp(x) = (i, D}, ;) 11 <i<n).

The known design object Gp in Definition 20 gives the rule the relevant boundary and
side labels. For an interface point x, the signed distance DliD , in Definition 21 retains the
Euclidean distance magnitude and assigns its sign according to the treatment region. Thus the
signed-distance sample Uff p() provides the one-dimensional running coordinate used by local-
polynomial RD estimators [Fan and Gijbels, 1996, Ruppert and Wand, 1994, Calonico et al.,
2014, 2020, Imbens and Wager, 2019].

The law class below is the displayed Euclidean, uniform-kernel specialization of the CTY As-
sumptions 1-2 boundary design. Its clauses have four statistical roles. The support, assignment
regions, interface, metric, and signed coordinate define the experiment and information available
to a rule. The density, regression smoothness, conditional variance, and moment bounds provide
uniform design and outcome envelopes. The population-Gram, arm-mass, distance-slice, and VC
conditions keep local-polynomial fitting uniformly conditioned along the interface. The separate
inputs Al ., 1, introduced in Definition 33, supply identification, first-order approximation, and
expected uniform stochastic control for the conditional upper bound.

Definition 22. [def:cty-al-a2-class| (A1/A2 law class Pia(p,v, L)) For integers p > 0,
real numbers v > 2, and L > 4, let Pi2(p,v, L) be the set of laws P satisfying the following
conditions.

Write Y;(0),Y;(1) for the sampled potential outcomes of observation i, and write H'(Bp) for
the one-dimensional Hausdorff measure of the common interface.

o (Sampling and consistency.) For everyn, the vectors (Y;(0),Yi(1),X;), 1 <i <n, are
independently and identically distributed,

T=1{XeAp}, Y=TY(1)+(1-T)Y(0).

10



(Rectangular support and density.) The support has the form
Xp = [zp,Tp]* C [-L, L]
The variable X has a Lebesgue density fp, continuous on Xp, such that

L™ < fp(z) < L, T € Xp.

(Smooth potential-outcome regressions.) For each t € {0,1}, the regression
pp(x) = Ep[Y () [ X = ]

has a CPT1 extension to an open neighborhood of Xp, and

o — 0~
max sup [0%u p(x)]+ max  sup 0%t p() e, p (%)
0<|e|<p zeXp 0<|e|<p p£zexp HJI - Z”Q

< L.

(Conditional variances.) For each t € {0,1}, the conditional variance
azp(x) = Varp(Y(t) | X = x)
is continuous and satisfies

L' SO’ZP(:B) <L, r € Xp.

(Moment envelope.) For eacht € {0,1} and every x € Xp,

Ep(lY ()P | X =] < L.

(Assignment geometry.) The sets Ao p and Ay p form a Borel partition of Xp, and
their known common interface Bp C int(Xp) is a compact rectifiable curve satisfying

L' <H'Bp) < L.

(Metric, kernel, and VC bound.) The known metric and kernel are
dp(x,z) = ||z — z||2, Kp.

The collection
{{zeXp:|lz—xz|2 <r}:zeXp, r>0}

is a VC class with VC index at most four.
(Population Gram lower bound.) Put
rp(u) = (Lu,... JuP) T, I =[0,00), Iy = (—00,0),
and
W pa(h) = Bp | 15 1{DF, € IYK(D, /Wry(Di, /Mry(Df /)T |
For every 0 < h < L™, every x € Bp, and both t € {0,1},

Amin(\I’t,P,x(h)) > L_l-
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e (Small-bandwidth arm mass.) For every 0 < h < L™!, every x € Bp, and both
t €{0,1},

7 [ Kol =1z = sly/m) d= > 17

e (Distance-slice density.) For every x € Bp, both t € {0,1}, and every 0 < s < L™1,
the one-dimensional Hausdorff integral of fp over

{ze A p:|z—zx|2=s}
is finite and strictly positive.

This class is the displayed L-uniformized Fuclidean-distance, uniform-kernel specialization
of the two baseline smoothness and design conditions, augmented by the displayed envelope re-
strictions and quantitative small-bandwidth thresholds.

The assumptions in Definition 22 fall into three groups. First, the support, assignment par-
tition, rectifiable interface, signed coordinate, and distance-slice conditions define the design
and the information observed by the signed-distance procedure. Second, the density, moments,
smoothness, variance, arm-mass, population-Gram, and VC conditions provide uniform out-
come, conditioning, and complexity envelopes for local fitting. Third, Al,, ;, in Definition 33
collects the identification, bias, and expected maximal inputs invoked specifically by the condi-
tional upper bound. The unconditional signed lower bound uses the fixed-geometry subexperi-
ment inside the first two groups; the stabilized estimator and conditional frontier use all three
groups.

The potential outcomes Y (¢) and deterministic treatment 7" in Definition 22 give the bound-
ary target its causal RD interpretation. The arm-specific regressions p; p support degree-p
signed-distance approximation, while the arm-specific variances az p and 2+ v moment envelope
keep the outcome scale uniform. Geometrically, the class includes compact rectifiable inter-
faces of controlled length inside rectangular supports and requires two-sided local mass and
stable signed-distance Gram matrices at every interface point. These quantitative conditions
also cover the corners of the fixed treated rectangle: Lemma 6 verifies the Gram and arm-mass
thresholds there rather than relying on a smooth-boundary shortcut.

The treatment-effect target is the jump between the two smooth potential-outcome regression
surfaces at the interface. The population local-polynomial coefficient records the signed-distance
normal equations that the estimator approximates.

Definition 23. [synth_46] (Interface treatment-effect curve 7p(x)) For a law P € Pia(p,v, L)
and an interface point x € Bp, define the treatment-effect curve by Tp(x) = p,p(x) — po,p(z),
where py p(x) = Ep[Y(t) | X = ] is the continuous conditional-mean version for armt € {0, 1}.

Definition 24. [synth_128] (Population local-polynomial coefficient SBfp . (h)) We say
ﬁ;P’x(h) is the unwinsorized population degree-p signed-distance local-polynomial coefficient

when B;Rx(h) € RP*L satisfies the normal equations

i} 1
Vopa(h) 5 palh) = Ep | 751{DF, € L}Ka(Df, /ry(DE, /W)Y |

12



The curve 7p in Definition 23 is evaluated uniformly over Bp. The coefficient in Definition 24
is a population projection onto the signed-distance polynomial basis; its intercept difference is
the population analogue of the treatment-effect estimator, and its approximation error is the
first-order bias component isolated later.

Rules in the signed-distance experiment may depend on the known geometry and the query
point through law-independent Borel sections. The risk then uses the outer expectation already
introduced for point-indexed suprema in Definition 14.

Definition 25. [def:cty-al-a2-point-indexed-decision-class| (Known-geometry rules
,fz’i) Let T2 be the class of rules for which there is one collection

{Th.c»: G is an admissible known geometry, x € RQ}

selected independently of the unknown member law, such that every fized (G, x) section is a Borel
map from (R x R)™ to R and, for every P € Pia(p,v,L), every p > 0, and every x € Bp,

P (1) = Tngpa (U, p(z)).
The imposed regularity is fired-(G,x) Borel measurability of each section.

Definition 26. [def:cty-al-a2-outer-risk] (Signed-distance minimax risk Ry (p,v, L))
Using the outer expectation K} defined in Definition 14, for p > 0 the signed-distance mini-
maz risk is

R2%(p v, L) = inf . sup Ep | sup |Tn,p(z) — 7P ()]
Fn€Th®E PePra(py,L) z€Bp

Definition 27. [synth_126] (Fixed-geometry signed-distance outer risk R}f’i’ﬁx(p, v,L)) We
define R%Q’i’ﬁx(p, v,L) as the signed-distance outer minimax risk with the law supremum re-
stricted to the fized hard geometry:

R}f’i’ﬁx(p, v,L)= inf sup
Fn€Th2E PePia(p,v,L): Xp=[-3,3]?, A1 p=[-1,1]x[0,2], Ao, p=Xp\A1 p, Bp=0A1 p, dp(z,z)=|z—2|]2, and the

The decision class T, > in Definition 25 gives procedures access to the known geometry while
keeping the section family fixed before the member law is chosen. The signed-distance risk R
in Definition 26 measures the expected worst interface error for treatment-effect estimation. The
fixed-geometry risk in Definition 27 is the same criterion restricted to the rectangular hard family,
which is the family used for the signed-distance converse in Theorem 3.

It remains to name the estimator used for the upper bound. The construction follows the
standard local-polynomial template, with three stabilizing features: outcomes are winsorized at
a bandwidth-dependent level, the empirical Gram matrix is inverted only when it has a uniform
quadratic-form lower bound, and the final treatment-effect estimate is clipped to the natural
envelope scale.

Definition 28. [def:cty-stabilized-local-polynomial-estimator| (Stabilized local-
polynomial estimator ?}LQ};LP) For B € R, define the winsorization map by

Yp(y) = sign(y) min{|y|, B}.

13



For each t € {0,1}, query point x, and bandwidth h, define
Boalh) = Z 1D5,; € L}Ka(Dg, i/Wry(Dp, o/ W)ro(Dp /1)
With B(h) = h='/3, define

i (h) nhgZl{meeIt}me%m1/h>rp<D$m/h>wB ) (Yo).

The stabilized coefficient is

t,x

32 (1) = {@t,x(h)lmfx(h), if Yo e RPFL(2L)71 Y202 <0 Wy, (R),
0, otherwise.

With e; = (1,0,...,0)", the clipped signed-distance local-polynomial treatment-effect estimator
18

ﬁlfﬁLP(x) = max{—QL, min{QL, €I(B\1ffx(h) - Bgfﬂf(h))}} '

The winsorization map t¢p in Definition 28 converts the moment envelope into a bounded-
score component at bandwidth h. The empirical Gram matrix estimates the population Gram
U, p2(h), and the fallback rule keeps the coefficient map stable on samples where the empirical
design is ill conditioned. The resulting estimator 7 hLP
distance upper result.

The following three deviation objects separate approximation, design, and score variation.
They are stated here because the main theorem collects analytic inputs in terms of these quan-

tities before applying the estimator in Definition 28.

is the concrete rule used in the signed-

Definition 29. [synth_39]| (Uniform first-order bias ratio BiasRatiop,/ 1 (hn)) For h, > 0,
define the uniform first-order bias ratio by

. . {51133;( n) = BOPx(h )} —7p(2)
BiasRatioy, ./ 1,(hn) = sup sup .

PePa(p/ L) v€Bp b,

Definition 30. [synth_62] (Uniform empirical Gram deviation GramDev,, ,, p(hy,)) For a law
P € Pia(p, v, L) and bandwidth hy, > 0, we write GramDev,, ;, p(hy,) for the extended nonnegative
sample-space random variable

GramDev,, , p(hy,) = sup sup max |V (hn)jk — Ye,pa(hn)jk| -
te{0,1} z€Bp V<5,k<p

Definition 31. [synth_63] (Uniform raw-score deviation ScoreDev,, p(h,))  Define
ScoreDevy, , p(hn) as the sample-dependent uniform centered local-polynomial score devia-
tion

ScoreDevy, , p(hy,) = sup sup

t€{0,1} z€Bp nh2 Zl{DP“ € I} Kp(D Pm/h )rp(D sz/h’ )Yi— EP[hQ 1{D € L}Kr

with the norm taken in RPTL,
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Definition 32. [synth_131] (Winsorized score score®, , ;) We say score? j

local-polynomial residual score when, for P € Pia(p,v, L), sample sizen, armt € {0, 1}, interface
point x € Bp, bandwidth h > 0, winsorization level B > 0, and coordinate j € {0,...,p}, it is
the P™-random variable

B 1 o + D% ] D% i D% ; '
SCOTC 4 hj = 13 Z 1{Dp,; € L} Kp h = |7 h : Yp(Y;) —1p T Bt pa(h)
=1 j

with BZP’I(h) the unwinsorized population local-polynomial coefficient at (t,z,h).

18 the winsorized

The bias ratio in Definition 29 measures the uniform first-order approximation error of the
population signed-distance fit. The Gram deviation in Definition 30 tracks the uniform empirical
conditioning of the local design, and the raw-score deviation in Definition 31 records the cen-
tered stochastic part before winsorization. The winsorized score in Definition 32 is the bounded-
envelope score component used by the maximal inequality in the upper-bound appendix. These
objects place the later risk result in the usual bias, design-stability, and empirical-process de-
composition for local-polynomial RD estimators [Fan and Gijbels, 1996, Ruppert and Wand,
1994, Calonico et al., 2014, 2020, van der Vaart and Wellner, 1996].

5 Main Results

The results now put the two distance-compressed experiments on a common risk scale. The
unsigned problem uses the nonparametric regression class and distance data introduced in Def-
initions 9 and 10; the signed problem uses the known-geometry law class, signed-distance data,
and treatment-effect risk in Definitions 21, 22 and 26. Throughout the section, the normalizing
sequence is the rate a, in Definition 8.

The first result is the same-class converse for the unsigned common-map experiment. It
evaluates exactly the decision class in Definition 11 under the completed-expectation risk in
Definition 12.

Theorem 1. [thm:cty-same-class-log-converse| (Same-Class Log Converse) For every in-
teger ¢ > 1 and every L > 4, there exists a constant cory = ccry(q, L) > 0 such that, for the
common-map minimaz risk RNY in Definition 12 and a, = (logn/n)'/4,

n O\ Y4 RNP
lim inf ( > R,l\LIP = liminf —2— > coTy.

n—o00 ogn n—o0  Ap
The theorem establishes that a single law-independent distance rule incurs expected bound-
ary sup-loss at least of logarithmic order a, over Pxp(L,q). The packing calculation behind
the rate is easiest to read from the separated boundary construction used in the appendix. If
the signal amplitude is A, then the construction places M = A1/ active locations along the
boundary and uses cells with area scale w? = A2/4. Unsigned distance compression leaves each

coordinate with information of order nA%, so the many-coordinate testing barrier is calibrated
by

logn>1/4

n

nA* =< log M, hence A= <

The smoothness order ¢ affects the packing constants and the geometric calibration of w, while
the exponent is governed by the fourth-order distance-compression information calculation. In
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the signed-distance local-polynomial results below, the polynomial order p likewise affects con-
stants and regularity thresholds while the displayed rate normalization remains a,.

The next result carries the same logarithmic converse to the point-indexed unsigned class.
The point-indexed class in Definition 13 permits a separate Borel section at each query point,
and the risk is evaluated with outer expectation as in Definition 14.

Theorem 2. [thm:point-indexed-distance-log-converse] (Logarithmic Distance Converse)
For every g € N and L € R satisfying ¢ > 1 and L > 4, there exists a constant cpy = cpi(q, L) >
0 such that, with R the point-indexed outer-expectation minimaxz risk in Definition 14 and
ay, = (logn/n)'/*,

n— 00 n—0o0 QA

1/4 RP!
lim inf ( ) RSI = liminf — > cp1.

logn

Thus the lower-bound scale is a property of the unsigned distance information itself, even
when the rule may choose its measurable section point by point. Outer expectation in this
statement is the same measurable-majorant criterion introduced in Definition 14, which is the
standard way to state uniform risks over potentially nonseparable boundary index sets [van der
Vaart and Wellner, 1996].

The signed-distance lower bound uses the known-geometry experiment in Definitions 25
and 26. It is stated for all local-polynomial orders after an envelope threshold that depends on
the order.

Theorem 3. [thm:cty-al-a2-point-indexed-log-converse-all-orders| (Point-Indexed
Log Converse) For every nonnegative integer p, there exists a real number Ly = Lo(p) such
that:

(Envelope threshold.) Ly > 48.

(Moment exponent.) v > 2.

(Uniform envelope.) L > Ly.

(Risk definition.) REY* (p,v, L) is the signed-distance minimaz risk in Definition 26.

(Fized-geometry risk.) R}f’i’ﬁx(p, v, L) is the infimum over the same known-geometry

point-indexed decision rules of the same worst-case outer-expected interface sup-loss,
with the law supremum further restricted to laws in Pia(p,v, L) satisfying the fized
hard-geometry condition.

For every v and L satisfying these conditions, there exists a constant ¢ = ¢(p,v,L) > 0 such
that, writing a, = (logn/n)'/4,

12,+
' L
lim inf a;lR}?’i(p, v, L) = liminf M

)

n—00 n—00 an
and 12,4 12,4+ ,fi
Ry v, L o Ry (p,v, L
cghmlnfw, ¢ < liminf == (P, v, )
n—00 an n— 00 an
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Theorem 3 establishes the same logarithmic lower scale for the known-geometry signed-
distance minimax risk. The second inequality records that the lower bound is already present
inside the fixed rectangular geometry from Definition 27. Consequently, the converse is calibrated
by a concrete Euclidean boundary experiment rather than by variation over arbitrary interfaces.

The upper result for the signed-distance experiment combines the estimator in Definition 28
with three analytic inputs. These inputs are distance identification, uniform first-order bias con-
trol, and expected maximal inequalities; every signed-distance upper or matched-rate statement
below is conditioned on this collection.

Definition 33. [synth_139] (Analytic inputs for the signed-distance upper bound) Define
Al,.. 1 as the following three signed-distance analytic inputs used by the expected-risk upper
bound.

e (CTY distance identification.) For every A1/A2 law P and metric d, the support is
rectangular, the density is continuous and positive on the support, both potential outcomes
are integrable, both arm regressions have CP*1 extensions, the boundary is a positive-length
rectifiable curve, d is a metric uniformly equivalent to Euclidean distance on the support,
and every sufficiently small positive armwise distance slice at every boundary point has
finite positive density mass. Under these conditions there is one source-coherent selected
conditional law of the observed outcome given signed distance, with armwise mean versions
01,00 whose one-sided limits at zero satisfy

Tp(x) = 11}?01 01(u) — ll}% Oo(u).

e (Uniform first-order bias.) There is C, > 0, depending only on p, L, such that for
every V' > 2 and every positive antitone deterministic sequence hy, — 0 with nh? — oo,

lim sup BiasRatioy, .+ 1,(hyn) < Ch.

n—o0

e (Expected maximal bounds.) There is C,, > 0 such that, along every positive deter-
ministic hy, — 0 satisfying

n1+v)/(2+v) 2

D7 't

log(hn™)
all sufficiently large n and every P € Pia(p,v, L) satisfy

— 00,

log(hn*
Ep[GramDev,, , p(hy)] < Cr, Ogn(hg)
and
. log(hn ") log(hy,")
<
E}b[ScoreDevy, p, p(hy)] < C, nhZ R+ /CH 2

The three components of Al,, ,, 1, are statistical assumptions with distinct roles. Identification
connects the one-sided signed-distance conditional-mean limits to the boundary treatment-effect
curve [Cattaneo et al., 2026]. Approxzimation bounds the population local-polynomial intercept
error uniformly at first order in the bandwidth [Fan and Gijbels, 1996, Ruppert and Wand,
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1994]. Stochastic control bounds the expected uniform Gram and score deviations over arms,
boundary points, and laws [Vapnik and Chervonenkis, 1971, Pollard, 1984, van der Vaart and
Wellner, 1996]. The next proposition is conditional on all three displayed inputs and derives the
expected-risk rate for the stabilized estimator from them.

Proposition 1. [prop:cty-al-a2-winsorized-expected-outer-upper]| (Expected Outer Up-
per Bound) Let p > 0 be an integer, let v > 2, and let L > 4. Assume:

e (Distance identification.) For every A1/A2 law P, every distance map d, and every
x € Bp satisfying the CTY identification assumptions at order p, there are signed-distance
conditional-mean versions 01,0y : R — R and one-sided limits 61(04) and 6y(0—) such
that

Tp(l’) = 91(0-1—) — 90(0—).

e (Uniform first-order bias.) There is a constant Cy > 0, depending on p and L, such
that for every v/ > 2 and every positive antitone deterministic bandwidth sequence h, with
hy, — 0 and nh? — oo,

lim sup BiasRatioy, ./ 1,(hyn) < Ch.

n—o0

e (Ezxpected maximal bounds.) There is a constant Cy, > 0 such that, for every positive
deterministic bandwidth sequence h, with h, — 0 and

n(1+v)/(2+v) h%
log(hn")
the following bounds hold for all sufficiently large n, uniformly over P € Pia(p,v,L):

— 00,

log(hn*
Ep[GramDev,, , p(hn)] < Cr, Ogn(hz)’
and
. log(hy ') log(h,,")
Ep[ScoreDevy, p, p(hy)] < Cy, nhZ n(+)/ 40 2

With a, = (logn/n)'/* as in Definition 8, take the bandwidth h, = a, and the winsorization
level B, = an 3 in the winsorized, Gram-stabilized signed-distance local-polynomial estimator

clipped to [—2L,2L]. Then there are constants C > 0 and N such that, for every n > N,

sup Ep < Cap.

P€P12 (p’V7L)

sup
rEBp

_12,LP
Tt (z) — TP(I)’

The proposition gives a concrete signed-distance procedure with expected outer risk bounded
by a constant multiple of a,,. The bandwidth choice balances the first-order signed-distance bias,
of order h,,, with the uniform stochastic scale {log(h,’1)/(nh2)}*/2. At h,, = a,, both terms have
order a,, and the additional heavy-tail term in the assumed maximal bound is controlled under
the displayed moment condition. The winsorized-score lemma used in the appendix supplies
the bounded-envelope score component needed for this decomposition. The full proposition
additionally uses the assumed uniform Gram control and the assumed raw-score, law-uniform,
heavy-tail maximal bound with exponent nH0)/(2+0) g6 the displayed expected-risk conclusion
is tied to the full collection Al,,, ;, in Definition 33.
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Conditional signed-distance frontier. Under the analytic inputs in Definition 33, the
signed-distance lower and upper statements combine to yield the matched outer-expected rate
over Pia(p, v, L).

Theorem 4. [thm:cty-al-a2-winsorized-matched-frontier| (Matched Frontier Rate) For
every integer p > 0, there exists a constant Lo > 48 such that, for everyv > 2 and every L > Ly,
the following conditions imply the frontier conclusion below:

e (Distance identification.) For every A1/A2 law P, every map d satisfying the CTY
identification assumptions for p and P, and every x € Bp, there are selected source-
coherent signed-distance conditional-mean versions 61,0y : R — R whose right and left
limits at zero exist and identify

Tp(x) = 1&&)1 601 (u) — 111%1 Oo(u).

e (Uniform first-order bias.) There is a constant depending only on p and L such that,
uniformly over every ' > 2 and every positive antitone deterministic bandwidth sequence
hy, — 0 with nh? — oo, the finite limsup of the normalized uniform first-order bias ratio
is bounded by that constant.

e (Ezxpected maxrimal bounds.) For this p,v, L, there is a constant Cyax > 0 such that,
along every positive bandwidth sequence h, — 0 with

n(1+u)/(2+u) h721
log(hn)

for all sufficiently large n and every P € Pi2(p,v, L), the expected outer Gram-deviation
supremum satisfies

— 00,

N ~ log(hyt
IEP sup sup sup \I’t,x(hn)jk - \I’t,P,:Jc(hn)jlc‘ < Chax ( ;L ))
te{0,1} z€Bp jk nhz
and the expected outer centered raw-score supremum satisfies
- log(hn ') log(hy, ")
E%L| sup sup |[|[miz(h,) —m h < Cax L
F te{OI,)l} ;ceBI; [0 (Fe) o)l | < O nh3, n(+v)/(2+v)p2

Then there exist constants ¢ and C with 0 < ¢ < C such that, for the signed-distance minimax
risk R,lf’i(p, v, L) of Definition 26 and a, = (logn/n)'/*,

12,+ 12,+
o ’ v, L . ’ v, L
¢ < liminf R (p, v, L) < lim sup Ry (p, v, L)
n—oo (279 n—00 an

<C.

Moreover, the explicit winsorized, Gram-stabilized degree-p signed-distance local-polynomial es-
timator with bandwidth h, = a, and winsorization level B, = aﬁl/B, clipped to [—2L,2L], has
uniform outer risk over P € Pia(p,v, L) satisfying

~12,LP
SUD pep ) B [S0Pacs,, [Fran () = 7o (a)]|

<C.

lim sup
n—oo an
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Under the analytic inputs in Definition 33, Theorem 4 characterizes the signed-distance
known-geometry minimax risk up to constants under the same envelope threshold as the lower
bound. The lower inequality is supplied by Theorem 3, while the upper inequality is attained
by the explicit winsorized, Gram-stabilized local-polynomial estimator from Definition 28. The
result places the signed-distance experiment on the logarithmic expected outer-risk scale a,
for every fixed polynomial order p, moment exponent v > 2, and envelope L above the stated
order-dependent threshold, with the upper side governed by the three analytic inputs.

6 Discussion and Extensions

The preceding results separate two roles of distance in boundary regression designs. For the
unsigned experiment, Theorems 1 and 2 establish logarithmic lower bounds for boundary sup-
loss when the rule observes only outcomes and scalar Euclidean distances from the query point.
The common-map statement applies to the decision class and completed-expectation risk in
Definitions 11 and 12, while the point-indexed statement applies to the sectionwise Borel class
and outer-expectation risk in Definitions 13 and 14. These conclusions identify an informa-
tion barrier created by unsigned distance compression over the compact bivariate law class in
Definition 9.

The signed-distance experiment has a different information set. There the rule observes
signed distances generated by the known geometry in Definitions 20 and 21 and is evaluated
over the A1/A2 law class and risk in Definitions 22 and 26. Assuming the analytic inputs
collected in Definition 33, Proposition 1 and Theorem 4 combine the signed-distance lower bound
with the stabilized local-polynomial upper argument to obtain a two-sided expected outer-risk
rate. The role of Cattaneo et al. [2026] is therefore most direct in the signed design: their
distance-identification framework supplies the population interpretation of the one-dimensional
signed-distance coordinate, while the conditional result here packages the displayed inputs with
the new lower bound and stabilized estimator.

The common normalization a, = (logn/n)*/* in Definition 8 indexes different delivered ob-
jects across the two experiments. The unsigned experiment has unconditional common-map and
point-indexed lower bounds: many separated boundary perturbations remain difficult because
scalar distance hides their angular locations and treatment sides. The signed experiment has
an unconditional fixed-geometry lower bound and, under the three inputs in Definition 33, a
conditional upper bound attained by a procedure that uses the treatment side, known bound-
ary geometry, and local-polynomial structure. Accordingly, the shared normalization compares
lower scales; a two-sided rate conclusion is available here for the signed experiment conditional
on Al,, 1.

The signed-distance result is stated for the known Euclidean geometry in Definition 20 and
the one-dimensional uniform kernel in Definition 19. The law class in Definition 22 imposes rect-
angular support, bounded continuous density, smooth potential-outcome regressions, continuous
variances, a 2 + v moment envelope, rectifiable interior interface, two-sided small-bandwidth
mass, and a population Gram lower bound. These conditions describe the boundary designs for
which the signed-distance local-polynomial estimator has uniformly controlled bias, stable local
design matrices, and expected stochastic fluctuations. They also align with the geographic RD
setting in which boundary location and treatment side are part of the design information [Keele
and Titiunik, 2015, Keele et al., 2015, Keele and Titiunik, 2016, Kendall et al., 2026].

The Fuclidean and envelope restrictions also clarify the intended empirical interpretation.

1/4
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Geographic RD applications often use distance to a boundary as a practical running coordi-
nate while retaining design knowledge about assignment regions and local geography [Papay
et al., 2011, Reardon and Robinson, 2012, Wong et al., 2013, Choi and Lee, 2018, Diaz and
Zubizarreta, 2023, Sawada et al., 2024, Merlano, 2025]. The signed-distance analysis formalizes
that information set through the known-geometry class, whereas the unsigned analysis formal-
izes a more compressed experiment in which angular and side information are absent from the
observation available at a query point. The results therefore organize comparisons by the data
transformation and target risk, rather than by a universal ranking of distance-based empirical
strategies.

Open questions. The unsigned results in Theorems 1 and 2 are lower bounds only and estab-
lish no matching unsigned upper bound here. The signed-distance matched rate in Theorem 4
is conditional on Al,, 1, so a fully self-contained derivation of the signed-distance upper in-
gredients within the same displayed law class remains an open direction. Further extensions
include non-Fuclidean metrics, kernels beyond K, alternative interface regularity classes, and
risk criteria adapted to inference rather than uniform expected loss.

Appendices

A Direct-Product and Support-Boundary Lower Bound

This appendix records the finite-experiment ingredients used to derive the unsigned logarithmic
lower bounds. The argument has two components. The first is an overlap product inequal-
ity for many binary coordinates after each coordinate has been compressed. The second is
a support-boundary hypercube inside the nonparametric class of Definition 9, constructed so
that the boundary regression values differ at many separated points while the corresponding
unsigned distance experiments remain close coordinate by coordinate. These ingredients yield
the common-map converse in Theorem 1; after the strict inclusion statement below, the same
construction yields the point-indexed converse in Theorem 2.

The direct-product step is stated abstractly because the same form is also useful for the
signed-distance lower experiment. It converts many small coordinatewise overlaps into a lower
bound on the probability of at least one decoding error.

Lemma 1. [lem:coordinatewise-overlap-direct-product| (Coordinatewise overlap prod-
uct) Fiz an integer M > 1. Assume the following conditions.

e (Spaces.) The spaces carrying Zo, Z1, ..., Zy, S1, ..., Sy are standard Borel.

e (Binary coordinates.) The variables Q,...,Q are independent and uniformly dis-
tributed on {0,1}.

e (Conditional product structure.) Conditionally on (,...,9Q), the variables
20,21, ..., Zn are independent, the law of Z; depends only on €; for 1 < j < M, and
the law of Zy is independent of (1, ..., Q).

e (Compressed coordinate decoding.) For each j, S; = ¢;(Z;) for a measurable map
¢;j. The decoder ; is a measurable {0, 1}-valued function of (Sj,(Z1,...,Zm), Zo) and is
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unchanged when its raw coordinate vector is altered only in coordinate j while (Sj, Z_;, Zy)

is fixed. Define

Qjp = L(S; | =0), pi =1=1Qj0— Qj1lTv.

Then every such decentralized decoder satisfies

M
1+ ] = p))

j=1

Pr{ﬁj = Q; for every j} <

N =

Moreover, for every real kK < 1, if
KL(Qj,0,Qj,1) < max{xlog M,0} for all j,

then
1
Pr{at least one decoding error} > 5 [1—exp{—M"'""/2}].

Proof of Lemma 1. Write S; for the measurable space carrying S;, and let g; be the measurable
map representing the jth decoder, so that

O = g;(S;, (Z1s .-, Znn)s Zo),

and so that the invariance hypothesis reads: for every s € S;, every zp, and all raw vectors z, 2’
with z;, = z;, for every k # j,
gj(57 Z, Zo) = gj(sa Z,a 20)'

The two laws compared at coordinate j are the compressed conditional laws Q;, = L(S; | ; =
b) of Definition 1, and p; = 1 —||Qj,0 — @j,1|/Tv with the total variation distance of Definition 7.
Since 0 < ||Qj,0 — Qj1llTv < 1, we have 0 < p; <1 for every j.

Step 1: a coordinatewise coupling whose compressions agree with probability p;j. The raw
bit-conditional law at coordinate j is £(Z; | ; = b), and Q) is its image under ¢;. Let K; be
the common part of Q0 and @ 1, that is, the measure on S; with density

awK { dQj0 dQ; }
d(Qj0 + Qj,1) d(Qj0+ Qj1) d(Qjpo + Qj1)

with respect to Qo + Qj,1. Its total mass is

Ki(Sj) =1—1Qj0 — QjallTv = py,

because min{a, b} = {a+b—|a —b|}/2, both densities integrate to one, and half the L' distance
between them is the total variation distance.

Each residual Q0 —K; and @Q;1 —K; then has total mass 1 —p;. When p; < 1, the maximal
coupling of Qj0 and @; 1 is the law on §; x S; given by

(image of Kj under s +— (s, s)) +(1- pj)_l{(Qj’o —Kj) x (Qj1 — le)},

and when p; = 1 it is the image of ;0 under s — (s,s). In both cases its two marginals are
Qjo and @Q; 1, and its diagonal carries mass at least K;(S;) = pj.
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Because all the spaces are standard Borel, the regular conditional distributions of Z; given
¢j(Z;) exist under both raw bit-conditional laws; feeding the two coordinates of the maximal
coupling into them produces a law C; on pairs of raw coordinate blocks, whose coordinates we
write (Z?, Z}), such that

L(Z)=L(Z;|=0), LZH=LZ|94=1), C{4Z)=c¢Z)} >0

The first two equalities hold because the lift preserves each marginal, and the third because the
image of C; under (z,2’) — (¢;(2),¢;(2')) is exactly the maximal coupling above, whose diagonal
has mass at least p;.

Step 2: the coupled experiment reproduces the original one at every vertex. Let C be the
product of the coordinatewise couplings, that is, the law of the array (ZJQ, Z })13]-3 M determined
by

M
j=1

and let R = L£(Zy), which by the conditional product structure does not depend on (21, ..., Q7).
Write R x C for the law under which Zj has law R and is independent of the array. For a vertex
w € {0,1}M define the selected raw vector by

Zj(w) = 2, 1<j<M.

Since the two marginals of C; are the two raw bit-conditional laws at coordinate j, the selection
map pushes C forward to the product over j of L(Z; | 2; = wj), so that

ﬁ(Z(],(Zl(OJ),...,ZM(w))) = ,C(Zo,(Zl,.. ,ZM) | Q= w),

which is precisely the conditional product law assumed in the statement.
Consequently, writing

Gw) = {gj(cj(Zj(w)), (Z1(w), ..., ZM(w)),ZO) =wj for every 1 < j < M}
for the simultaneous-correctness event at the vertex w, the uniform hypercube prior gives

Pr{ﬁj = Q; for every j} =27M Z (R x C)(G(w)).
wE{O,l}NI

Step 3: the total-disagreement event. Let
N = {cj(ZJQ) # cj(Z}) for every 1 < j < M}
be the event that every coupled coordinate has unequal compressed values. It is a product event
across coordinates, so Step 1 gives

M M M
C(N) = ch{cj(zjo) #c;(Z])} < HHQJ',O —Qj1llTv = H(l - pj),

j=1 7=1 7j=1

each factor being the complement of an event of probability at least p;.
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Step 4: a pointwise bound on the number of correctly decoded vertices. Fix one realization of
Zy and of the coupled array (ZJQ, Z ]1) j<m- We claim

Z 1{G(w)} < 2;\/[(1 +1n).

we{0,1}M

On N this is immediate: each of the 2™ indicators is at most one, and the right-hand side equals
2M,

Off N there is a coordinate j with cj(Z?) = cj(Z]l). Let w¥) be w with coordinate j flipped.

Selection at a coordinate k # j reads the same bit under w and w?), while at coordinate j the
two selected blocks have equal compressions by the choice of j; hence

Zu(w) = ZewD) (k£ ¢(Ziw) = ¢(Zi(@V).
The invariance hypothesis applied to these two raw vectors therefore gives

95 (cj(Zj(w)), (Z(w))kerrs Zo) = g5 (¢c;(Z;(w)), (Zu(WD))r<nr, Zo),

so this single value cannot equal both w; and w](-j )1 wj, and consequently

1{Gw)} + 1{GWY)} <1 for every w € {0,1}M.

Summing this over all w and using that w + w¥) is an involution of {0,1}* hence a bijection
under which the sum is unchanged,

23 1{Gw)} =D (1{G(w)} + 1{G(w Z 1=2M

w

that is, > 1{G(w)} < 2 /2, which is the claim off N.
Step 5: the simultaneous success bound. Integrating the pointwise bound of Step 4 against
R x C and using Step 3,

M
Y (Rx0O)(G /21{(; V(R % C) <—{1+C }<7 Hl—p]

we{0,1}M

Dividing by 2™ and inserting the identity of Step 2 gives the first assertion,

1
Pr{Q = () for every j} 5 1—|—H1—pj

Step 6: calibrating the product by the Kullback—Leibler budget. Fix a real K < 1 and assume
KL(Qj0,Qj,1) < max{xlog M,0} for every j.

Since M > 1 we have log M > 0, and we split on the sign of k.

If Kk > 0, then klogM > 0, so max{xlogM,0} = klogM and the budget reads
KL(Qj0,Qj1) < klog M. The Bretagnolle-Huber overlap bound applied to the pair (Q; 0, Qj,1)
states

1
5 oxP{=KL(Qj0,@Qj1)} =1 = [[@j0 — Qjalirv = pj,
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so monotonicity of ¢ — exp(—t) together with the budget gives
1
pj > iexp{—ﬁlog M} for every 1 < j < M.

Every factor 1 — p; is nonnegative, so the elementary inequality 1 — ¢ < exp(—t) applied coor-
dinatewise and then the common floor just obtained yield

M M

1
[T =p) <exp{ = pjp <exp {—M 5 exp(—rlog M)} = exp{—M"""/2},
j=1 j=1

the final equality because M exp(—rlog M) = M'~*,

If k < 0, then klog M < 0, so max{xlog M,0} = 0 and the budget forces KL(Qj;0,Q;1) = 0,
hence Q0 = Q1 and ||Qj0—Qj1][Tv = 0, that is, p; = 1 for every j. Since M > 1, the product
below has at least one factor, so

M

L[t = pj) =0 < exp{—M""7/2}.
j=1

Step 7: passing to the error probability. Write p = Hjjvil(l — p;) and e = exp{—M*~"/2}.
Then 0 < p, because every factor is a total variation distance; e < 1, because M=% > 0; and

p < e by Step 6. Hence
1 1 p—e
—(1-— —(1 =1+—<1
JA-o+o0+p) =1+ <1,

so subtracting the success bound of Step 5 from one gives

~ 1
Pr{at least one decoding error} = 1 — Pr{Q; = Q; for every j} > B [1- exp{—Ml_“/2}] .
Finally, along any sequence M, — oo with x < 1 fixed, M!™® — oo and hence
exp{—M_!="/2} — 0, so the displayed lower bound is 1/2 — o(1). O

The invariance requirement in Lemma 1 matches the distance-compressed experiment: when
a rule estimates the value attached to coordinate j, the information about the jth perturbation
that remains after compression is summarized by S, while the remaining raw coordinates and the
background block may be held fixed. The total-variation overlap coefficient measures how often
the compressed coordinate laws can be coupled to agree. The Kullback—Leibler consequence
gives the logarithmic calibration used in the boundary packing, in the same testing spirit as
standard minimax lower-bound arguments [Stone, 1982, Tsybakov, 2009].

The next statement supplies the geometric and probabilistic certificate for the unsigned law
class. It places many separated locations on the boundary of a square support and assigns one
binary regression perturbation to each local half-disc.

Lemma 2. [lem:cty-support-boundary-angular-packing| (Angular Packing Certificate)

For every integer ¢ > 1 and every envelope L > 4, there exist constants

Cchlacaycq—ZaCradaa>0) o < gv

such that, for all sufficiently large n, writing a, = (log n/n)1/4, there are an integer M,, a
radius wy, a mass my, boundary points xi,...,xn,,, laws P, indexed by w € {0,1}M”, and
values wuj o, u;1 such that:

25



(Packing size and scale.)

coa; 1 < M,, coallt <w, < ctal/d.

(Boundary packing.) With S = [—1/2,1/2], each x; lies on bd(S), and for i # j,

lzs — 252 > cyay/?.
The cells C; = Ba(zj,w,) NS are pairwise disjoint.

(Model class and support.) For every w € {0,1}Mn the law P,, belongs to Pxp(L,q)
and has covariate support S.

(Cell masses.) For every w and every j,

Pw(X € CJ) = Mp.

(Local dependence on one bit.) If w; = w’, then the restricted laws of (Y, X) on the

cell C; agree under P, and P,y. The restricted laws of (Y, X) on S\Uj]\/i"1 C; are the same
for all w.

e (Boundary signal.) For every w and j,
pp,(Tj) = Ujw,, luji — wjol > cran.

¢ (Radial invariance.) Let w9 be w with coordinate j flipped. For everyw and j, the laws
of | X — xj||2 under P,, and P, agree. Moreover, the corresponding one-point distance
laws agree after restriction to radii zo > CradGnp.

e (Compressed-distance KL bound.) For every w and j,
KL (»CPW {Vn,Pw (xj)}’ ﬁPw“) {Vn,Pw(j) (l‘])}> pye! IOg M, .

Proof of Lemma 2. Fix ¢ > 1 and L > 4, and write S = [-1/2,1/2]2.
Step 1: the fized profiles. Let ¢ : R? — [0,1] be the normalized radial bump, that is, the
smooth radially symmetric function with

p(0)=1, 0<p<1l,  ¢(z)=0 whenever [z|2>1,

and let U : R — [0, 1] be the smooth transition function, which vanishes on (—o0,0] and equals
one on [1,00). For each integer j > 0, fix a nonnegative derivative envelope b; satisfying

ID7p(2)|| < b; for every z € R2.

These envelopes are finite fixed constants attached to the bump profile.
Step 2: the constants. Define the smoothness-dependent derivative scale and the one-
observation divergence constant by

q
Dy =1+q+1310720+ Y b;,  Cki = 1310720,
=0
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and set

1 1
co= — c]=—
0 ’ ' 1024D,

Cuw

:cjljzl7 crad:§, a=—.

Since every b; > 0, the scale Dy is finite and satisfies
Dq > 17 Dq > q, Dq > CKL-

Hence all six constants are positive and a = 1/16 < 1/8.
The three displayed inequalities give the divergence budget used below:

256 ¢ C1, < 256 D} < (1024D,)*,

the first step because ¢ < D, and Ck1, < Dy, the second because D, > 1.
Step 3: the eventual regime. With a, = (logn/n)'/* as in Definition 8, set

1
— gl/a 5 = In M, = .
W= O = 094D, "= | 12w,

Because a,, — 0, for all sufficiently large n we have n > 2, a,, < 1, and

1 1
0<w"§ﬂ’ 0<d, <-.

(02¢)

Moreover, since nai = logn,

logn < logn

CkL ot =C
KL O = KL 1024D,)1 = 256 ¢

by the budget of Step 2,

while M,, > 1/(24w,,) = %a,fl/q gives log M,, > %qlogn — o(logn); hence, enlarging n once

more,
n CKL 57% S « log Mn.

Finally, for every r > ¢raqan = a,/8,
r
because Dy > 1 makes 166,, = a,,/(64D,) < a,/64 < 1r/8.
Fix any n in this eventual regime; all remaining claims are verified at that n.
Step 4: the packing points and cells. Take the equispaced grid on the middle half of the lower

edge of S,
1 J 1 .
— _— —_— — — :1 . /\4
SC] < 4+2(7‘[n+1)’ 2)7 J ’ 9 n

and let C; = Bo(x;,w,)NS as in the statement, with By the closed Euclidean ball of Definition 3.
Each z; has second coordinate —1/2 and first coordinate of modulus strictly below 1/4, so z; €
bd(S); and since w, < 1/24, each C; is the closed upper half-disc {z € Ba(zj,w,) : 22 > —1/2},
where z = (2(1), 2(2)).
From the definition of M,,, M,, < 1/(12w,). The small-radius bound w,, < 1/24 also gives
1 <1/(12w,), and therefore
1 1 1

< = .
- 12w, + 12w, 6w,

M, +1
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Thus the grid spacing obeys

1
By, < ———
Yn =90, 1 1)

so that for i # j

i — @jll2 = 3w > wp = Cuay,

and the closed cells C;, C}, of radius w, around centers at distance at least 3wy, are disjoint.

+

The radius bounds c;ai/ <, < cf;ai/ 7 hold with equality since ¢

wy, < 1/24 forces 1/(12wy,) > 2, and |u]| > u/2 for u > 2, so

= 1. For the packing size,

1 1 _ _
My > g = sran /= coar /1.

Step 5: the laws P,,. Fix w € {0,1}M=. Define the regression profile on R? by

Wn,

1 20 U T —xj
Mw($):§+?+zwj5n80 ;
j=1

and the design density on S by

20 — g

My,
T . Z Tj,
fol@) =1+ S wita(lz = zille) w5(@),  wj(@) = To—mylp’ 7
j=1 0, T =xj,

where the radial tilt is

20p @ wLneo Xn(T) -
tn(r) = = maf{r/&)Sén} ) X”(T)_\I’<645n _1>’

and e, is a unit vector of R? (the bump is radial, so the choice is immaterial). Let P, be the
joint law on observation coordinates obtained as follows. Its X-marginal is the measure with
Lebesgue density f,1g, and at score x the outcome kernel is the probability measure

pro (@) N (1, 1) + {1 — o () } N (0, 1).

Equivalently, P, is the image under (z,y) — (y,x) of the product-kernel measure generated by
this X-marginal and this outcome kernel. The declared regression and variance profiles of the
resulting law are

pe,(2) = po(x), o, (2) =14 po(@){1 = pu(2)}.

They are X-marginal-almost-everywhere versions of the conditional mean and variance in the
sense of Definition 9. Since |z())| < 1/2 on S, the bumps have disjoint supports Bo(xj,wy,), and

o < 1/8,
1 1 1 11 3
S<I o< <4 —46, <2
1S5 g Ste@ =gty forzes,

so the mixture weight is legitimate and the clipping of 1, to [0, 1] needed off S, and to [1/4,3/4]
used in Step 10, are both silent on S.
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Step 6: model class, support, and cell masses. The angular tilt obeys |t,(r)r;(x)] < 1/4
uniformly, and the bumps attached to distinct centers have disjoint supports, so

3 5
C<h@<d wes)
whence L~! < f, < L for L > 4; f, is continuous on S, and S is compact with S C [~L, L]?
and with bd(S) Lipschitz-parametrized by [0,1]. The conditional variance 1 + p,(1 — p,) is
continuous and lies in [1,5/4] C [L ™1, L]. Finally, for 0 < j < g,

b; ;b

ntn’ by = (anw?) 1024D, " 1024D, =

n

using wi = ay, w, < 1 and b; < Dy; since the jth derivative of the localized bump d,p((- —
z;)/wy) is bounded by &,w,”b;, these bounds give || D’ || < L on S for 0 < j < g— 1 together
with L-Lipschitz continuity of DI 'y, that is

te € HY(S, L)

in the sense of Definition 4. Consequently P, € Pxp(L, q) as in Definition 9, with Xp, = S.

For the cell masses, the only w-dependent part of f,, on Cj is wjt, (|| — xj]]2)k;(z), and
reflecting C; in the vertical line through x; changes the sign of x; while fixing ||z — x;||2; hence
that term integrates to zero over C; and

Pw(X S C]) = Leb(C'j) = Mp,

where m,, = Leb(C7) is common to all j because the cells are translates of each other along the
lower edge.

Step 7: locality in one bit. The functions ¢((- — z;)/wy,) and t,(||- — z;||2)xi(-) vanish outside
By(x;, wy), and the cells are pairwise disjoint. Therefore, on C; both f,, and ., depend on w
only through w;, so

. — / —
wi=wj = Pulixecy = Polixee,y

21

and on S\ |J; Cj we have fo=1and py(z) = 5 + %, s0

for all w,w’.

Polixesw, e = Porlixeswu, o

Step 8: boundary signal. Put

1 al)
U0 =g+ J?’ uj1 = ujo + .

At zj every bump attached to another center vanishes, because ||z; — ;|2 > 3wy, > w, for i # j,
while ¢(0) = 1; hence

Br, (T5) = Ujw; s [uj1 — wujol = 0p = c1an.

Step 9: radial invariance. Let wU) be w with coordinate j flipped. For every measurable
A C [0, 00), the reflection of Step 6 applied to the annular slice {z : || —z;[|2 € A} again cancels
the w;-dependent density term, so

Lp, (I1X = zjll2) = Lp_, (1K = ll2).
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For the tail statement, fix r > c¢paqan,. The last display of Step 3 gives 165, < r/8, so
r/(646,) —1 > 1 and r/8 > 84,; therefore the cutoff is fully active,

169, o (Leo) |

xn(r) =1, tn(r) = "

Let A C [¢raq@n, 00) be measurable and let

Dja= {x € Ba(xj, wy) : 2@ > —%, |z —xj]2 € A}

be the part of the cell C; on which the two vertices differ. Assume w; = 1, so that wj(.j ) = 0; the
reverse case is symmetric. On Dj 4 the difference of the two outcome-weighted densities is

2

1
ook = ot Futr = 0o (ca) + {2 + (o) } tn(r)wj(@), v =z =gl

because on the cell all other bumps and angular corrections vanish. Splitting the brace into the

(1)
radius-only part 3 + % +0np(4-€o) and the remainder %(a?(l) - l'g-l)

Jp.  9(r)k; = 0 by the same horizontal reflection, and the second contributes
7,A

), the first part contributes

$(1) — X r
J 2 r 2
/ ———ta(r) K;(2) d:n—/ Sto(r) kj(x)* dx = —/ 25n90<17€o> kj(x)” de.
Dj.a 8 Dja 8 Dj.a "

Since the average of m? over each half-circle {||z — 2|2 = r, ? > —1/2} equals 1/2, the two
remaining terms cancel:

/ (waw = M) fw(j)) dx = 0.
Dj a

Together with the equality of radial slice masses this says that, for every measurable A C
[Crad@n, 00), the two experiments assign the same mass and the same conditional-mean mass to
the slice {||X — xj[|2 € A}; since the outcome mixture is determined by its conditional mean,
the restricted one-point distance laws agree:

Lp, (Y. [IX = ]l2)

= ﬁPw(j) (K HX - $j|’2)

{22 Zcradan} {22 Zcradan}

Step 10: the compressed-distance divergence. Below the fully active radius the same cancel-
lation is replaced by a localized setwise bound. For every measurable A C [0, c0),

/ fhe, dPX — / 1) AP,
(1X—a;]l2€A} {1X |24}

where PX denotes the covariate marginal: outside the radii » < 2 - (85,)/(1/8) = 1286, the
cutoff is fully active and Step 9 gives exact cancellation, while on those radii the uncancelled
increment is bounded by the bump amplitude per unit radial mass. Moreover, since f, < 5/4
and a disc of radius R has area mR? < 4R?,

< 6n Pu([| X — ]2 € AN [0,1285,)),

P,([|IX —z4]l2 < R) <5R*  (R>0).
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The complete radial laws of Step 9 provide a common marginal law for R = || X —z;||2 under
the two adjacent vertices. Disintegrating the one-observation laws with respect to this common
radial marginal gives measurable radial success parameters, clipped to [1/4, 3/4] and equal almost
everywhere to the corresponding conditional Bernoulli weights, such that the preceding setwise
bound implies

|90 (1) — 9,0 ()] < 26, 1{r < 1286, } for the common radial marginal-almost every r.

Here the factor 24, is the envelope used for the almost-everywhere Radon—Nikodym comparison,
and the middle-half clipping is silent by Step 5. For two Bernoulli-plus-Gaussian mixtures with
success parameters in [1/4,3/4], the divergence at a fixed radius is at most four times the squared
difference of the success parameters. Averaging over the common radial marginal therefore gives

KL(EPM (YIIX = lla). Lo, (Y21 X — xj||2)) < 4(26,)% Py (| X —a;]l2 < 1286,) < 4(26,)2-5(1286,,)% = Cir, 62,

using 4-4-5-128% = 1310720 = Cxkr..
The distance data V;, p(x;) of Definition 10 are n independent copies of the one-observation
pair (Y, || X — z;||2), so the divergence tensorizes; combining with the eventual budget of Step 3,

KL(,CPM{VWPW(JJ]')}, ’pr(j) {Vmpw(j) (x])}) < nC’KL (53 < alog Mn.

Steps 4-10 supply every displayed clause with the constants of Step 2, for all sufficiently
large n. O

Lemma 2 is the concrete bridge between smooth boundary regression and the abstract prod-
uct experiment. The Holder restriction determines the relation between the signal height a,,
and the cell radius w,, while the boundary packing supplies M,, separated query points. Local
dependence on one bit makes each cell a coordinate of the hypercube, and the radial invari-
ance clause expresses the angular information loss created by unsigned distance observations.
The compressed-distance Kullback—Leibler bound then puts those coordinates in the range of
Lemma 1. This is the finite-sample testing structure that underlies the rate calculation summa-
rized in the main text.

For common-map rules, the decoder associated with a proposed estimator applies the same
measurable map to each query point. If the estimator were uniformly accurate on all z;’s, the
signs of the boundary signals in Lemma 2 would be decoded correctly across all coordinates.
Combining the signal separation with the overlap lower bound gives the positive lower scale in
Theorem 1. The argument uses the law class and completed-expectation criterion exactly as
defined in Definitions 9, 11 and 12.

The point-indexed class enlarges the set of admissible rules by allowing the Borel section to
vary with the query point. The following inclusion statement records that relationship before
applying the same hypercube construction to the outer-expectation risk.

Lemma 3. [lem:common-map-strict-in-point-indexed| (Strict Common-Map Inclusion)
For parameters satisfying

e (Sample size.) n > 1.

e (Smoothness index.) q > 1.
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e (Envelope.) L > 4.

the common-map decision class and the point-indexed decision class of Definitions 11 and 13
satisfy
7;LNP g 7;1131.

Proof of Lemma 3. Throughout, a point of R? is written = (z(!),2(?)), and a sample point
is written w = ((y;,2) : 1 < i < n) € (R x R?)", so that the distance data of Definition 10
evaluated at w and at a query point z are

Vmp(x)‘w = ((yz, ”ZZ — 1:”2) 01 S 7 S n)

Inclusion. Let fi, € T,NF and let T;, : (R x [0,00))" — R be a measurable map, selected
independently of P, representing it as in Definition 11. Define a point-indexed family by

The =T, for every x € R2.

Each section is the single Borel map T),, hence Borel measurable for every fixed x, and the family
is selected independently of P because T}, is. Moreover, for every P € Pxp(L,q), every sample
point, and every x € bd(Xp),

fin(2) = Ty (Va,p(2)) = T o (Va,p(2)),
s0 fi, € 7,1 in the sense of Definition 13. Therefore
TNP C TPI-

A point-indexed rule outside the common-map class. Let the rule return the first coordinate
of the query point, ignoring the data:

() = 2, generated by the sections T}, .(v) = ™M) for every v € (R x [0, 00))™.

For each fixed x the section T}, ; is constant in v, hence Borel, and the family {7}, ,} does not
depend on the member law. Thus ! € T,FL

Suppose, for contradiction, that this same rule also belongs to 7.\, with common measurable
map T},. Apply Lemma 2 at the given ¢ > 1 and L > 4, at any sample size beyond the threshold
it provides, and take the vertex w = (0,...,0); its model-class and support clause supplies a law

P S PNP(Laq)a XP = S = [_1/27 1/2]2

Set
x_ = (-1/4,-1/2), xy = (1/4,-1/2), z=(0,-1/2).

Each of x_ and x4 has second coordinate —1/2 and first coordinate of modulus 1/4 < 1/2, so
it is a non-corner point of the lower edge of S and therefore

Tr_ € bd(Xp), Ty € bd(Xp)

Take the deterministic sample point w whose every observation equals (0, z), that is y; = 0
and z; = z for all 4 < m. Since z, x_ and x share their second coordinate, the Euclidean
distances reduce to horizontal ones:

1
Iz —z—[l2 =10 (=1/4)| = =0 - 1/4] = [|lz — z+[2.
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Consequently the compressed samples at the two query points coincide:
Vn,p(:c,)’w =((0,1/4): 1 <i<n) = Vn,p(amr)‘w.

Both z_ and x4 lie on bd(Xp), so the assumed common-map representation applies at each
of them and, with the displayed equality of distance data, gives

P Tn(Vn,p(x_)’w) = Tn(Vn7p($+)‘w) = iL'(+1).

But 2 = —1/4 and $S_1) = 1/4, a contradiction.
Hence bt € TP1\ TNP | so the inclusion proved first is proper:

7;1NP g_ 7;LPI )
]

The strict inclusion in Lemma 3 places the two unsigned risks in the expected order of ad-
missible decision classes. For the converse, the relevant fact is that each point-indexed section
remains law independent and receives the same unsigned distance data V,, p(x) from Defini-
tion 10. Thus the coordinatewise testing reduction induced by Lemma 2 continues to apply
after replacing a single common map by fixed-z Borel sections. The outer expectation in Def-
inition 14 supplies the measurable-majorant convention for the boundary supremum, and the
resulting lower bound is the point-indexed logarithmic converse in Theorem 2.

B Signed-Distance Geometry, Maximal Inequalities, and Upper
Bound

This appendix collects the empirical-process ingredients used by the signed-distance upper bound
in Proposition 1. The objects are those of the known-geometry design in Definitions 20 to 22
and 28: local neighborhoods are Euclidean balls generated by the uniform weight Kp, the
outcome moment envelope is handled through winsorization, and the stochastic term is measured
by an outer-expected supremum over arms and interface points. The two statements below
organize these roles before the estimator bound is assembled in Proposition 1.

The first ingredient is geometric. Because the local windows are closed Euclidean balls, the
relevant index class has finite VC complexity, giving the covering control used by the maximal
inequality [Vapnik and Chervonenkis, 1971, Pollard, 1984, van der Vaart and Wellner, 1996].

Lemma 4. [lem:euclidean-balls-vc| (Planar Balls VC Bound) For every finite set S of
score points in R?, if | S| > 4, then S is not shattered by the class of closed Euclidean balls

{By(z,7): 2 € R% r >0}

Equivalently, no such S has the property that every subset of S can be written as S N Ba(x, )
for some center x € R? and radius r > 0.

Proof of Lemma 4. Suppose, for contradiction, that a finite set S C R? with |S| > 4 is shattered
by closed Euclidean balls, that is, for every subset 7' C S there are a center ¢ € R? and a radius
r > 0 with

T=SNBy(e,r)={z€8:|z—c|2 <r}.
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Since |S| > 4 we may fix four pairwise distinct points z1, 22, 23, 24 € S. Writing 2z, = (2i1, 2i2),
put
D(z) = (1,21, 20, |23) € R, i€{1,2,3,4}.

An algebraic identity. Let £ = (¢1,42,¢3,04) € R* be arbitrary coefficients and let w € R* be
the corresponding combination,

4
=1

For a center ¢ = (c1, cp) € R? and a radius 7 > 0, expanding the squared distance gives, for each
i,

Iz = cll3 = 7% = [|2il13 = 21201 = 2e22i2 + (lefl3 = %) - 1,
which is one and the same linear combination of the four entries of ®(z;), with coefficients not
depending on i. Multiplying by ¢; and summing therefore replaces those entries by the entries

of w:
4

> ti{llzi — el = v} = wy — 2c1wp — 2cpws + (|[clf3 — 77wy
i=1
A sign contradiction. We next record the contradiction used in both cases below. Suppose
the coefficients ¢ are not all zero, that their combination w satisfies w; = 0, and that

4
Z&{sz —c3-r*1>0 for every ¢ € R? and every r > 0.
i=1

Reading off the first entry of w and using ®(z;); = 1 for every i,

4
ZEZ = w1 = 0,
i=1

so, some ¢; being nonzero, at least one coefficient is strictly negative; fix an index ¢_ with £;_ < 0.
Apply the shattering hypothesis to the subset

T={z:1<i<4, ;>0}CS,

obtaining a center ¢ and a radius r > 0 with 7' = S N Ba(c, ). Because z1,..., 24 are distinct,
z; € T holds exactly when ¢; > 0. Hence every term of the weighted sum is nonpositive,

C{llzi — 3 —r*} <0,  ie{1,2,3,4}:

if ¢; > 0 then z; € T C By(c,7r), so ||zi — ¢|l2 < r, the bracket is nonpositive, and the product is
nonpositive; if £; < 0 then z; ¢ T, so ||z; — ¢||2 > r, the bracket is strictly positive, and again the
product is nonpositive. At i_ the second alternative occurs with a strictly negative coefficient,
&)

i {llzie = cll3 = r?} <0,

and summing the four terms gives
4
D tifllzi—el3 - <o,
i=1
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which contradicts the assumed nonnegativity at this (¢, 7).
Case 1: ®(z1),...,®(z4) are linearly independent. Four linearly independent vectors in R*
form a basis, so the fourth standard basis vector has an expansion

4

e4=(0,0,0,1) = > £:®(z)

i=1

with coefficients ¢ that are not all zero, since e4 # 0. Here w = e4, so w1 = wy = w3y = 0 and
ws = 1, and the algebraic identity gives, for every ¢ € R? and every r > 0,

4
S tilllzi =l —r* =120,

i=1

The sign contradiction applies.
Case 2: ®(z1),...,P(z4) are linearly dependent. Choose coefficients ¢, not all zero, with

4
Z Ezq)(zz) =0.
i=1

Here w = 0, so in particular w; = 0, and the algebraic identity gives, for every ¢ € R? and every
r =0,

4
S lllz— el -} =0 >0.
=1

The sign contradiction applies again.
Both cases are impossible, so no finite S with |S| > 4 is shattered by closed Euclidean
balls. O

The bound in Lemma 4 is used with the ball notation introduced in Definition 3. In the
signed-distance design, the event selected by the uniform kernel is a side-restricted Euclidean
neighborhood of the query point. Finite VC complexity therefore converts the continuum of
possible interface centers into an empirical-process class with logarithmic entropy, matching the
log(h~1) factors in the risk calculation.

The second auxiliary statement supplies the expected maximal bound for the centered win-
sorized local-polynomial score. It combines the VC geometry of Lemma 4 with the bounded
envelope created by winsorizing the outcome at level B, using the outer-expectation convention
already built into Definition 26.

Lemma 5. [lem:cty-winsorized-score-maximal-bound] (Winsorized Score Maximal Bound)
Fiz a nonnegative integer p and a real number L. There is a constant C' = C(p,L) > 0 such
that the following holds for every real v.

e (Law class.) The law P belongs to the A1/A2 class Pia(p,v, L) of Definition 22.
e (Sample size.) The sample size satisfies n > 1.

e (Bandwidth and clipping.) The bandwidth and winsorization level satisfy 0 < h < L1
and B > 1.
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Let P™ denote the n-fold i.i.d. law of the potential-outcome observations. For eacht € {0,1}
and x € Bp, let the winsorized centered local-polynomial score be the vector whose jth coordinate
18

scoref%hd —Epn [ScorefxﬁJ] ,

where the empirical score uses the uniform kernel, the polynomial basis r,, bandwidth h, and the
clipped outcome transform g, centered around the corresponding population score. Then

gc{ log(B/h) Blog(B/h)}'

Epn| sup |[score, , ~Epn [scorel, ]|

2 2
te{0,1}, z€Bp nh nh

Proof of Lemma 5. Throughout, Z = (Y (0),Y (1), X) denotes one potential-outcome observa-
tion, Y = TY (1) + (1 — T)Y(0) its observed outcome, and for u € RPF! we write ||u| =
maxo<j<p |u;| for the coordinate maximum, which is the norm appearing in the displayed con-
clusion. All constants below are fixed before the moment exponent v, the law P, the sample
size n, the bandwidth h, and the winsorization level B.

Step 1: a coefficient radius depending only on p and L. Set

R=1+|L(p+1)-16L(2+ L)|,

which is positive. We claim that for every P € Pia(p,v, L), every t € {0, 1}, every x € Bp, every
0<h<L!andevery 0<j<p,
‘BZP7I(}L)]‘ < R.
Write .
mypa(h) =Ep ﬁl{D}j;,x € L}Ko(Dp,/h) rp(D . /h) Y

for the right-hand side of the population normal equations in Definition 24. Its coordinates obey

A< .
max [mypo(h);] < 1602+ L)

Indeed, the uniform kernel forces |D]j§m\ < h, hence X € Ba(x,h) and |rp(D§I/h)j| <1, so the
integrand is dominated pointwise by h=21{X € By(x,h)}{1 + 2Y(0)2 + 2Y (1)?}. The density
envelope fp < L of Definition 22 and the area 7h? < 4h? of a planar disk give

P{X € Ba(z,h)} < 4Lh%

The moment envelope in Definition 22 gives, since v > 2, the conditional second-moment esti-
mate
Ep[Y#)? | X =2 <1+L, x€Xp,

using y? < 1+ |y|*™. Localizing this bound to Ba(x,h) gives Ep[1{X € Ba(z,h)}Y (t)?] <
(14 L)4Lh? for each arm, so the displayed coordinate bound follows from

h~2{4Lh® + 4(1 + L)ALh*} = 20L + 161> < 16L(2 + L).

The population Gram lower bound of Definition 22 and the normal equations of Definition 24,
written with 8* = 8 (h), then give

p
LB < L1 (80)% < (8%) " Wapa ()5 = (8%) T'mupa(h) < (p+1)[|87] - 16L(2 + L),
k=0
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the first step because ||3*|? is one of the summands. Hence ||*|| < L(p +1) - 16L(2 + L) < R,
which is the claim.
Step 2: the bounded score class. For b € RPT! let IIgb be its componentwise clipping,

(IIgb) = max{—R, min{R, b, }}, 0<k<p,
and let
Ipp={t=(q.t,2,b,7) : q € [h,2h), t € {0,1}, z € Bp, be R 0<j<p}.

For v = (q,t,x,b,j) € Ipy, define the scalar function of one observation

D% D% DE '
gL(Z)_1{D;ert}KD< 5 >rp< ;LD ) ¢B(Y)—rp< ;;’ ) Igb
i

Only the kernel window uses the enlarged bandwidth ¢; the polynomial arguments keep h, so the
target score is the member with ¢ = h. The half-open enlargement [h, 2h) supplies the support
slack used in Step 6, and clipping the coefficient gives a constant-envelope class.

Step 3: the score is a member of the class. Fix t € {0,1}, z € Bp and 0 < j < p, and
put v = (h,t,z, 6] p,(h),j) € Lpy. By Step 1 the clipping is inactive at this index, HRﬁ;P@(h) =
B P’x(h), SO com[;a,ring with the definition of the winsorized score in Definition 32, 7

11

B

SCOT€;yhj = 33 " > " 9.(Z:).
i=1

The envelope bound of Step 5 makes g, integrable, so averaging the previous display over the
independent and identically distributed observations gives

1
Epn [scorefx7h7]~] = hz/gL dp.

Step 4: reduction to one scalar empirical process. For each fixed sample the coordi-
nate maximum [|-|| is attained at some j, and every pair (¢,x) with = € Bp together with that
J produces an index of Zp), by Step 3. Hence, pointwise on the sample space,

1 n
2> az)- [g.ar
n =1

Outer expectation is monotone and pulls out the positive finite constant h=2, so

1 n
7ZgL(Z’L') /ngP
" i=1

sup Hscorefgz p —Epn [score, ] | < % sup
te{0,1},z€Bp w T h t€lpp

sup
LEZP,h

Epn sup Hscorefah —Epn [scorefxvh] H] < % Epn
te{0,1},z€Bp

Step 5: envelope, radius and covering witnesses. Put
Aeny = (2- 47 +2){1+ (p+ )R},  Awaa=1+[3-47{2(1+ L)+ {(p+ 1)2"R}*} 16L|,
Co = 1+ max{Aad, Aenv} > 0.

There are constants A > exp(1) and v > 1, depending only on p and R and therefore only on
p and L, such that for every real v, every P € Pia(p,v, L) and all 0 < h < B with B > 1, the
class {g, : « € Zpy} satisfies the following three properties.
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e (Envelope.) For every ¢ € Zp), and every observation z,
19.(2)] < CoB.

On the kernel window |D§$| < q < 2h, so |rp(D§$/h)k] < 2P for every k. Together with
lWp(Y)| < B and |(IIgb)x| < R, this gives

9.(2)| < (247 +2){B + (p + 1) R} < AenyB < Co B,
where the middle inequality uses B > 1.

e (Population radius.) For every ¢ € Zp,

1/2
</gf dP> < Coh.

On the almost-sure support of X, the squared separable score is bounded pointwise by
3-4P1{X € Bo(x,2h)} {Y(0)> + Y (1)* + {(p + 1)2°R}*} .

The kernel window gives the radius 2h because ¢ < 2h. The probability of this disk is
at most 16Lh2, while the two localized arm-square integrals are each bounded by (1 +
L)16Lh?%, using the conditional second-moment estimate from Step 1. Hence i g2 dP is
bounded by

3-4P{2(14 L)+ {(p+ 1)2"R}*} 16Lh*.

Taking square roots and using v/u < 14u for u > 0 gives the displayed A,qh < Coh bound.
The winsorization level is absorbed through |¢5(Y")| < |Y|, so this radius is uniform in B.

e (Polynomial covering.) For every non-empty finite list 21, ..., z,, of observations and
every 0 < e <1 there is a finite set C C Zpj, with

m 1/2
I,'ilelél <;l ZZ;{QL(Zi) — g,.;(zi)}2> <eCoB forevery v € Ipy,
and with |C| < (A/e)". The certificate is obtained as follows. First, the fixed-dimensional
radial residual-polynomial class with bounded response [¢p(Y)| < B, bounded arm
weights, and coefficient box [~ R, R]P™! has polynomial empirical L? covers with envelope
B+ (p+1)R; this is applied with radial ranges [0, 2] for the positive and negative arm pieces
and [0, 0] for the zero-distance and outside-support pieces. Second, Lemma 4 bounds the
shattering of the planar closed-ball class, so the classifier family 1{||X — z||2 < ¢} indexed
by the center-radius parameter has Vapnik—Chervonenkis dimension at most three; the
standard passage from a finite Vapnik—Chervonenkis dimension to empirical L? covering
numbers [Pollard, 1984, van der Vaart and Wellner, 1996] then supplies a fixed polynomial
cover for that classifier family. Product closure combines each radial piece with the ball
classifier for the positive and negative pieces, and finite-sum closure combines the four
pieces

positive arm, negative arm, zero-distance arm, outside support.
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On the negative arm the factors (—1)* are absorbed into the clipped coefficient vector,
and the zero-distance and outside-support terms are degree-zero radial residual terms. A
pullback then ties the ball center, radial center, arm, coefficient vector and coordinate to
the same index ¢. These finitely many product, sum, envelope-enlargement and pullback
operations preserve polynomial empirical L? entropy, changing only the constants; after
the final envelope enlargement from (2 -4 + 2){B + (p + 1) R} to CyB, the witnesses are
the displayed A and v.

The three witnesses A, v, Cy are chosen before v, P, h and B, which is what makes the final
constant uniform in the moment exponent.

The parameter-regime clause of Pia(p,v, L) gives L > 4,s0 h < L' <1< B and h < B;
the certificate therefore applies at the bandwidth and clipping level of the statement.

Step 6: countable reduction. Equip Zp; with the product topology inherited from
[h,2h) C R, the discrete arm and coordinate sets, the relative topology on Bp C R? and the
Euclidean topology on RPF!. Choose a fixed countable dense sequence (., )m,>1 in this space.
Let

S={z:X(z2) e Xp, X(2) ¢ Bp}.

The set S has P-probability one: X € Xp almost surely, and P{X € Bp} = 0 because the
interface has finite one-dimensional Hausdorff measure by Definition 22 and hence vanishing
planar Lebesgue measure under the displayed density.

Fix v = (q,t,2,b,5) € Zpp,. For £> 1 set

2h —q
T

>0

and consider the target point (q + 40¢,t,2,b,j) € Zpp. By density of (km), choose my so that
Kmy = (qe,te, T, by, Jo) satisfies

lze —xll2 <de, g —(a+460)] <bp,  |be(k) = b(K)] < b (0< K <p),
with ¢y =t and j, = j. Then k,,, — ¢, and the one-sided construction gives
g+ ||lxze—x|2 <qe  for every L.

Thus the approximating support bandwidth converges to the target bandwidth while staying
above it by enough to cover the center perturbation. For every z € S, this slack preserves
the closed-kernel decision when | D% _(2)| < ¢, including the endpoint case |DF_(z)| = ¢; when

\D? »(2)| > ¢, ordinary continuity of distance and of g, makes the approximating kernel decision
eveﬁtually agree with the target one. Since z € Xp\ Bp, the assignment partition in Definition 22
fixes the signed-arm indicator along the approximating boundary centers, and continuity handles
the polynomial and clipped-coefficient factors. Therefore

Giim, (2) — gu(2), z€eS.
The class is dominated by the integrable envelope

2= 22(YO) + [Y (D + (p+ 1)2°R),
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so dominated convergence also gives convergence of the corresponding population integrals.
Consequently, for every n, almost surely under P",

n

LS g2 —/ngP

sup |—
n <
=1

€Lpp

= sup
m>1

Z G (Z. / Gk, AP .

Step 7: the variance-adaptive maximal inequality. We use the following countable-
reduction form of the variance-adaptive VC maximal inequality. Let u be a probability law and
{G, : v € T} a real-valued class. Suppose that 0 < 0 < U, A > exp(l), v > 1, every G, is
measurable, |G,| < U, ([ G? dp)'/? < o, every countable subfamily has empirical L? covers of
size at most (A/e)" at radius eU for 0 < € <1, and a countable subfamily realizes the centered
empirical supremum almost surely under every finite product law. Then, with

¢, = log <max {exp(l)a f}) ;

0. Ul
< eve {a Py ”“} L eve = 16384
n n

one has, for every n > 1,

nZG /Gd,u,

Indeed, choose a reducing sequence (Gp,)m>1. The envelope makes the countable supremum
measurable, integrable, and bounded by 2U, so the outer expectation of the continuum supre-
mum is bounded by the ordinary expectation of the countable supremum. Countable-class sym-
metrization bounds that expectation by twice the Rademacher complexity. The Rademacher
bound applies Dudley chaining to the empirical L? polynomial covers, uses the population L2
radius o, and controls the empirical radius by symmetrizing the squared bounded class; the re-
sulting quadratic inequality yields the displayed leading o-term and second-order U-term, with
the numerical constant rounded to 16384.

Apply this inequality with = P, G, = g,, U = CyB, 0 = Cph, and with the entropy and
countability witnesses from Steps 5 and 6. Writing

ACyB
¢ =log <max {exp(l), C?(;L }) ,
0

{ wCyBY
gcvc{Coh\/l;jLUg } cve = 16384.

Step 8: calibrating the logarithm. Since L >4, h < L~' and B > 1,

sup
LeT

n

we obtain, for every n > 1,

:LZgL(Zi)_/ngP

=1

Epn | sup
LGIpyh

4h < Lh <1< B, SO

=W

>4 and log(B/h) > 1

Also A > exp(1) gives log A > 1, so A(B/h) > exp(1) and the maximum in ¢ is attained at the
second entry. Putting k =1+ log A,

¢ =log A+log(B/h) < klog(B/h),
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because {log A — 1}{log(B/h) — 1} > 0.
Step 9: conclusion. Abbreviate

L - [log(B/h) r :Blog(B/h)
1 nh2 ’ 2 nh2 s

both nonnegative. Multiplying the two terms of Step 7 by h~2 and using Step 8,
1 1 /log(B 1 B
L eony/ % < covr 141988 _ ovmpr,, LGBl o,
h? n h n h? n

Therefore, chaining Steps 4, 6, 7 and the two displays above and setting

C=1+ ‘ccho {\/@4— vk}

)

we obtain

log(B/h) N Blog(B/h)
nh? nh?

Epn sup Hscorefm p —Epn [score, ] ] < eveCo {\/vk + vk} (I'h+Iy) < C
te{0,1}, z€Bp ” ”

The constant C' is positive and, since R, Cy, A and v were fixed from p and L alone, depends

only on p and L. O

The two terms in Lemma 5 have the usual variance and envelope forms for bounded empirical
processes indexed by VC-type sets [Pollard, 1984, van der Vaart and Wellner, 1996]. The scaling
h~2 reflects the two-dimensional local window around an interface point, while the supremum
over t € {0,1} and = € Bp matches the signed-distance risk criterion in Definition 26. Together
with the Gram lower bound in Definition 22, the statement controls the stochastic perturbation
of the intercepts in the stabilized estimator.

These ingredients enter the upper-bound calculation as follows. The population part is
separated into the first-order local-polynomial approximation term and the winsorization term,
the latter controlled by the 2 + v conditional moment envelope in Definition 22, which bounds
the winsorization remainder by a multiple of B—3. The sample part is decomposed into empirical
Gram fluctuation and centered score fluctuation, with the score controlled by Lemma 5 and the
Gram term handled by the expected maximal condition stated in Proposition 1. The stabilization
rule in Definition 28 converts these uniform matrix and score bounds into a uniform intercept
bound for each arm, and clipping keeps the treatment-effect estimate on the envelope scale.

At the bandwidth A, = a, from Definition 8 and winsorization level B, = a, 1/ 3, the
first-order bias, winsorization bias, and stochastic terms in Proposition 1 are all bounded by
a constant multiple of a,, for sufficiently large n. Thus the auxiliary results in this appendix
support the expected outer-risk upper bound for the explicit signed-distance local-polynomial
estimator, completing the upper side of the matched-rate comparison stated in Theorem 4.

C Signed-Distance Hypercube and Matched Rate

This appendix records the hard signed-distance subexperiment used for the lower side of the
matched-rate statement. The construction fixes the known rectangular geometry from Defini-
tion 27 and places many separated local perturbations along the bottom edge of the treatment
boundary. Each perturbation changes the treatment-effect target at one boundary point by a
calibrated amount, while the corresponding one-observation signed-distance laws remain close
enough for the overlap direct-product argument in Lemma 1 to apply.
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Lemma 6. [lem:cty-al-a2-rectangle-angular-hypercube-all-orders] (Rectangle Angu-
lar Hypercube) For every integer p > 0, there is a constant Ly = Lo(p) > 48 such that, for
every v > 2 and every L > Ly, there are constants ¢, A,C,Cy > 0, with 2C < A when p = 0,
and a constant &g > 0 such that the following construction is available for every 0 < A < ég.
Writing ¢ = p + 1, there exist an integer M, constants w,p > 0, points x1,...,xpr, laws P,
indezed by w € {0,1}M, and probability laws Q;p for j=1,...,M and b € {0,1}, satisfying:

o (Size and calibration.)

2

M > cA~1a w= AAY4 p:ﬂ.
- ’ ’ 36
e (Common geometry.) The support is X = [—3,3]?, the treated region is Ay = [—1,1] x

[0,2], the control region is Ay = X \ A1, the boundary is B = Ay, the metric is Euclidean
distance, and the kernel is K. The points x; lie on the middle of the bottom edge, and
the disks S; = Ba(zj,w) are contained in X, pairwise separated by distance at least 2w,
and pairwise disjoint.

e (Class membership.) For every w € {0,1}M the law P, belongs to Pia(p,v, L) with the
common geometry above.

e (Bit structure.) For every w and j,
P, {z : score(z) € S;} = p.

The restriction of P, to S; depends on w only through w;, and the restriction of P, outside
Uj]\/il S; is common across all w.

o (Signed-observation laws.) Conditional on score(Z) € S;, the one-observation signed-
distance law at x; under P, is ijj.

e (Signal separation.) If two vertices agree in coordinate j, then their treatment-effect
targets at x; agree. Flipping coordinate j changes the treatment-effect target at x; by
exactly A:

TP, (:L’]) — TP () (‘Tj) = A.

e (Local comparison laws.) For each j, the laws Q;o and Q;1 have the same signed-
distance marginal, agree outside the event 0 < Dli;xj < 2CA, and obey the two Kullback—
Leibler bounds

A? Al
KL(Qj0,Qj1) < C'OE, KL(Qj1,Qj0) < COE~

Proof of Lemma 6. Throughout, a point of R? is written z = (x(l),a?(2)), and we abbreviate
g = p+ 1. The arm sign attached to the side intervals I; = [0, 00), Iy = (—00,0) of Definition 22
is written (2t — 1), as in the arm-mass clause there.
Two fired smooth profiles. Fix once and for all a radially symmetric function ¢ : R? — [0, 1]
of class C'*° with
©(0) =1, ¢(z) =0 whenever |z|2 >1,
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let ¢; : [0,00) — [0, 1] be its radial profile, so that ¢(2) = ¢:(]|2]|2), and put

b, = sup [ D*p(2)|| < o0, k>0
z€R2

Fix also a nondecreasing C* function x : R — [0,1] with x(s) = 0 for s < 0 and x(s) =1 for
s> 1.
The constants. Set

q
A=257+ (14¢+1310720+ ) b), c=-——, C=128,  Cp=262144.
k=0

All four are positive, A > 256 and A > 1 because the bracket is positive, and, since every by, is
nonnegative and appears in the bracketed sum,

by < A for every 0 < k <gq.

Because 2C = 256 < A, the required order-zero separation 2C' < A holds; it in fact holds for
every p.

The small-separation threshold. The map A — AAY4 is continuous at 0 with value 0, so
there is dg > 0 such that every 0 < A < §g satisfies

A< —, AA <1, wi=AAT < —.
16 24

The envelope threshold. The signed radial polynomial energy is coercive: there is ¢, > 0 such

that, for both t € {0,1} and every v = (vo, ...,v,)| € RPTL,

1
2
cp||vH§ S/o {UTT‘p((2t— 1)u)} udu,

with 7, the basis of Definition 17. Put

1 = -1
'yp:4—8-§-cp>0, Lo = max{48,~," },
so that Ly > 48. Fix v > 2 and L > Lg; in particular L > 48. Fix also 0 < A < 4.
Common geometry and grid. Take the fixed known geometry of Definition 20,

X=[-332 A =[-11x[02, Ay=X\ A, B=08A, dz 2) =]|z—zs

with the uniform kernel K of Definition 19; the interface B is the one displayed in Definition 16.
With w = AAY? put

1 1 J )
M=|— i=(—+———-,0 =1,....M S = Bo(x;
\‘12wJ7 Z; ( 4+2(M+1)7 )7 J ) ) ) i Q(xjvw)7

the balls being those of Definition 3. Each z; has second coordinate 0 and first coordinate of
modulus at most 1/4, so it lies on the middle of the bottom edge {(s,0) : |s| < 1/2} of the

treated rectangle, hence on B. Since w < 1/24 gives 1/(12w) > 2 and therefore M > 2 and

M > 1/(24w),

1 Loy -1
>0 = = q — /q'
M= 5 = 2™ ca
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The centers are equispaced with gap 1/{2(M + 1)}, so for i # j

i — J
oM +1) = 2(M + 1)

|z — zjll2 = > 4w > 2w,

using 2(M+1) < 3M < 1/(4w), which is where M > 2 and M < 1/(12w) are used. Consequently
the disks S; are pairwise disjoint, and each is contained in X’ because ]a:;.l) | <1/4and w < 1/24.

The vertez laws. For w € {0, 1} let P, be the law with the following two ingredients. First,
X has Lebesgue density fp, supported on &', given there by

1 M

fr.(@) =54 1+ wita(llz = zjll2) ni(@) o |
j=1

where the radial tilt and the horizontal direction cosine at x; are

_ 20 e(r/w) x(35s — 1) 20 — (Y )
ta(r) = — maX{T/lG,mSSg} . mile) = m (x #x;), njlx;)=0.

Second, given X = x the two potential outcomes are conditionally independent Bernoulli vari-
ables whose means are the arm regressions of Definition 22,

both truncated to [0,1] off X, with T =1{X € A1} and Y =TY(1)+ (1 —-T)Y(0). Because the
disks are 4w-separated while ¢ vanishes outside the unit ball, at most one summand is nonzero
at any x; together with |#(1)|/16 < 3/16 and A < 1/16 this gives

1

por@ =1 me) = 2++Z%A@(

re X,

Noo

1
4_M1Pw( z) <

so the truncation is inactive on X. For the same reason the angular sum has modulus at most

1/4, whence
1

g =@
Class membership. We check the clauses of Definition 22 in turn, using L > 48 throughout.

reX.

The support is the square X = [—3, 3]2 C [-L,L]? and fp, is continuous on X’ with
5
Lt <L X.
Sir@sqgsh  we

The control regression is constant, and the treatment regression is the restriction to X of
the globally C*° function

1 zM M T
gw(:n) = 5 +16+2ij¢(
7j=1

which satisfies the displayed envelope

max sup |0%g, ()| + max sup
0<lof<pzex 0<of<pazzex lz = 2ll2
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The bump terms are controlled because the bandwidth is calibrated to the amplitude: for every
0 < k < g the kth derivative of one bump is bounded by Aw¥b;, and

Aw kb, = AVFaAFp, < 1,

since A < 1 and k < ¢ give Alk/4 < 1, while b, < A < A* for k > 1; at k = 0 the bound is

Aby < AA < 1. The affine part 1/2 4+ 2() /16 contributes at most 1/2 + 3/16 to the derivative

maximum, because |z(1)|/16 < 3/16 on X and its only nonvanishing derivative is the constant

1/16, and at most 1/16 to the Lipschitz maximum; and at most one bump is active at a time.
The conditional variances are the Bernoulli variances of the two means, so

3 1 _
O'pr(ﬂf) = /J/t7pw($){1 - /‘I/t7pw(x)} € [Ev Z] - [L laL]v T e X? te {O’ 1}7
and they are continuous on X.

Each Y (t) takes values in {0, 1}, so the moment envelope holds with room to spare:
Ep, [[Y(#)P" | X =2] <1<L, z€AX.

The sets Ay, A; are a Borel partition of X with bd(Ap) Nbd(A;) = 0A; = B C int(X), and
B is a compact rectifiable curve, being the boundary of a 2 x 2 square. Its size obeys

2<HY(B)<16, hence L '<HYB)<IL,

the lower bound because B contains the segment from (—1,0) to (1,0) and the upper bound
from a Lipschitz parametrization of the perimeter.

The metric is Euclidean and the kernel is K; the traces of closed Euclidean balls on X form
a VC class of index at most four by Lemma 4.

For the population Gram matrix, at every z € B, both t € {0,1}, every 0 < h < L~! and
every v € RPHL,

1 1
48727/ (T2t — D) YPudu < oWy p, o(h) v,
0

because the density is at least 1/48 and, in polar coordinates around x, the arm-¢ part of the
window Bs(x, h) contains a quarter-disk on which the uniform kernel equals one, namely a sector
of opening 7/2 with one sign choice per coordinate determined by where x sits on B. A quarter,
not a half, is what is available at every interface point: at the four corners of Ay the arm-t part
of a small window is exactly a quarter-disk, and h < L~ < 1 keeps that sector inside X. Its
angular measure 7/2 is the second factor in the display. Combining this with the coercivity
constant, Y,|[v[|3 < v Wy p, +(h)v, and L > ~, " gives the class threshold

)\min(\ljt,Pw,x(h)) > L_l-
For the small-bandwidth arm mass, at every « € B, both ¢, and every 0 < h < L1,

L Ko((et— D)z - lb)/n) dz = - dz >

1
- 3 Z Lil)
h% J 4, h? ) A,nBs(x,h) 8

since every point of 0.A;, corners included, retains at least an eighth of the disk area in each
arm.
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Finally, for every € B, both t, and every 0 < s < L', the one-dimensional HausdorfF
integral of fp, over {z € A; : ||z — z||]2 = s} is finite and strictly positive, because that slice is
a nondegenerate circular arc and the density lies in [1/48,5/144]. Hence P,, € Pi12(p, v, L), with
the common geometry displayed above.

Bit structure. Put p = mw?/36 > 0. Point reflection through z; maps the disk S; onto itself,
preserves ||z — xj||2 and negates 7;, so the angular correction integrates to zero over Sj; the
remaining background density is the constant 1/36. With the score projection of Definition 18,

7rw2

1
P z: Sit=— dz = —— =p.
{z : score(z) € S;} 36 /Sj =g =P

Each bump and each angular correction indexed by k vanishes off Si, and the disks are disjoint;
therefore the restriction of P, to {z : score(z) € S;} depends on w only through w;, and the
restriction of F,, to the complement of Uj S; is the same for every w.

Conditional signed-observation laws. Every z € S; has |z(V] <1/4+w < 1 and || <w <

2,50 z € Ay exactly when z(?) > 0. Since l'g?) = 0, the signed distance of Definition 21 therefore

reduces on S; to the vertically signed radius,

+ _ HX - SU]'H?v X® > 0,
Boi 7 —1X = 2] X® <0,
Using the conditional-law notation of Definition 1, define

Qjp=Lp, ((Y7 D?;w’rj) | X € Sj) for any w with w; = b,

which is unambiguous by the one-bit locality just proved and is a probability law. Equivalently,
the image of P, restricted to {X € S;} under (Y, Dligw 7 xj) equals p Q;,; -
Signal separation. On X the treatment-effect curve of Definition 23 is

1) M o
X X X
TPW(CL’)ZMLPW(J?)—MO,Pw(ﬂz16+Z%‘A<ﬂ< j);
j=1

w

and at = x; only the jth bump is active, with ¢(0) =1, so

2
)= "L+ wA
TPw (x]) ].6 J .
Hence two vertices agreeing in coordinate j have the same target at x;, and flipping coordinate
7 moves that target by exactly the amplitude,

|pr (x5) — P ;) (azj)‘ = A.

Common signed-distance marginal. The same reflection argument applies slice by slice: for
every Borel A C R, the set {z € S, : Dligw my(z) € A} is invariant under reflection through z;,
so the angular correction contributes nothing to its mass and

Qjo(R x A) = L

dz = Q‘,I(R X A)v
36p /{zesj; Dgw,zj (2)eA} J
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which is the asserted equality of signed-distance marginals.

Localized comparison of the two bit laws. Under @Q;; the outcome is Bernoulli given the
signed distance, with success parameter in [1/4,3/4] by the middle-half bound above. The two
success parameters differ only at short positive radii: for every Borel B C R,

<A Qj’()(R x (BN (O,QCA)))

/ ydQj(y,u) — / ydQjo(y, u)
{ueB}

{ueB}

Indeed, enabling the jth bit adds Ag,(r/w) to the conditional mean on the upper half of
the radial slice at radius r and simultaneously tilts the design density by ta(r)n;. For r >
2CA = 256A the cutoff is fully active, x(r/(128A) — 1) = 1 and max{r/16,8A} = r/16, so
ta(r) = —32Ap.(r/w)/r; since the affine part of the treatment regression contributes the factor
(M —azg»l))/16 = rn;(x)/16, the tilt contributes —2A¢, (r/w)n;(z)? per unit slice mass, and the
mean of 17]2- over the upper half circle of radius r is 1/2, which cancels the added bump exactly.
For 0 < r < 256A the two conditional means differ by at most A, and on the control side,
where the signed distance is negative, both laws carry the common mean 1/2. Consequently
the restrictions of the two laws to the complement of the short positive window agree: writing
E={(y,u): 0 <u<2CA},
Qjo(- NES) =Q;1(- NES),

which is the asserted agreement outside 0 < D]ij,xj < 2CA.

The two divergence bounds. Two Bernoulli outcome laws over a common statistic, with
success parameters in [1/4,3/4] and setwise mean-mass discrepancy at most A localized to
(0,2CA), satisty

KL(Qj0,Qj1) < 4A%Q;0(R x (0,2CA)),

and the same bound with the two laws interchanged, the marginals being common. Because
{ze8;: 0< Dﬁw C,:J(,z) < R} C Bs(zj, R), the localized mass obeys

1
Qio(Rx (0,R)) = / < .
! 0( ( )) 36p {z€8;: 0<D§w,zj (z)<R} 36p

Taking R = 2CA = 256A and substituting p = mw?/36,

AA? m(256A)% 465536 A o At
36p w? TR

so both directed divergences are at most CoA*/w?.
Collecting the displayed size and calibration identities, the common geometry, class mem-
bership, the bit structure, the conditional signed-observation laws, the exact signal separa-

tion, and the three local comparison facts gives every clause of the statement for the constants
¢, A,C =128,Cy = 262144 and the threshold &y. O

The constants in Lemma 6 separate geometry from signal size. The radius w = AAY4 gives
room for a CP*! perturbation of height A, and the packing size M > A~1/7 supplies enough
boundary coordinates to generate the logarithmic uniform-risk scale. The common rectangular
geometry places every P, inside the same fixed-known-geometry subexperiment, while the bit
structure makes each disk a coordinate of the hypercube. The local comparison clause supplies
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the testing input: after n observations, the effective information in a coordinate is calibrated by
the cell probability p and the Kullback—Leibler bounds.

To obtain Theorem 3, set the hypercube signal to the risk scale A =< (logn/n)Y/*. Since
q = p+ 1, the calibration in Lemma 6 gives M > A~Y4 w = AAY4 and p = mw?/36. The
comparison laws then satisfy

A4
np KL(Qj0,Qj1) S nw2ﬁ =nA* < logn,

with the same order for the reverse divergence. This calibration keeps the coordinatewise overlap
controlled while the maximum over the packed boundary points contributes the logarithmic
factor. Applying Lemma 1 to the signed-distance observations Uff, P, (xj) converts the overlap
into a lower bound for recovering the hypercube coordinates, and the signal-separation clause
converts that testing loss into the interface sup-loss in Definition 26. Because all vertices lie
in the fixed rectangular subexperiment, the conclusion applies both to R#Q’i’ﬁx(p, v,L) from
Definition 27 and to the full risk Rp>™* (p,v, L).

The matched statement follows by combining the lower and upper components already stated
in the main text. Theorem 3 gives the positive lower constant for the signed-distance risk
after the envelope threshold Lo(p) is met. Proposition 1 gives a uniform outer-expected upper
bound of order a,, for the explicit winsorized, Gram-stabilized local-polynomial estimator with
bandwidth h,, = a,, and winsorization level B,, = a, 1 3 Therefore Theorem 4 characterizes the
displayed known-geometry signed-distance minimax risk on the normalization a,, = (logn/n)"/4,

with the estimator in Definition 28 attaining the upper side of the rate over Pia2(p, v, L).

D Reproducibility Note

The displayed definitions and theorem implications have been machine checked, including the two
unsigned converses, the signed fixed-geometry lower bound, and the assembly of the conditional
signed upper and frontier results. In Proposition 1 and Theorem 4, distance identification,
uniform first-order bias, and expected maximal control enter as hypotheses.

E Proofs of the main results

Proof of Proposition 1. Throughout, Z = (Y(0),Y (1), X) denotes one potential-outcome obser-
vation and Y = TY (1) + (1 — 7)Y (0) its observed outcome, as in Definition 22; Z,...,Z, is
the sample and P" its law. For u € RPT! we write

1/2

P

2

Jull = oo el lllz = | 3 )
]:

so that |lull2 < (p41)||u||, the norm |[|-|| being the one appearing in Lemma 5 and in Definition 30.
Fix p > 0, v > 2 and L > 4, and abbreviate the bandwidth and clipping schedules of the
statement by

logn 1/4 1
h":“":< n> ., B.=a;'?
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as in Definition 8 and Definition 28. We write \Tlt,x(h), ﬁzfz(h), Eth(h) and ?;QALP(:U) for the
objects of Definition 28, W, p,(h) for the population Gram of Definition 22, BiP,x(h) for the
population coefficient of Definition 24, and 7p for the target of Definition 23.

The first input of Definition 33 fixes what is being estimated: it is what makes 7p(x) the
boundary contrast approached by the two one-sided signed-distance conditional-mean limits, and
the bias input of the same collection is stated relative to that same target through Definition 29.
Everything below is quantitative and uses the bias and expected-maximal inputs, Lemma 5, and
the envelopes of Definition 22.

Step 0: the constants. Let C} > 0 be the constant supplied by the uniform first-order
bias input of the statement and put

C,=Cy+1>0.

Let C,, > 0 be the constant supplied by the expected maximal bounds of the statement, and
let Csc = Cse(p, L) > 0 be the constant of Lemma 5. Define

C =Cy+32L%p+1) +16L(p + 1)Cs + 8L*(p + 1)Cyy, > 0.

All four summands are positive because L > 4 > 0. This is the constant of the conclusion; the
threshold NV is fixed at the end of Step 2.

Step 1: the four bandwidth calibrations. Let n > 3 and write h = h,,, B = B,,. We
claim

log(h—1)

log(B
B3 < h, M < 2h,
nh?

Blog(B
§ B/ o8(B/N) _

< h.
nh? - -
First, logn < n for every n > 1, so logn/n < 1 and hence 0 < h < 1 and B = R8> 1.
Raising the definition of a,, to the fourth power gives the identity that drives every calibration,

__logn

1
nt , equivalently osn

52
n nh27h'

The first claim is the exponent computation B™3 = (h_l/ 3)=3 = h. For the remaining three,
take logarithms in the definition of h:

_logn —loglogn

log(h ™) 1 ,

log(B/h) = log(h*4/3) = %log(lfl)7

and, since n > 3 forces loglogn > 0, both are nonnegative and satisfy

logn

log(h™") <logn,  log(B/h) < —

< 2logn.

Dividing by nh? and using the displayed identity,

log(B/h) < 2logn

log(h~1) < logn
nh?  — nh?

42
nh? *nhQ_h'

= 2h2,

Taking square roots gives the second claim, because 2h? < (2h)?, and the fourth claim directly.
For the third, factor out B and use the previous display together with

Bh=h""Y3h = K23 <1,

49



which holds because 0 < h < 1; thus Blog(B/h)/(nh?) < B -2h% = 2h(Bh) < 2h.

Step 2: activating the two assumed inputs along the frontier bandwidth. The bias
input of the statement is asserted along antitone bandwidth sequences, and n — a,, is antitone
only from n = 3 onward. Set therefore

hﬁz = Omax{n,3} n € N.

Then hEL > 0 for every n, the sequence h? is antitone, hEL — 0, and

n(ht)? = /nlogn — oo (n>3),
so the bias input applies to h¥ with v/ = v and yields

lim sup BiasRatio,, ,,L(h ) < Cp < Cy.

n—oo
Since hgl = a, for every n > 3, there is N such that
BiasRatiop,, 1.(a) < Ch, n > Nj.

The expected maximal bounds of the statement are asserted along positive deterministic se-
quences tending to zero whose heavy-tail regime diverges. At h, = a,, using log(a,!) =

(logn —loglogn)/4 and a2 = /logn/n,
n(1+y)/(2+l’)a121 o 4 n(1+l’)/(2+y)71/2 <10g n)1/2

log(ant) logn — loglogn

> 00,

because (1 +v)/(2+v) —1/2 =v/{2(2+v)} > 0 for v > 2, so the numerator’s polynomial
factor dominates the logarithm. Hence there is Ny such that, for every n > Ny and every
P e PlZ(pv v, L)7

—1
Ep[GramDev,, , p(an)] < Cp, M
naz

with GramDev as in Definition 30. Only this first half of the expected maximal bounds is used;
the stochastic control of the score is supplied instead by Lemma 5, whose bounded envelope
is created by the winsorization built into Definition 28. Finally a, — 0, so there is N3 with
a, < L~ for n > N3, which is the small-bandwidth regime in which the population Gram floor,
the arm-mass threshold and Lemma 5 are all available. Put

N = max{3, N1, NQ, Ng}

and fix n > N and P € Pia(p, v, L) for the rest of the proof. Write h = a,, and B = B,, = h_1/3;
by Step 1,1 < Band 0 < h < L1
Step 3: a small Gram deviation activates the stabilization guard. Put
B 1
C2L(p+1)
We claim that on the event {GramDev,, ,, p(h) < 0} the guard of Definition 28 holds simultane-
ously at every arm ¢t € {0, 1} and every interface point x € Bp; that is,

> 0.

p
Z ]2 < v Uy (h)v, v e RPH,
=0
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Indeed, GramDev,, , p(h) < § means exactly that every entry satisfies |\Tft,x(h)jk — Wy pa(h)jk] <
0, and for any symmetric perturbation with entries bounded by 9,

~ v? —|—v2 P P
0 T{Tra(h) = Wrpa(W)}o| < Il o 65— = (p+1)6> v? = 20) 7' Do,
Jsk g,k Jj=0

J=0

the middle step by 2|v;||vg| < ’UJQ- + vZ. The population Gram lower bound of Definition 22,

valid because 0 < h < L~! and = € Bp, gives v' ¥ p,(h)v > L_lz 2 = 2(20)7! ’UJQ

Subtracting the previous display leaves vT\f’t’x(h)v > (2L)7! , Wthh is the guard. This
is where the factor 2 in the guard threshold (2L)~! is spent: it 1s exactly the room left by the
population floor L' after the empirical perturbation is absorbed.
Step 4: the guarded coefficient error is the inverted score. Suppose the guard holds
t (t,z). Then \/l}m(h) is invertible: if \Tlt,x(h)v = 0 then the guard forces }; v <0,s0v=0.
Moreover, for every ¢ € RPL

|Featny e, < 2Ll

Indeed, applying the guard to the vector \Tft,x(h)—lg and then the Cauchy—Schwarz inequality,

L) [T )] < { T By {Tan) ¢} = {Fam ) ¢ < [Buatny el

and dividing by H\/I}t’z(h)_]'CHQ when it is nonzero gives the claim; when it is zero the claim is
trivial. On the guarded branch 87,(h) = W;,(h)"'mP,(h), so subtracting Bt p.(h) and using
the definition of the winsorized score in Definition 32,

ﬁfx(h) - ﬁzP,x(h) = ‘lltl‘(h)il {mfx(h) - \Dtx(h)ﬂZRx(h)} = ‘/l}t,l‘(h)il Scorefx,h :

Selecting the intercept, bounding a coordinate by the Euclidean norm, and converting norms
through [|ull2 < (p+1)/[ul],

‘elT {/@Bz(h) - ﬂZ‘,P’x(h)H < H\le(h)*l scorefm,hH2 <2L Hscoret]?m’hH2 <2L(p+1) Hscorefm’hH .

Step 5: the mean of the winsorized score is of order B~3. Write

WScoreDev,, , p(h, B) = sup sup Hscorefx n—Epn [scorefgx l
te{0,1} z€Bp

for the centered supremum appearing in Lemma 5, so that for every ¢t and every x € Bp,
Hscorefx’hH < WScoreDevy, p p(h, B) + ||Epn [scorefxyh} IE
We claim the deterministic bound
|Epn [scoref, ;]| < 8L2B 2, t €{0,1}, = € Bp.
Fix t, x € Bp, and a coordinate 0 < j < p, and write the single-observation weight

¢i(2) = Dy, € LYKo(Dp,/h) 1p(Di,/h);,
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with D}% , the signed distance of Definition 21, K the uniform kernel of Definition 19, and r,
the basis of Definition 17. Since K vanishes off {|D5_| < h} and |r,(u);| < 1 for |u| < 1,

1£;(2)] < 1{X € Ba(x,h)},

with By(x, h) the ball of Definition 3; the equivalence |D]i3x] <h <= X € By(x,h) is immedi-
ate from the definition of the signed distance, whose magnitude is || X — z||2. By Definition 32
the jth coordinate of the winsorized score is the sample average h~2n~! Yicn §i(Zi{vB(Yi) —

rp(D5 i /h)T Bi p.(h)}, so the observations being independent and identically distributed and
the summand integrable,

1 *
Bon scorel, ;] = 1 [ 6(2) {0 (¥) = 1o(DF /1) Bt )} P
Split the integrand by inserting and removing the unwinsorized outcome,

&(2) {us() =) 8} =&(2) {Y =) 8"} +&(2) {ws(¥) - Y}

winsorization remainder

population residual

The first term integrates to zero: by the normal equations of Definition 24,

1 1
i [ GO {Y = rDE B ()} aP = B [,ﬁlwﬁx € IYKn(Dp, /Mr(DE o /WY | ~{Wepa(h)5; pal
J

For the second term, the moment envelope of Definition 22 is converted into a deterministic B3
envelope pointwise in the outcome. For B > 1 and v > 2, every real y satisfies

ly —vpy)| < [y*T"B~.

If |y| < B the left side vanishes; otherwise |y| > B > 1, so |y — ¢¥(y)| = |y| — B < |y| <
ly*B=2 < |y|***B~3, using |y|> > B3 and then |y| > 1 with 2 + v > 4. Integrating this
against the selected conditional law of Y (') given X = z and applying the moment envelope
Ep[|Y (¢')]*T | X = 2] < L of Definition 22 gives, for each arm ¢’ € {0,1} and each z € Xp,

Ep[[V () —p(Y ()] | X =2] < LB

Note that it is this absolute conditional remainder, and not merely the difference of the two
conditional means, that the argument requires, because the remainder is multiplied by the
random weight £; before it is integrated. Combining the weight bound, the consistency relation
Y =TY(1)+ (1 —T)Y(0) of Definition 22, which makes |[¢)5(Y) — Y| at most the sum of the
two armwise remainders, and the density envelope fp < L together with the planar area bound
wh? < 4h?, which give

P{X € By(z,h)} < 4L

we obtain

/\gj(Z) {¥p(Y) =Y} dP < >  Ep[1{X € By(z,h)} |Y(t) —bp(Y(¥))|] < 2-LB*4Lh* = 8L*B~*1*.
t'e{0,1}

Multiplying by h~2 and taking the maximum over j proves the claim, since the bound is free of
7, t and x.
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Step 6: the pointwise interface loss. We claim that for every sample,

sup |7 (@) — mp(a ‘ {Cyh +4L(p + 1) - 8L* B~3} +4L(p+1) WScoreDev,, , p(h, B)+8L?(p+1) GramDev,,,
xebp

Two preliminary facts hold at every z € Bp. First, Bp C int(Xp), and the derivative envelope
of Definition 22 bounds each arm regression by | p(z)| < L, so

|7p(z)| < 2L, that is  7p(z) € [-2L,2L].

Consequently, since projecting onto an interval containing 7p(z) cannot increase the distance to
7p(x), the clipping in Definition 28 is harmless:

AP (@) — ()| < [e] {BEL(R) - BE(W)} - 7p ()]

Second, n > N; and the definition of the bias ratio in Definition 29 give the deterministic
first-order bias bound

’61 {/81 pa(h -3 P:p(h)} - TP(»’U)’ < Cyh, r € Bp.

Now split on the design.

Case 1: GramDev,, , p(h) < 6. By Step 3 the guard holds at both arms and every z € Bp,
so Step 4 applies at both arms. Inserting the two population coefficients and using the triangle
inequality,

e {30 = B} —rp(@)| < 0 |el {BER) - Bipuli) }| + Coh.

te{0,1}

Bounding each summand by Step 4 and then each score by Step 5,

> |el {BE0) = Bipa() }| <2200 + 1) {WScoreDev,,, p(h, B) + 812877},
te{0,1}

which is

AL(p+1)-8L?*B~3 + 4L(p + 1) WScoreDev,, ,, p(h, B).
The right-hand side no longer depends on x, so taking the supremum over z € Bp and adding
the nonnegative Gram term gives the claim in this case.

Case 2: GramDev,, , p(h) > 6. Here the clipping alone controls the loss: \7'12 P < 2L
by construction and |7p(z)| < 2L, so

sup iQhLP(x) —7p(x)| < 4L.
zEBp

On the other hand the case hypothesis and the value of § give

1

) > 2 —
8L%(p+1) GramDeVn,p,P(h) = 8L7(p+1) 2L(p+1)

=4L,
so the Gram term alone already dominates the loss, and the claim holds because the two re-

maining terms are nonnegative. This is the calibration that fixes the coefficient 8L%(p + 1): it
is the smallest multiple of 6! that pays for the trivial envelope 4L on the ill-conditioned event.
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Step 7: integration. Take outer expectations under P™ in Step 6. The outer expectation
of Definition 14 is monotone, is subadditive on sums, returns a constant on a constant because
P™ is a probability measure, and satisfies E},[cWV] < c¢E}[W] for every finite constant ¢ > 0.
Applying these four properties in turn to the three summands of Step 6,

Ep [ sup l?hLP(:E) - Tp($)‘ < Cph+32L3 (p+1) B3 +4L(p+1) Ep[WScoreDev,, , p(h, B)]+8L?(p+1) Ep[Gram]

z€Bp

where 4L(p + 1) - 8L% = 32L3(p + 1). The measurability, integrability and extended-arithmetic
bookkeeping needed to pass from the pointwise inequality to this display is routine and is
suppressed.

Step 8: substituting the two maximal bounds. The three terms are now evaluated at
h=a, and B= B, = aﬁl/g using Step 1.

The deterministic term. By the first calibration B;,3 = a,, so

Chan + 32L%(p+ 1) B, * = {Cy + 32L*(p + 1)} ay.

The score term. Sincen > 1,0 < a, < L™ and B, > 1, Lemma 5 applies to P € P12(p, v, L)
at this bandwidth and clipping level and supplies

log(B,,/ay, B, log(B,,/an
E»[WScoreDev,, ,, p(an, Br)] < C’sc{ og(na2/a ) + Oi(az /a )} < Csef{2an+2ay,} = 4Cscan,

the last inequality by the second and third calibrations of Step 1. Hence
4L(p + 1) Ep[WScoreDevy, , p(an, Bp)] < 16L(p + 1)Cyc ay,.

This is the step at which the winsorization level is paid for twice over, and in opposite direc-
tions: raising B,, shrinks the deterministic term 32L3(p + 1)B,,;3 but inflates the envelope term
By log(By,/as)/(na?). The choice B, = a, 13 i exactly the one that places both on the scale
.

The Gram term. By Step 2 and the fourth calibration of Step 1,

log(an )

8L%(p + 1) Ep[GramDev,, ,, p(a,)] < 8L*(p + 1)Chy, 5
na?

< 8L*(p+1)Cpy .
Adding the three displays and recalling the definition of C' in Step 0,

Ep | sup ‘ 12 LP (x) — TP(CL')‘ < {C’b + 32L3(p +1)+16L(p+ 1)Cs + 8L2(p + 1)C’m} an = Ca,,.

TzEBp

Every quantity in C' was fixed in Step 0, before P and n, so the bound is uniform over the law
class, and taking the supremum over P € Pia2(p,v, L) gives

sup  Ep | sup |7, 712, LP (z) — Tp(ﬂj)’ < Cay, n> N,
PePia2(p,v,L) xeBp
which is the assertion, with C' > 0 and IV as constructed. O
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Proof of Theorem 3. Step 1 (constants). Fix p > 0 and put ¢ = p+ 1. Let Ly = Ly(p) be
the envelope threshold supplied by Lemma 6, so Ly > 48. Fix v > 2 and L > Lg, and let
co, A, C, Cy, 09 be the positive constants that lemma attaches to (p,v, L). Set

1 d
z =128 ¢ Cy, v =min{1, 271}, dzﬁ{l—exp(—l/Q)}, c:%.

Then v > 0, d > 0 and ¢ > 0. Since 0 < v < 1 we have 4* < v, and v < 27! therefore gives the
budget inequality
128 qCoy* < 128¢Coy = 2y < 1.

Step 2 (the logarithmic packing budget). We first record, as an eventual statement in n, the
calibration that will put the hypercube of Lemma 6 inside the range of Lemma 1. For n > 2 the
rate a, = (logn/n)'/* of Definition 8 satisfies na? = logn, so the budget inequality above gives

1
Con (yan)* = Coy* nal = Coy*logn < %.
q

Also loga, = %(log logn — logn), so every integer M with M > ¢o(ya,) '/ obeys
1 1
log M > logco — —logy — Z(loglogn — logn).
q q

For all sufficiently large n we have loglogn < %log n, whence —%q(log logn —logn) > siq log n;
and, since logn — oo, also log co — %log'y > —3%(1 log n. For such n the last display yields

1 1 1
logM > ———1 — 1 > —1 .
og M > 324 ogn + 8q ogn > 324 ogn

Combining the two estimates, for all sufficiently large n and every integer M > c (van)_l/ q,

logn 1 logn 1
Con (ya,)* < 128¢ =1 324 < 1

The de-Poissonization remainder exp{—n(1 — log2)} decays exponentially in n, while a,
decays only polynomially, so exp{—n(1 —log2)} = o(a,). Since a, — 0, we may therefore fix
N > 2 such that, for every n > N,

Yan < 507 2Lexp{_n(1 - log 2)} < Ccap,

and the displayed logarithmic packing budget holds.

Step 8 (the hard family at scale A). Fix n > N and a known-geometry point-indexed rule
Tn € ’7}12’i, and choose a family of Borel sections {T}, ¢ » } representing it as in Definition 25. Put
A =~vay,, so 0 < A < §y. Applying Lemma 6 at separation A produces an integer M, a radius
w = AAY, the disk mass p = mw?/36 > 0, centers x1,...,zy on the middle of the bottom
edge with pairwise disjoint disks S; = Ba(z;,w) C [-3,3]?, laws P, € Pia(p,v, L) indexed by
w € {0,1}M all carrying the same fixed rectangular geometry

X =1[-3,3% A =[-1,1x10,2], Ag=x&\ A, B=0A,

and conditional signed-distance laws Q;; with M > coA~Y4. In particular M > 1, because
CDA_l/ 7> 0.
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Step 4 (per-coordinate divergence budget). The Kullback—Leibler clause of Lemma 6, the
identity p = mw?/36, and 7 < 4 give, for every j,
00A4 ™ w2

_ Y g1
KL(QL(),Q]‘J) . 2np < ) 2n % = ConA . Tg < CoTLA < Z
2

log M,

where the last inequality uses the logarithmic packing budget above and M cD(’yan)*l/ q,
Step 5 (target values at the centers). For j < M and b € {0,1} let €(j,b) € {0,1}™ be the
vertex with jth coordinate b and all other coordinates 0, and put

Vjb = TP, (T5)-

Because the treatment-effect target at x; depends on the vertex only through its jth coordinate,
and because flipping that coordinate moves the target at x; by exactly A (Lemma 6),

7P, (7)) = Vjw,; for every w, and lvj1 —vj0] = A.

Step 6 (the Poissonized experiment). For a probability law @ on a standard Borel space
and A > 0, write II)(Q) for the law of the finite marked configuration obtained by drawing
N ~ Pois()) points independently from @), attaching to each point an independent mark uniform
on (0,1], and listing the points in increasing order of their marks; the marks are independent of
the points and almost surely distinct, so they only fix a canonical ordering. For a configuration
s write |s| for its number of points and, when |s| > n, write (Y1, X1),..., (Ys, X,,) for its first
n points. Let Gy be the common known geometry of the hypercube, which is the same tuple
for every vertex because all P, share X, Ag, A1, B, the Euclidean metric and K. Define the
Poissonized value of the rule at a point z by

== .
(e15) = {OTn,GO,x((E,Dx,i) 1<i<n), lj i Z D, = {1(X; € A1) —1(X; € Ao) }I|Xi—zll2,
) ?

and the Poissonized maximum loss at a vertex w by

Au(s) = max |7 (x5 8) = vy, |
Both are measurable, each section T}, .., being Borel.

Step 7 (independent blocks and their compressions). Split a configuration drawn from
2, (P,) according to the partition of [—3,3]? into the pairwise disjoint disks Si,..., Sy and
their complement. Because thinning a marked Poisson configuration by a measurable partition
produces independent marked Poisson configurations, the blocks

M
Z; = {points with score € S;} (1 <j < M), Zy = {points with score ¢ U Sk}
k=1

are independent, Z; ~ Ily,, (Pw(- | score € Sj)), and Zj is the corresponding marked Poisson
configuration built from the normalized law of P,, off | J, Sy at the complementary intensity. By
the bit-structure clause of Lemma 6 the law of Z; depends on w only through w;, each disk
having the same mass p, while the law of Zj is common across all vertices.
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Compress the jth block by replacing each of its points by its signed observation at x; under
the common geometry, keeping its mark; the compressed blocks Sy, ..., Sy are the compressed
coordinates required by Lemma 1:

§j = c;(Z;), ¢j: (Y, X, mark) — (Y, {1(X € A;) — 1(X € Ag)}||X — |2, mark).

By the signed-observation clause of Lemma 6, the point law of the compressed jth block at bit
b is exactly @Q;, so

L(gj | Qj = b) = H2np(Qj,b)a be {07 1}'

Poisson tensorization gives KL equal to 2np KL(Q;0,@;.1) for the two unordered marked con-
figurations, and mark-ordering is a measurable map, which cannot increase divergence; hence,
with the per-coordinate divergence bound above,

. . 1
KL(L(S;j | Q= 0),L(5; | 5 =1)) < 2np KL(Qj0,Qj1) < 7 los M.

Step 8 (direct-product testing bound). Let Qq,...,Qp be independent uniform bits, so
that the vertex Q = (Qq,...,Qyy) is uniform on {0,1}*. The block product experiment first
draws the common block and the cell blocks conditionally independently according to the bit-
conditional laws above, and then superposes those blocks; at vertex w, the superposed config-
uration has the canonical marked-Poisson law Iy, (P,). Attach to coordinate j the midpoint

decoder
5 ATT ATT
Qj = 1{|7, (x; 1) —vjnl <17, (255-) — vjol}-

The configuration feeding 7.'(x;;-) is obtained by superposing the compressed blocks ¢;(Z),
k # j, the compressed ancillary block ¢;(Zp), and the already compressed block Sj; the
raw jth block therefore enters only through S;. Hence ); is a measurable function of

(S;,(Z1,...,Znm), Zp) that is unchanged when the raw coordinate vector is altered only in
coordinate j while (S;,Z_;, Zy) is held fixed. All hypotheses of Lemma 1 are thus met, and
its Kullback—Leibler consequence with x = 1/4, fed by the compressed-coordinate divergence

bound, gives for the block experiment
1 1
Pr{at least one decoding error} > 5{1 — exp(—M3/4/2)} > 5{1 — exp(—1/2)} =d,

the middle inequality because M > 1 forces M3/* > 1.

Step 9 (from decoding error to loss, and averaging). If the midpoint decoder is wrong at
coordinate j under the block product experiment, then the estimate is at least as close to the
wrong value as to the true one, so the separation |vj; — v;o| = A forces

_ R A
Q #Aw; = |T(xj38) — vjw,| > oR

After superposition, this is a statement under the canonical marked-Poisson law Iy, (P,,). Con-
sequently, for every vertex w,

A P
5 Hzﬁh){ﬂj 1 Qj # Wi} < By, (py[Aw]-
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Averaging this inequality over the 2 vertices and bounding the average of the right-hand side
by its maximum selects a vertex w with

A _

527 >0 P {3510 #wj} <En,p [
2, (P,)

w'e{0,1}M

The left factor is the average block-product decoding-error probability bounded below in the
direct-product display, transported through the superposition map; and (A/2)d = (vyay/2)d =
4ca, by the definition of ¢. Therefore

4c Qp, < En2n(Pw) [Aw] .

Step 10 (de-Poissonization). Write P = P,. The hypercube construction gives P €
Pia(p,v, L) and the fixed rectangular geometry, so Gp = Gy and each center lies on Bp =
Id([—1,1] x [0,2]). Define the finite packing loss of the rule on a sample W of size n by

k ~
Ef:lcg (W) = 122};/[‘Tn7p(xj) — TP(.%']‘)

)

which is measurable in W because each section T}, G »; is Borel and W Ui p(x;) is measur-
able. On the event {|s| > n} the Poissonized value at x; is the value of the rule on the retained
prefix, because Gy = Gp makes the two signed observations at z; coincide, and 7p(z;) = Vjw;
by the target identity above; hence

Au(s) = Zi?;k((Yi,Xi)ign) whenever [s| > n.

On the complementary event the Poissonized value is 0, so Ay(s) < max;|vj.,|; and since
the two potential-outcome regressions of Definition 22 satisfy sup,cy, |t p(2)| < L, the target
Tp = p1,p — po,p of Definition 23 obeys

[V w; | = |TP(75)] < 2L.

Conditionally on {|s| > n} the first n points of the configuration are i.i.d. from P, and
Pr{Pois(2n) < n} < exp{—n(1l —log2)}, so splitting the Poissonized expectation over the
two events gives

Em,, Py [Aw] < /Ez?;,k dP"™ + 2L exp{—n(1 —log2)}.

By the choice of N the second term is at most ca,. Combining this upper bound with the
preceding Poissonized lower bound and weakening 4c a,, to 2ca,,

k
2ca, < /éf:l;, dP" + cay,.
Cancelling the finite common term ca,, yields
K
can < [ BEap.
Step 11 (passage to the two risks). Each x; lies on Bp, so pointwise in the sample

K ~
Efflcp < sup ‘Tmp(.%’) — TP(ZE)‘.
zEBp
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The finite packing loss is measurable, so its integral is at most the outer expectation of the
boundary supremum. Hence

can < E}; |: sup ’?n,P(:E) - TP("E)”
rEBp

Since P € Pia(p,v, L), taking the supremum over the law class and then the infimum over
T € Ti2* gives, by Definition 26,

cap < R}f’i(p, v, L) for every n > N.

Since P also satisfies the fixed hard-geometry condition, the same two steps taken inside the
restricted supremum of Definition 27 give

cap < R}fi’ﬁx(p, v, L) for every n > N.

1/4

Step 12 (normalization and liminf). For n > 2 we have a,, = (logn/n)"/* > 0, hence

R2%(p v, L
a;lR}LQ,i(p’ v, L) _ 1n (p )
Qn
The two sequences are eventually equal, so their lower limits agree, which is the first asserted
identity. Dividing the two eventual risk inequalities by a,, > 0 gives, for every n > max{N, 2},

12,4+ 6
n o (p,v, L)

)

12,+
’ v, L
o< fin (p, v, )’ o<
an an

and the order property of lim inf under an eventual lower bound yields

Rl2* L Rl2fix v L
¢ < liminf M, ¢ < liminf == (p )
n—00 (07 n—oo Qg
This proves the theorem. O

Proof of Theorem 1. Write a,, = (logn/n)'/4.

1. By Theorem 2, applied with the same ¢ and L, choose cp; > 0 such that
PI
cp1 < liminf —2.
n—00 (O
Set cory = cp1.
2. The two normalizations of the common-map risk agree eventually. Indeed, for all suffi-
ciently large n, a, > 0 and
1/4 NP
n R
() -

logn an

because a, = (logn/n)'/* is the reciprocal of (n/logn)'/*. Taking liminfs of these even-

tually equal sequences gives

1/4 NP
) R,l\fpzliminfR".

n—00 (U

lim inf <
n—oo \ logn
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3. For each n, the common-map risk dominates the point-indexed risk:
RPT < RNP,

Two facts combine to give this.

First, a common map in Definition 11 is a point-indexed rule in Definition 13: take the
same Borel section T}, , = T), at every boundary point, as recorded by Lemma 3. Hence
the infimum defining RET runs over a superset of the rules defining RNY.

Second, for a common-map rule the two expectation conventions coincide term by term.
Fix P € Pxp(L,q) and a common map T, and write the boundary loss at the sample
point w as
Ap(w)= sup |Tn(Varp(2)],) — up(@)|.
zebd(Xp)

The map
(z,w) — |T,, (Vn,p(xﬂw) — pp(z)|, (z,w) € bd(Xp) x (R x R*)™,

is jointly Borel: T;, is measurable, (z,w) — V;, p(x)] is continuous in 2 and Borel in w,
and pp is continuous on the compact set Xp O bd(Xp) because it lies in the Holder ball
of Definition 4. Consequently, for every level a,

{w: Ap(w) >a} = {w :Jx € bd(Xp), ‘Tn(Vn’p(.f)‘w) — pp(z)| > a}

is the projection onto the sample coordinate of a Borel subset of the product of the Polish
space bd(Xp) with the sample space, hence an analytic set. Analytic sets are universally
measurable, so every superlevel set of Ap is measurable for the completion of the product
law generated by P; therefore Ap is measurable on that completed space and its completed
integral coincides with its outer expectation,

/Ap dP"=Ep | sup |fin(z) — pp(z)|

Z‘Ebd(Xp) ] .

Taking the supremum over P € Pxp(L,q) in the last display and then the infimum over
the larger point-indexed class in Definition 14 bounds RL! above by the common-map
risk in Definition 12, which is the displayed inequality. Dividing by the same nonnegative
normalizing factor preserves this order:

PI NP
R _ R)

an an

4. Applying monotonicity of liminf to the preceding pointwise normalized-risk inequality gives

PI RNP
liminf —2 < liminf —2
n—00 Ay, n—o0 QA

Combining this with the choice of cory in the first step yields

NP
cory < liminf ——,
n—oo  Qy

and the equality of normalizations from the second step gives the displayed conclusion.
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Proof of Theorem 2. Fix ¢ > 1 and L > 4, and write a,, = (logn/n)"/4.

1. A finite packing lower bound, uniform over point-indezed rules. Let co, c1,Cy, Chy Crad, ¢ >
0 with o < 1/8 be the constants of Lemma 2, and put

d:%(1—e—1/2) >0, c:@>0.

4
Take n beyond the threshold of that lemma, and let M,,, w,, m,, the boundary points
x1,...,TM,, the laws P, and the values u;o,u;1 be the objects it supplies, with S =

[~1/2,1/2]? the common covariate support. Two of its clauses are used at once: M, >

coln Va5 0, so M, > 1; and m,, > 0, because Cj contains a relatively open neighbourhood
of the support point x; inside S, which therefore has positive covariate mass, and that
mass is my,.

Fix a point-indexed rule itY, € 7,FT and law-independent Borel sections {7}, ,} represent-
ing it as in Definition 13.

The Poissonized product experiment. Put independent uniform binary coordinates
Qq,...,Qy, on {0,1}. Conditionally on = w, let N be Poisson with mean 2n,
independent of an i.i.d. stream of observations from FP,,, and attach to each observation an
independent mark uniform on (0, 1]; list the resulting N marked observations in increasing
mark order. Split this configuration along the partition of S into the cells Ci,...,Ch,
and their complement, and write

Z; = the sub-configuration with covariate in C; (1 < j < M,,), Zy = the sub-configuration with covari

Splitting a Poisson configuration along a measurable partition makes the blocks indepen-
dent conditionally on €. For j > 1, Z; is the marked Poisson configuration with intensity
2n times the restriction of P, to Cj, equivalently with mean 2nm,, and the conditional
observation law on C;. The complement block Z is the marked Poisson configuration with
intensity 2n times the restriction of P, to S\ |J;, Ck; when this complement has positive
mass this is the corresponding conditional law with that mean, and when the complement
has zero mass it is the zero-intensity Poisson configuration. By the equal-cell-mass, one-
bit-locality and common-outside clauses of Lemma 2, the conditional law of Z; depends on
2 only through 2;, and the conditional law of Zj is common for all values of €2, including
the zero-intensity case.

The compressions and the decoders. The compressed blocks required by Lemma 1 are
written Si,..., Sy, here, the plain letter S being reserved for the covariate support; let

§j = Cj(Zj), [ ((y,z),mark) — ((y7 Hz - $j||2)7mark)’

so that §j records, for each atom of the jth cell block, its outcome, its distance from
x;, and its mark. For coordinate j, superpose in mark order the compressed own block

Sj, the images under ¢; of the other cell blocks {Zj}r;, and the image under ¢; of the
complement block Zy; call the result s;, and set

O = 1{[a—u;1| < |a;—

. {Tn,xj (ﬁrst n atoms of s; in mark order), if s; has at least n atoms,
U; =

0, otherwise,
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Each ﬁj is a measurable {0,1}-valued function of (§j, (Z1,...,2Zm,), Zo), and it is un-

changed when the raw block Z; is altered while (S}, Z_;, Zp) is held fixed, because Z;
enters s; only through Sj.

The coordinatewise divergence budget. Because Pr{Q}; = b} = 1/2 for b € {0,1}, the
conditional law in Definition 1 is defined; write

Qio=L(S; | Q;=10).

Then
KL(Qj0,Qj1) < 2alog M, for every j.

Indeed, under Q; = b, §j is exactly the block of radii at most w, of the marked Poisson
experiment generated by the one-observation outcome-distance law at x; for the single-bit
vertex with jth bit b. Restricting to that block is a measurable map, so it cannot increase
divergence, and a marked Poisson experiment of mean 2n has divergence at most twice
that of the corresponding n-fold product experiment, which is the compressed-distance
divergence bounded by alog M,, in Lemma 2.

The direct-product step. The uniform bits y,...,8y,, the conditionally independent
blocks (Zo, Z1,...,2Zum,), the compressions c¢;, and the decoders ﬁj satisfy all the hy-
potheses of Lemma 1. Applying that lemma with kK = 2a < 1/4 and using the previous
display gives

1
Pr{at least one decoding error} > 5 [1- exp{—Mé_Qo‘/Q}] > d,

the last inequality because M,, > 1 and 1 — 2a > 0 give M!72% > 1.

From decoding errors to loss, and choice of a vertex. If (Alj # €15, then the nearest-value
decoder has picked the wrong endpoint, so the triangle inequality and the signal separation

|uja — ujol = cran give
C1Qp,

2

Multiplying the previous two displays and averaging over the uniform prior on {0, 1}M»
selects a vertex w such that, writing E§, for expectation in the mean-2n marked Poisson
experiment under P,

‘ ~

uj - u.ijj‘ —

E3

n

PR
 J0a [ = Uj,|
De-poissonization. Put P = P,, so P € Pxp(L,q), Xp = S, and every z; € bd(Xp).
Define the finite packing loss of the rule at a sample point w of size n by

k ~PI
Kfff:, (w) = 15?2@”‘;;”7]3(3:3») - /.LP(.ZU]')‘ evaluated at w,

a measurable function of w, being a finite maximum of compositions of the Borel sections
Tz, with the measurable distance compressions of Definition 10. On the event {N > n}
the first n atoms in mark order are an exact i.i.d. sample from P, and by construction u;
is then the value of the rule at x; on that retained sample and u;,,, = pp(z;); hence the

Poissonized maximum equals éga;k of the retained sample. On the complementary event
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{N < n} every u; equals the fallback value 0, so the maximum is at most max; |u;,| =
max; |[up(xj)| < L, the envelope coming from the zeroth-order derivative bound in pup €
HY(Xp, L) of Definition 4. Since N is Poisson with mean 2n, a Chernoff bound for its
lower tail gives Pr{N < n} < exp{—n(1 —log2)}, and therefore

w ~ K
ES5, Lgr?gﬁn‘uj — Ujw; ‘] <Ep [EZ?ICD } + Lexp{—n(1—1log2)}.
Because exp{—n(l — log2)} = o(a,), we may enlarge the threshold on n so that
Lexp{—n(1 —log2)} < ca,. Combining the last three displays and cancelling one copy
of the finite quantity ca, yields: for every point-indexed rule ﬁilp € TF! there are
P € Pxp(L,q), an integer M,,, and boundary points z1, ...,z € bd(Xp) with

~PI
Epn Lg&n\un,p(%) - HP(xj)|] > can.
. For such P and 2y, ..., z)y,, the finite maximum is bounded pointwise by the full boundary
loss because each z; lies on bd(Xp):

 Jnax [ p(z)) — pp(es)] < e P)}ﬁi,lp(x) — pp(@)]-
The left-hand side is measurable, so its ordinary expectation is bounded above by the outer
expectation of the right-hand side, that is, by the quantity appearing in Definition 14.
Taking the supremum over P € Pxp(L,q), and then the infimum over all rules in 7,}7,
gives a sample-size threshold ng, distinct from the Poisson count N introduced in the
Poissonized experiment, such that

RSI > cap for every n > ng.

1/4
n / RPI:@
logn " an

because (n/logn)*/* is the reciprocal of a,. Thus the two normalized sequences agree
eventually, so monotonicity of liminf in both directions gives

. For every n > 2, a, > 0 and

1/4

1/4 PI
lim inf <n> RPT = lim inf R—"
logn

n—00 n—00 QO

. For every n > max{ng, 2}, the positivity of a,, allows division in the preceding eventual

lower bound:
PI

c< 2,
G,

Taking lim inf preserves this eventual lower bound. With cp; = ¢ > 0, the asserted equality
of normalizations and the lower bound
PI

liminf —2 > c¢pp
n—oo  ay

follow.
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O]

Proof of Theorem 4. 1. Apply Theorem 3 for the chosen order p, and let Leony > 48 be the
envelope threshold it provides. Set

Lo = max{Lcony, 4}

Then Ly > 48. Fix v > 2, L > Ly, and the three displayed hypotheses of the theorem. The
choice of Ly gives both L > Leony and L > 4.
2. The converse theorem at Ly, supplies a constant ¢ > 0 such that

12,4+
’ L
¢ < liminf M

n—oo A,

That theorem also records the parallel lower bound for the fixed-geometry risk Ry +, ﬁx(p, v,L)
of Definition 27; only the full-risk statement just displayed is used below.

3. By Proposition 1, applied with L > 4 and the distance-identification, first-order-bias, and
expected-maximal-bound hypotheses, there are Cy > 0 and N such that, for every n > N,

’ 12LP

() — Tp(x)l < Coan,.

sup Ep | sup
PePi2(p,v,L) rEBp

Since a, > 0 eventually, division by a,, and passage to the limsup give

~12,LP
SUD pePis(p,v,L) Epb [SUPxeBp Tnian (%) — 7P () H

< Cp.

lim sup
n—00 Gnp
4. The explicit rule is admissible. For every n > 2 the frontier bandwidth a,, is positive,
so the winsorization level B(a,) = an 23 of Definition 28 is well defined, and the estimator is
generated by the law-independent family of sections

Thcq(u) = max{—?L, min{QL, el (B\lB(an; u) — Bég(an; u))}} , ue (RxR)",

where BtB (an;u) is the stabilized coefficient of Definition 28 computed from the signed-distance
sample w. This family does not depend on the unknown member law, and each fixed-(G,x)
section is Borel in u, because the empirical Gram ‘Tlm(an), the uniform conditioning event
{(2L)~ Z v < UT\I/m(an)v for all v}, the matrix inverse on that event, the winsorized em-
pirical moment mt,x(an), and the clipping map are all Borel functions of u. Moreover, for every
P € Pia(p,v, L) and every = € Bp, the signed-distance sample built from the known geometry
Gp of Definition 20 is exactly U:L—LP(:U) of Definition 21, since the treatment indicator is the
deterministic function 1{X € A; p} of the covariate recorded in Gp. Hence
FI12LP o 12t

nan

Therefore the minimax risk of Definition 26 is bounded above by the risk of this explicit rule:

RZ»*(p,v,L) < sup  Ep|sup |75 (2) — 7p ()]
PeP12(p,v,L) z€Bp
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After normalizing by a,, this inequality holds eventually in n, and monotonicity of limsup yields

Rz I
lim sup M < lim sup

n—00 (279} n—00 an

~12,LP
SUPpepya(pun) B [suPses, [ () = 7e(a)|

< Cp.
5. Finally set
C = max{Cy, c}.

Then 0 < ¢ < C. The lower bound from Step 2, the general inequality liminf < limsup, and
the two upper bounds from Steps 3 and 4 give

R (p,v, L R (p,v, L
c< liminfM < limsupM < C,
n—00 Gnp, n—00 Qnp,
and
~12,LP

 SWpepyyun) B [sbses, [ (@) - (o)

lim sup <C.

n—00 Gnp,
These are exactly the asserted frontier bounds. O
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