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Abstract

This paper studies minimax estimation of the average treatment effect in a finite-alphabet
observational model with binary treatment and outcome, unrestricted categorywise nuisance
functions, and fixed overlap. For each fixed interior overlap level ϵ ∈ (0, 1/2), there are
ϵ-dependent constants aϵ, ρϵ, Cϵ > 0 and a cutoff Nϵ such that, for every sample size n ≥ Nϵ

and positive covariate alphabet size d ≤ ρϵn logn, the minimax mean-squared risk over the
overlap-restricted iid experiment class is

1

n
+

d2

n2(log n)2

up to constants depending on ϵ. Over that same range n ≥ Nϵ, d > 0, d ≤ ρϵn logn,
the upper bound is attained by a computable two-split hybrid estimator with universal
numerical tuning: pilot-certified heavy categories are estimated by empirical treatment-
control ratios, while pilot-certified light categories are estimated by a Chebyshev reciprocal
polynomial whose monomials are lifted by factorial moments. Within the range n ≥ Nϵ

and d ≤ ρϵn logn, the rate implies a parametric regime d = O(
√
n logn) and a consistency

frontier d = o(n logn). The paper also gives an overlap-phase upper envelope: a centered
estimator has risk at most n−1 + 4(1/2− ϵ)2 for every positive n, d, and at the randomized
endpoint ϵ = 1/2 the minimax risk is bracketed between 1/(100n) and 1/n for every positive
n, d.

1 Introduction

Average treatment effect estimation under unconfoundedness is usually organized around out-
come regression, propensity scores, and overlap. In regular low-dimensional models, this program
leads to semiparametric efficiency theory and first-order robust estimators [Hahn, 1998, Hirano
et al., 2003, Robins et al., 1994, Bang and Robins, 2005, van der Laan and Rubin, 2006]. Modern
high-dimensional causal inference extends the same target with structured nuisance estimation,
orthogonal moments, and debiasing [Belloni et al., 2017, Chernozhukov et al., 2018, 2022]. This
paper studies a complementary benchmark in which the covariate is fully discrete, the alphabet
size dmay grow with the sample size n, and every category carries its own unrestricted treatment
probability and conditional outcome means.

∗Machine-generated by the CausalSmith research pipeline. The displayed formal statements and proofs are
Lean-verified under the paper’s theorem-local citation interface; the verification appendix records the exact scope,
toolchain, and commit, including any statement that is conditional on a published input. Cited work otherwise
supplies framing and positioning.
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The benchmark isolates the cost of discrete confounding under fixed overlap. The observed
data are iid triples Oi = (Xi, Ai, Yi), with Xi ∈ {1, . . . , d}, binary treatment Ai, and binary
outcome Yi. Under the overlap level ϵ, every positive-mass category has treatment probability
in [ϵ, 1− ϵ]. The target is the adjusted average treatment effect

τ(P ) =

d∑︂
k=1

pk{µ1k − µ0k},

written in the body as a homogeneous four-cell functional so that categories with small empir-
ical support can be analyzed directly. Under consistency and conditional exchangeability, this
observed-law functional has the usual potential-outcome interpretation.

The main result gives the sharp fixed-interior minimax rate. For each fixed ϵ ∈ (0, 1/2),
Theorem 1 establishes constants aϵ, ρϵ, Cϵ > 0 and Nϵ < ∞ such that, for n ≥ Nϵ and d ≤
ρϵn logn,

aϵ

{︃
1

n
+

d2

n2(log n)2

}︃
≤ Rn,d,ϵ ≤ Cϵ

{︃
1

n
+

d2

n2(log n)2

}︃
.

The same result records the parametric interior d = O(
√
n logn), where the risk is of order 1/n,

and the consistency frontier d = o(n log n) along sequences inside the displayed calibrated range.
The estimator attaining the upper bound is explicit. It splits the sample into a pilot half

and an estimation half. Categories with large pilot counts enter a ratio branch, using empirical
treated and untreated outcome proportions. For n ≥ N0, categories with small pilot counts enter
a polynomial branch. The polynomial is a Chebyshev-based approximation to the reciprocal
terms in the categorywise treatment-control contrast, and its monomials are estimated through
normalized falling-factorial moments of the four treatment-outcome cell counts. Theorem 2
records that this hybrid is computable with operation count linear in d and polynomial in the
logarithmic degreeM(n). The same numerical tuning is used across fixed interior overlap levels.

The rate closes the logarithmic upper-bound gap left by the closest discrete-covariate causal
benchmark. Zeng et al. [2024] show that standard plug-in, inverse-probability-weighted, and
doubly robust estimators have worst-case upper scale d2/n2 + 1/n in a strong-overlap finite-
alphabet model, while their lower bound has scale d2/{n2(log n)2} + 1/n. For each fixed ϵ ∈
(0, 1/2), the hybrid construction developed here attains the lower-bound scale for n ≥ Nϵ,
d > 0, and d ≤ ρϵn logn. The lower side is transferred from their fixed-sample control-zero
construction, and the upper side is supplied by the ratio-polynomial estimator.

The estimator reflects the same approximation principle that appears in large-alphabet non-
smooth functional estimation [Paninski, 2003, Jiao et al., 2015, Wu and Yang, 2016, Han et al.,
2020]. Sparse categories have too little information for stable cellwise ratio estimation. A de-
gree of order log n balances approximation bias against factorial-moment variance, producing the
logarithmic improvement in the large-alphabet term. Heavy categories are handled separately
because their denominators are large enough for direct ratio estimation to achieve the required
aggregate rate.

The paper also characterizes the randomized endpoint behavior. Theorem 2 gives a centered
estimator with risk at most

1

n
+ 4(1/2− ϵ)2

for every n, d and every ϵ ∈ (0, 1/2]. At ϵ = 1/2, treatment is randomized within each positive-
mass category, and the minimax risk lies between 1/(100n) and 1/n. Combining the centered
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estimator with the hybrid estimator yields a deterministic upper envelope involving

1

n
+min

{︃
d2

n2(log n)2
, (1/2− ϵ)2

}︃
within the fixed-interior calibration range.

The appendix records the mathematical statements and proof details used in the paper,
including the product-law bridge in Lemma 20. The paper proceeds as follows. The next section
reviews related work. The setup section defines the finite-alphabet experiment class, overlap
cone, ATE functional, minimax risk, and hybrid estimator. The main-results section states the
fixed-interior minimax theorem and the overlap-adaptive envelope. The discussion interprets the
rate, the estimator, and the endpoint comparison. The appendices give the auxiliary probability,
approximation, factorial-moment, heavy-cell, light-cell, and main-theorem proofs.

2 Related work

The paper sits at the intersection of causal inference for average treatment effects, high-
dimensional observational methods, minimax theory for nonsmooth functionals, and large-
alphabet discrete-distribution estimation. In the potential-outcomes tradition of Rubin [1974]
and Rosenbaum and Rubin [1983], identification and estimation of average treatment effects
are organized around consistency, conditional exchangeability, and overlap. Semiparametric
analyses then characterize efficient influence functions and regular estimators under smooth
low-dimensional structure [Hahn, 1998, Hirano et al., 2003, Robins et al., 1994]. Doubly
robust and targeted procedures extend this program by combining outcome regression and
propensity-score estimation in ways that preserve first-order behavior under appropriate
nuisance control [Bang and Robins, 2005, van der Laan and Rubin, 2006]. The present analysis
uses that causal estimand and overlap vocabulary, but its rate question is driven by unrestricted
finite-alphabet confounding: the covariate alphabet may grow with the sample size, and the
categorywise nuisance functions are unconstrained across cells.

High-dimensional causal inference has developed complementary tools for flexible nuisance
estimation and valid inference under structural restrictions. Orthogonal and debiased methods
use moment equations that reduce sensitivity to first-stage regularization error [Belloni et al.,
2017, Chernozhukov et al., 2018, 2022]; related analyses clarify how overlap, support, and de-
sign complexity shape attainable performance in observational problems [D’Amour et al., 2021,
Jin and Syrgkanis, 2025]. Work on higher-order influence functions and nonparametric bias
correction shows that estimating causal functionals can require corrections beyond first-order
semiparametric theory when nuisance features are complex [Robins et al., 2008, 2009, 2017, Liu
et al., 2017, Kennedy et al., 2024]. The fixed-overlap discrete model considered here gives a
complementary benchmark with combinatorial complexity: each category carries its own treat-
ment probability and conditional outcome means, so the sharp rate depends on the number of
categories.

The minimax perspective follows the classical decision-theoretic treatment of statistical rates
[Bickel et al., 1993, van der Vaart, 1998, Tsybakov, 2009]. For nonsmooth functionals, sharp
procedures often combine approximation theory with bias correction, and logarithmic factors
can mark the difference between plug-in behavior and the optimal risk [Lepski et al., 1999,
Cai and Low, 2011]. Classical unseen-species work provides an early large-alphabet precedent
[Fisher et al., 1943, Good and Toulmin, 1956, Efron and Thisted, 1976]. Modern large-alphabet
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functional estimation uses polynomial approximation and unbiased estimation of polynomial
moments to attain sharp rates for entropy, support size, and related functionals [Paninski, 2003,
Valiant and Valiant, 2011, 2017, Orlitsky et al., 2016, Wu and Yang, 2019, Jiao et al., 2015, Wu
and Yang, 2016, Han et al., 2015, 2020]. The estimator constructed in this paper imports that
approximation-and-factorial-moment logic into the causal four-cell contribution associated with
each covariate category, while ratio estimation handles categories with enough observations.

The closest comparison is Zeng et al. [2024], whose strong-overlap discrete-covariate model
is the one adopted here, with the covariate alphabet size d allowed to grow with the sample
size n. Three of their results fix the benchmark. First, they show that the standard estimator
class collapses: when the categorywise nuisances are fitted on the same sample that is used
for the final average, the outcome-regression, inverse-probability-weighted, and doubly robust
estimators of the ATE coincide numerically with a single count-based plug-in rule. Second, they
bound that rule’s worst-case mean-squared error at the scale d2/n2 + 1/n, with an overlap-
dependent constant, so d/n → 0 is sufficient for consistency of every estimator in that class;
their companion worst-case-bias bound shows that the same condition is also necessary there,
which makes d/n → 0 the consistency benchmark for standard practice in this model. Third,
their minimax lower bound over the same class of experiments scales as d2/(n2 log2 n) + 1/n in
the regime d ≲ n logn, a factor (logn)2 below their upper bound in the large-alphabet term. In
the discussion following their Theorem 2, and again in their concluding discussion, Zeng et al.
[2024] state that this gap is unresolved in both directions: either a polynomial-approximation
estimator improves the upper bound, or the lower bound can be tightened.

The gap matters for more than bookkeeping. Robins and Ritov [1997] showed that unre-
stricted high-dimensional adjustment can obstruct uniform model-free inference, so a benchmark
in which the categorywise nuisances carry no smoothness, sparsity, or ordering structure is ex-
actly where plug-in reasoning is least trustworthy, and where the attainable rate rather than the
behavior of a familiar estimator has to settle the question.

The present paper resolves that gap on the upper-bound side. For each fixed ϵ ∈ (0, 1/2),
it constructs a computable balanced ratio-polynomial hybrid estimator whose worst-case mean-
squared error is of the lower-bound scale d2/(n2 log2 n) + 1/n for n ≥ Nϵ, positive d, and
d ≤ ρϵn logn. In that calibrated range the logarithmically sharpened large-alphabet term and
the parametric 1/n component are both attained, so the minimax rate is identified, and the
consistency benchmark moves from the d/n→ 0 of the standard estimator class to d/(n log n) →
0.

3 Setup and assumptions

Throughout the paper, C denotes a finite positive constant whose value may change from line
to line, with dependence displayed when it matters. Asymptotic notation is along sequences
in the sample size n and the alphabet size d, with the overlap level ϵ treated as fixed unless
stated otherwise. Category indices range over k ∈ {1, . . . , d}, treatment arms and outcomes
range over {0, 1}, and all risks are mean-squared risks under the product law generated by the
observed-data distribution.

The observed-data model is finite and fully discrete. We first fix the variables and sampling
law, then impose overlap, define the experiment class, and express the target functional as a
sum of categorywise four-cell contributions.
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Definition 1. [synth_7] (Observed treatment, outcome, and potential outcomes) We write
A ∈ {0, 1} for the observed binary treatment, with A = 1 denoting treated status and A = 0
untreated status, and Y ∈ {0, 1} for the observed binary outcome. The potential outcomes
Y (0) and Y (1) are {0, 1}-valued random variables on the same probability space as the observed
variables, where Y (a) is the outcome that would be recorded under treatment level a ∈ {0, 1}.

Assumption 1. [ass:iid-sampling] (IID observed-data model) The observed data are Oi =

(Xi, Ai, Yi), i = 1, . . . , n, with O1, . . . , On
iid∼ P , where the covariate X takes values in {1, . . . , d},

the treatment A and outcome Y are binary. For each category k ∈ {1, . . . , d} write pk = P (X =
k) for the category mass, πk = P (A = 1 | X = k) for the treatment probability, and, for each
treatment arm a ∈ {0, 1}, µak = EP [Y | A = a,X = k] for the conditional mean outcome.

Assumption 1 is the standard independent and identically distributed sampling condition for
a finite-alphabet observational study [Zeng et al., 2024]. It allows the law P to assign arbitrary
probabilities to the category–treatment–outcome cells, so all heterogeneity across categories is
carried by the unrestricted masses, propensities, and conditional outcome means.

Assumption 2. [ass:overlap] (Fixed overlap) For the overlap level ϵ, every category k with
category mass pk > 0 satisfies

ϵ ≤ πk ≤ 1− ϵ.

Assumption 2 is the standard strong overlap condition [Zeng et al., 2024]. It fixes an interior
range for each positive-mass category, ensuring that both treatment arms are represented at the
population level in every category contributing to the target.

Definition 2. [def:experiment-class] (Experiment class En,d,ϵ) For n, d ∈ N and 0 < ϵ ≤ 1/2,
the overlap-restricted iid experiment class is

En,d,ϵ :=
{︁
P⊗n : P ∈ Prob({1, . . . , d} × {0, 1}2) and P satisfies Assumption 2

}︁
.

The law P⊗n is formed from the single-observation law in Assumption 1.

Definition 3. [def:overlap-cone] (Overlap cone Cϵ) The overlap-restricted cone of nonnega-
tive four-cell vectors is

Cϵ :=
{︁
u = (u00, u01, u10, u11) ∈ R4

+ : ϵ(u00 + u01 + u10 + u11) ≤ u10 + u11 ≤ (1− ϵ)(u00 + u01 + u10 + u11)
}︁
.

Definition 4. [def:cell-functional] (Cell functional ϕ(u)) For u = (u00, u01, u10, u11) ∈ Cϵ
as in Definition 3, define

ϕ(u) :=

⎧⎪⎨⎪⎩
(u00 + u01 + u10 + u11)

[︃
u11

u10 + u11
− u01
u00 + u01

]︃
, u ̸= (0, 0, 0, 0),

0, u = (0, 0, 0, 0).

Definition 5. [def:ate-functional] (Average treatment effect τ(P )) For a probability law P
on {1, . . . , d} × {0, 1} × {0, 1}, with arbitrary masses on this finite observation alphabet, define,
for a, y ∈ {0, 1} and k ∈ {1, . . . , d}, the joint cell mass

qaky = P (A = a,X = k, Y = y),

5



and set
qk = (q0k0, q0k1, q1k0, q1k1).

The average treatment effect functional is

τ(P ) =

d∑︂
k=1

ϕ(qk).

The experiment class in Definition 2 is the decision-theoretic object over which risks are
evaluated. The cone in Definition 3 rewrites fixed overlap directly in terms of the four joint
treatment–outcome masses within a category, and Definitions 4 and 5 turn those cell masses
into the categorywise contribution and the population ATE functional. This representation is
useful because the analysis can treat the target as a sum of homogeneous finite-alphabet cell
functionals.

Definition 6. [def:minimax-risk] (Minimax risk Rn,d,ϵ)

Rn,d,ϵ := infˆ︁τ sup
P⊗n∈En,d,ϵ

EP
[︁
(ˆ︁τ − τ(P ))2

]︁
.

The infimum ranges over all measurable estimators ˆ︁τ based on O1, . . . , On.

Definition 6 measures the worst-case mean-squared error over the fixed-overlap experiment
class. The main rate theorem below evaluates this risk and compares it with the performance
of a concrete estimator.

The extrema in the minimax risk. Throughout the paper the two extrema in Definition 6
are the ordinary ones: the inner supremum is the supremum of a nonempty family of nonnegative
reals that is bounded above, and the outer infimum is taken over a family of nonnegative reals
bounded below by 0. Three facts supply this. Whenever n > 0, d > 0, and 0 < ϵ ≤ 1/2, the class
En,d,ϵ of Definition 2 is nonempty, since the law with pk = 1/d and πk = 1/2 for every category
satisfies Assumption 2. The sample space ({1, . . . , d}×{0, 1}×{0, 1})n is finite, so an estimator
takes finitely many values and is a bounded function of the sample. And |τ(P )| ≤ 1 for every
law P , since Definitions 4 and 5 express τ(P ) =

∑︁
k pk(µ1k − µ0k) as a convex combination of

differences of conditional means in [0, 1]. Together they bound the squared losses (ˆ︁τ − τ(P ))2

uniformly over the class, so Rn,d,ϵ is a well-defined number in [0, 1] and no extended-real value
arises.

Readers comparing the text with the machine-checked development will find one bookkeeping
difference. That development makes Rn,d,ϵ a real number by fiat, assigning the value 0 to a
supremum over an empty family or over a family with no real upper bound, and reading the
quotients in the displayed rate as real division with x/0 = 0. The appendix proofs therefore
carry the corresponding boundary cases explicitly, even though the paragraph above shows that
the supremum and infimum defining Rn,d,ϵ are the ordinary ones throughout.

The estimator uses one deterministic split to classify categories by pilot abundance and
the other split to estimate the resulting heavy and light contributions. In words, before any
notation: cut the sample in half; use the first half only to sort categories into those with enough
observations and those without; on the well-observed categories estimate the treatment-control
contrast by the obvious empirical ratios, computed from the second half; on the sparse categories,
where those ratios are unstable, replace the contrast by a polynomial of degree about log n that
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approximates it, and estimate that polynomial without bias from falling-factorial moments of
the second-half cell counts; add the two parts and clip the total to [−1, 1]. The definitions below
record the split counts, the polynomial notation, and the calibrated hybrid estimator built from
these steps, and a step-by-step evaluation recipe follows the definition.

Definition 7. [def:sample-splits] (Sample splits I0, I1 and counts N
(j)
aky) For a sample

O1, . . . , On with Oi = (Xi, Ai, Yi) ∈ {1, . . . , d} × {0, 1} × {0, 1}, define the deterministic half-
sample splits, their sizes, and the logarithmic scale

I0 = {1, . . . , ⌊n/2⌋}, I1 = {⌊n/2⌋+ 1, . . . , n}, mj = |Ij |, L = log(en),

and, for each split j ∈ {0, 1}, treatment arm a ∈ {0, 1}, category k ∈ {1, . . . , d}, and outcome
y ∈ {0, 1}, the split cell count

N
(j)
aky = #{i ∈ Ij : (Ai, Xi, Yi) = (a, k, y)}.

Definition 8. [synth_3] (Chebyshev polynomials, falling factorials, and four-cell monomials)
For M ∈ N, TM denotes the degree-M Chebyshev polynomial of the first kind, characterized by
TM (cos θ) = cos(Mθ) for every θ ∈ R. For a real number z and an integer t ≥ 1, the falling
factorial is (z)t = z(z − 1) · · · (z − t + 1), with (z)0 = 1; it is applied to the split cell counts as

(N
(1)
aky)ray and to the estimation-split size as (m1)|r| =

∏︁|r|−1
ℓ=0 (m1 − ℓ), the empty product being

1. For a four-cell vector u = (u00, u01, u10, u11) and a multi-index r = (ray)a,y∈{0,1} ∈ N4
0 of

total degree |r| =
∑︁

a,y∈{0,1} ray, the monomial ur is
∏︁
a,y∈{0,1} u

ray
ay . For a category k and a

multi-index r, the normalized factorial-moment monomial is

mk,r =

∏︁
a,y∈{0,1}(N

(1)
aky)ray

(m1)|r|
.

Definition 9. [def:hybrid-estimator-handle] (Hybrid estimator ˆ︁τhybn ) Using the determin-

istic splits I0, I1, split sizes mj, logarithmic scale L = log(en), and split counts N
(j)
aky from

Definition 7, set
A0 = 6, λ0 = 256, b0 = 4096,

DA0 = 8 log(9A0/8) = 8 log(27/4),

and

α0 = min

{︃
1,

1

32 logA0
,

1

256DA0

}︃
.

For n ≥ 2, define
M(n) = max{2, ⌊α0L⌋}, B(n) = b0L/m1.

Let N0 be the least numerical cutoff such that, for every n ≥ N0,

α0L ≥ 2, 4M(n)2 ≤ m1, 4M(n)/m1 ≤ 3B(n)/4.

For every n, define the pilot-certified heavy and light category sets

ˆ︁Hn =

{︄
k :
∑︂
a,y

N
(0)
aky > λ0L

}︄
, ˆ︁Ln = ˆ︁Hc

n (n ≥ N0), ˆ︁Ln = ∅ (n < N0),
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so that for n < N0 every category is treated by the ratio branch below. For n ≥ N0, abbreviate
M =M(n) and B = B(n). Put

N
(1)
k =

∑︂
a,y

N
(1)
aky, N

(1)
ak =

∑︂
y

N
(1)
aky,

and define the heavy-category ratio contribution

ˆ︁hk = N
(1)
k

m1

{︄
N

(1)
1k1

N
(1)
1k

1{N (1)
1k > 0} −

N
(1)
0k1

N
(1)
0k

1{N (1)
0k > 0}

}︄
.

Define

HM (x) =
1− TM (1− 2x)

2M2
, EM (x) =

HM (x)

x
, GM (x) =

1− EM (x)

x
,

where EM and GM are interpreted by polynomial continuation at zero. For u =
(u00, u01, u10, u11), set

sa(u) = ua0 + ua1, s(u) = s0(u) + s1(u),

t1(u) = u11, t0(u) = u01,

and define the light-cell polynomial

PM,B(u) =
s(u)t1(u)

B
GM

(︃
s1(u)

B

)︃
− s(u)t0(u)

B
GM

(︃
s0(u)

B

)︃
.

Expand

PM,B(u) =
∑︂

|r|≤M

cru
r.

For each category k, define

ˆ︁Pk = ∑︂
|r|≤M

cr

∏︁
a,y(N

(1)
aky)ray

(m1)|r|
.

The heavy and light sums are

ˆ︁TH =
∑︂
k∈ ˆ︁Hn

ˆ︁hk, ˆ︁TL =
∑︂
k∈ ˆ︁Ln

ˆ︁Pk.
The truncated balanced ratio-polynomial hybrid estimator is

ˆ︁τhybn = max{−1,min(1, ˆ︁TH + ˆ︁TL)}.
The same calibrated estimator is used for every overlap level.

The split in Definition 7 separates category selection from contribution estimation. The
polynomial notation in Definition 8 supports unbiased estimation of polynomial cell functionals
through factorial moments. The estimator in Definition 9 then combines direct ratio estimation
on pilot-certified heavy categories with a Chebyshev-based polynomial contribution on pilot-
certified light categories, using fixed numerical tuning.
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Computing the hybrid estimator. The definition is a finite recipe in the split counts, and
it evaluates in the following steps. Throughout, L = log(en), M = M(n), and B = B(n)
are the scale, degree, and light-cell scale fixed in Definition 9; the cutoff N0 there is the least
integer meeting the three displayed inequalities, so it is pinned down by the numerical constants
α0, λ0, b0 alone and can be tabulated once, before any data are seen.

1. Pilot counts and classification. From the pilot split I0, form the counts N
(0)
aky and the

category totals N
(0)
k =

∑︁
a,yN

(0)
aky. Place category k in ˆ︁Hn when N

(0)
k > λ0L. For n ≥ N0

the remaining categories form ˆ︁Ln; for n < N0 every category goes to the ratio branch.

2. Estimation counts. From the estimation split I1, form N
(1)
aky together with the arm totals

N
(1)
ak =

∑︁
yN

(1)
aky and the category totals N

(1)
k =

∑︁
a,yN

(1)
aky.

3. Ratio branch. For each k ∈ ˆ︁Hn, evaluate ˆ︁hk from the displayed ratio formula; an arm with
no observation contributes zero through the accompanying indicator.

4. Polynomial coefficients. Compute the reciprocal coefficients gM,j , 0 ≤ j ≤ M − 2, of the
continuation GM , which are the coefficients characterized in Definition 13 and are read off
from those of the Chebyshev polynomial TM . They depend on n alone, so one list serves
every category.

5. Light branch. For each k ∈ ˆ︁Ln and each arm a, accumulate the normalized factorial mo-
ments mk,r of Definition 8 against the weights B−1gM,jB

−j(︁j
t

)︁
prescribed by the sparse-arm

expansion of Lemma 8, and set ˆ︁Pk = ˆ︁A1,k − ˆ︁A0,k. This evaluates ˆ︁Pk =
∑︁

|r|≤M crmk,r di-
rectly from counts, so the multivariate polynomial PM,B enters only through those weights.

6. Aggregate and truncate. Add the heavy sum ˆ︁TH and the light sum ˆ︁TL, then clip the total
to [−1, 1].

Every step reads only the split counts, and the computability statement of Theorem 2 bounds
the whole evaluation by K dM(n)4 operations for a universal integer K, with M(n) of order
log n.

We next connect the observed-data functional to the usual potential-outcome interpretation
of the ATE. The following assumptions are stated separately from the experiment class because
the minimax problem is formulated on observed laws, while causal interpretation uses a full-data
overlay.

Assumption 3. [ass:consistency] (Observed-outcome consistency) The observed outcome
satisfies

Y = Y (A)

almost surely.

Assumption 3 is the standard consistency condition linking the recorded outcome to the
potential outcome under the realized treatment [Zeng et al., 2024]. It gives the observed binary
outcome its causal interpretation once treatment is assigned.

Assumption 4. [ass:conditional-exchangeability] (Conditional exchangeability) The po-
tential outcomes satisfy

(Y (0), Y (1)) ⊥ A | X.
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Assumption 4 is the standard conditional exchangeability condition [Zeng et al., 2024]. To-
gether with Assumptions 2 and 3, it identifies the category-adjusted contrast represented by
τ(P ) in Definition 5; this is the finite-alphabet version of the usual adjustment argument in
observational causal inference [Rubin, 1974, Rosenbaum and Rubin, 1983].

4 Main results

The preceding section defined the overlap-restricted experiment class, the ATE functional, the
minimax risk, and the balanced ratio-polynomial hybrid estimator. We now state the rate
conclusions. Two auxiliary definitions fix the product-law notation used in the statements and
the centered estimator used at the randomized endpoint.

Definition 10. [synth_10] (Centered endpoint estimator ˆ︁τctr) For n ∈ N with n > 0 and
observed units Oi = (Xi, Ai, Yi) ∈ {1, . . . , d} × {0, 1} × {0, 1}, define the centered endpoint
estimator by

ˆ︁τctr(O1, . . . , On) =
1

n

n∑︂
i=1

2(2Ai − 1)

(︃
Yi −

1

2

)︃
.

The centered estimator in Definition 10 is a linear contrast tailored to the near-randomization
regime. It supplies the benchmark used below when overlap approaches the randomized end-
point.

Definition 11. [synth_13] (Product sampling laws) For a finite index set J and a probability
law P for one observed unit O = (X,A, Y ), P⊗J denotes the product law on families (Oj)j∈J
under which the coordinates are independent and each coordinate has law P . For a sample
O1, . . . , On with single-observation law P on {1, . . . , d}× {0, 1}× {0, 1}, we write µn = P⊗n for
the n-fold product law of the observed sample.

The notation in Definition 11 keeps the single-observation law and its product sample law
explicit. The minimax bounds below are stated over the same product-law experiment class as
in Definition 2.

Theorem 1. [thm:sharp-minimax-fixed-interior] (Sharp fixed-interior minimax rate)1 Fix
an overlap level ϵ with 0 < ϵ < 1/2. Then there are constants aϵ, ρϵ, Cϵ > 0 and an integer
Nϵ <∞ such that, writing

rn,d :=
1

n
+

d2

n2(logn)2
,

the following statements hold.

• (Matched minimax envelope.) For every n, d, every single-observation law P , and
every sample law µn in the experiment class En,d,ϵ of Definition 2, if

d > 0, n ≥ Nϵ, d ≤ ρϵn logn,

then the minimax risk Rn,d,ϵ of Definition 6 and the truncated balanced ratio-polynomial

hybrid estimator ˆ︁τhybn of Definition 9 satisfy

aϵrn,d ≤ Rn,d,ϵ ≤ sup
P⊗n∈En,d,ϵ

EP

[︃(︂ˆ︁τhybn − τ(P )
)︂2]︃

≤ Cϵrn,d.

10



• (Parametric interior.) For every K > 0 there is a constant CK > 0 such that, for
every n, d, every single-observation law P , and every sample law µn in En,d,ϵ, if

d > 0, n ≥ Nϵ, d ≤ K
√
n logn, d ≤ ρϵn logn,

then
aϵ
n

≤ Rn,d,ϵ ≤
CK
n
.

• (Consistency threshold.) For every pair of integer sequences nj , dj with nj → ∞,
dj > 0 eventually, and

dj ≤ ρϵnj lognj

eventually, the minimax risk converges to zero exactly along the sequences satisfying the
vanishing normalized dimension condition:

Rnj ,dj ,ϵ → 0 ⇐⇒ dj
nj log nj

→ 0.

Theorem 1 identifies the fixed-interior minimax mean-squared-error rate for each fixed ϵ ∈
(0, 1/2), positive d, n ≥ Nϵ, and d ≤ ρϵn logn as

n−1 + d2{n2(log n)2}−1

through matching lower and upper bounds. The lower side uses the fixed-sample discrete-
covariate lower-bound construction of Zeng et al. [2024], which enters through the transfer step
recorded as Lemma 2; the upper side is attained by the hybrid estimator already defined in
Definition 9. The theorem also records the parametric interior d = O(

√
n logn), where the

risk is of order 1/n, and the consistency criterion d = o(n logn) along sequences satisfying the
displayed fixed-interior dimension range.

One feature of the statement deserves comment. The displayed bounds concern Rn,d,ϵ and a
supremum over the whole class, so they do not depend on the particular law P and sample law
µn that the statement quantifies over. Those two quantifiers carry the requirement that En,d,ϵ be
inhabited at the pair (n, d): the conclusion is asserted exactly when some overlap law witnesses
the class, which is the condition that makes the worst-case risk an ordinary supremum in the
sense discussed with Definition 6.

The rate has the same two-component structure as other nonsmooth large-alphabet func-
tional problems: an ordinary sampling term and an approximation-driven large-alphabet term
[Jiao et al., 2015, Wu and Yang, 2016, Han et al., 2020]. In this causal problem, the approxima-
tion term enters through the cell contribution ϕ of Definition 4; heavy categories are handled
by ratios, while light categories use a polynomial approximation whose coefficients can be esti-
mated through factorial moments. The logarithmic denominator in the second term is the gain
supplied by the polynomial branch relative to purely cellwise plug-in behavior.

The next result separates implementation, fixed-overlap calibration, near-randomization con-
trol, and the randomized endpoint. Its fixed-overlap statement uses the same numerical hybrid
construction for every interior overlap class, while the deterministic selected estimator combines
the hybrid and centered estimators according to their displayed envelopes.

1Formalization scope. This result uses the published conclusion [Zeng et al., 2024] (Theorem 2; Appendix
C.5; Lemma 4; Appendix D.2). The cited source proof is not formalized here: Lean verifies its use and all
remaining steps. If that cited conclusion is false, the portions of this result that depend on it are not certified.
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Theorem 2. [thm:overlap-adaptive-universal-hybrid] (Overlap adaptive hybrid envelope)

With ˆ︁τhybn as in Definition 9 and Rn,d,ϵ as in Definition 6, the following assertions hold.

• Computability. There is a universal integer K > 0 such that, for every n, d ∈ N, a
real-arithmetic program based on the hybrid count input has operation count at most

K dM(n)4

and, for every sample O1, . . . , On, evaluates exactly to ˆ︁τhybn .

• Fixed-overlap hybrid calibration. For every overlap level ϵ with 0 < ϵ < 1/2, there
are constants Cϵ, ρϵ > 0 and an integer Nϵ such that, for all n, d ∈ N with n > 0, d > 0,
n ≥ Nϵ, and

d ≤ ρϵn logn,

the hybrid estimator satisfies

sup
P⊗n∈En,d,ϵ

EP

[︃(︂ˆ︁τhybn − τ(P )
)︂2]︃

≤ Cϵ

{︃
1

n
+

d2

n2(log n)2

}︃
.

For the deterministic estimator

ˆ︁τCϵ,ϵ =

{︄ˆ︁τhybn , if Cϵ

{︂
1
n + d2

n2(logn)2

}︂
≤ 1

n + 4(1/2− ϵ)2,ˆ︁τctr, otherwise,

one also has

Rn,d,ϵ ≤ sup
P⊗n∈En,d,ϵ

EP

[︂
(ˆ︁τCϵ,ϵ − τ(P ))2

]︂
≤ max{Cϵ, 4}

[︃
1

n
+min

{︃
d2

n2(logn)2
, (1/2− ϵ)2

}︃]︃
.

• Centered randomization bound. For every overlap level ϵ with 0 < ϵ ≤ 1/2 and every
n, d ∈ N with n > 0 and d > 0, the centered estimator

ˆ︁τctr = 1

n

n∑︂
i=1

2(2Ai − 1)

(︃
Yi −

1

2

)︃
satisfies

sup
P⊗n∈En,d,ϵ

EP

[︂
(ˆ︁τctr − τ(P ))2

]︂
≤ 1

n
+ 4(1/2− ϵ)2.

• Endpoint randomization bracket. For every n, d ∈ N with n > 0 and d > 0,

1

100n
≤ Rn,d,1/2 ≤

1

n
.

Theorem 2 gives a computable form of the estimator and an overlap-phase envelope. The
operation count is polynomial in the degree M(n) and linear in the alphabet size d, giving an
explicit count-based procedure with the stated risk certificate. For every fixed interior overlap
level, the same hybrid tuning from Definition 9 attains the sharp fixed-interior upper rate for
n ≥ Nϵ, d > 0, and d ≤ ρϵn logn.
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The two branches of the selector call for a word on status. The hybrid estimator ˆ︁τhybn and the
centered estimator ˆ︁τctr are each computable from the sample alone. The rule ˆ︁τCϵ,ϵ that chooses
between them is not: it compares the two risk certificates, and Cϵ is an existence constant
produced by the fixed-overlap upper-bound argument rather than a tabulated tuning parameter
shipped with the procedure. The selector is accordingly an oracle-calibrated device for stating
one envelope that covers both regimes, and the implementable objects in this paper are the two
branches themselves.

The centered estimator in Definition 10 explains the endpoint behavior. As ϵ approaches 1/2,
treatment assignment is close to randomized within each category, and the bound in Theorem 2
contracts to the 1/n scale. The selected estimator therefore records, in one displayed envelope,
the large-alphabet fixed-interior contribution and the near-randomization contribution. The
endpoint bracket gives the exact order 1/n at ϵ = 1/2, completing the comparison between the
interior fixed-overlap regime and the randomized endpoint.

5 Discussion and extensions

What the fixed-interior rate says, read as econometrics, is that discrete confounding has a price
of its own. Splitting the rate into the ordinary sampling term 1/n and the large-alphabet
term d2/{n2(logn)2} separates the parametric contribution from the additional large-alphabet
contribution in this unrestricted finite-covariate model. Because the covariate distribution here
is unrestricted across categories, the fixed-interior minimax lower bound makes this price a
benchmark within the stated finite-covariate experiment class and range n ≥ Nϵ, d ≤ ρϵn logn,
complementing classical semiparametric ATE theory for regular low-dimensional models [Hahn,
1998, Hirano et al., 2003, Robins et al., 1994, Bang and Robins, 2005, van der Laan and Rubin,
2006] and higher-order analyses of nonregular causal functionals [Robins et al., 2008, 2009, 2017,
Liu et al., 2017, Kennedy et al., 2024]. The statement holds for each fixed ϵ ∈ (0, 1/2), positive
d, n ≥ Nϵ, and d ≤ ρϵn logn.

Within this calibrated range, the estimator in Definition 9 explains how the rate is at-
tained constructively. Heavy categories are estimated through empirical treatment-control ra-
tios, where the relevant denominators are large enough for the ratio behavior to be controlled.
Light categories are handled through a Chebyshev-derived polynomial approximation to the cell
contribution in Definition 4, with factorial moments converting the polynomial into an unbiased
split-sample estimate of its population analogue. The resulting hybrid treats the singular ratio
structure of ϕ as an approximation problem on sparse cells and as an ordinary ratio-estimation
problem on sufficiently populated cells.

This decomposition also clarifies the logarithmic factor. In the finite-alphabet experiment
class of Definition 2, the alphabet size can create many categories whose population mass is too
small for direct ratio estimation to behave parametrically. Polynomial approximation spreads
the information in those sparse cells across a degree of order log n, and the factorial-moment
construction makes that approximation estimable from counts. The main theorem therefore
turns the large-alphabet causal difficulty into the same approximation-versus-variance balance
that appears in nonsmooth functional estimation, while preserving the adjusted ATE target in
Definition 5.

The endpoint statements in Theorem 2 connect the fixed-interior result to the randomized
boundary. When ϵ = 1/2, treatment is randomized within every positive-mass category, and the
minimax risk is bracketed at the parametric scale 1/n. For interior values close to the endpoint,
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the centered estimator has the displayed risk bound 1/n+ 4(1/2− ϵ)2. The selected estimator
combines this endpoint behavior with the hybrid envelope, yielding the upper scale

1

n
+min

{︃
d2

n2(log n)2
, (1/2− ϵ)2

}︃
within the fixed-interior calibration range. Thus the same analysis gives both a sharp fixed-class
rate and a deterministic upper envelope that reflects proximity to randomized assignment.

The results are also informative for high-dimensional causal inference. In many semipara-
metric and machine-learning approaches, structural conditions on nuisance functions, such as
smoothness, sparsity, or predictive structure, shape attainable rates [Balakrishnan et al., 2023,
Jin and Syrgkanis, 2025]. Here the category probabilities and outcome regressions are unre-
stricted, so the rate isolates the cost of discrete confounding itself. The parametric interior
regime d = O(

√
n logn) and the consistency criterion d = o(n logn), both under the stated

calibration range of Theorem 1, give concrete benchmarks against which additional structural
restrictions can be compared.

Limitations and future work. A remaining open direction is the triangular-array lower-
envelope problem in which the overlap level varies with sample size, ϵ = ϵn, especially near
the randomized endpoint. The fixed-class theorem establishes the sharp rate for each fixed
0 < ϵ < 1/2 in its calibrated large-sample range, and the endpoint bracket establishes the
parametric scale at ϵ = 1/2. The combined upper envelope in Theorem 2 supplies a deterministic
attainable bound across the fixed-interior calibration range. A matching lower envelope for
sequences ϵn would characterize the transition between the fixed-interior sparse-cell difficulty
and the randomized endpoint behavior.

Appendices

A Proofs and auxiliary lemmas

This appendix records the auxiliary statements that support the lower bound, the hybrid upper
bound, and the endpoint comparison. The first group fixes count notation for arbitrary subsam-
ples and gives the pilot event that separates categories by population mass with polynomially
small error probability.

Definition 12. [synth_1] (Category and cell counts) For observations Oi = (Xi, Ai, Yi) indexed
by a finite set I, a category k ∈ {1, . . . , d}, and an arm a ∈ {0, 1}, the category count, the arm-
specific category count, and the arm-specific outcome-one count are

Nk =
∑︂
i∈I

1{Xi = k}, Nak =
∑︂
i∈I

1{Xi = k,Ai = a}, Nak1 =
∑︂
i∈I

1{Xi = k,Ai = a, Yi = 1}.

For the deterministic pilot split I0 of Definition 7 we write m0 = |I0| for its size and N
(0)
k =∑︁

a,y∈{0,1}N
(0)
aky for the pilot count of category k.

Lemma 1. [lem:pilot-sandwich] (Pilot sandwich tail bound) Let L = log(en) and let m0 =
|I0| be the pilot-split size from Definition 7. For a threshold t ∈ R, define

ˆ︁H(t) = {k : N
(0)
k > tL}, ˆ︁L(t) = ˆ︁H(t)c,
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and

B−(t) =
tL

2m0
, B+(t) =

2tL

m0
.

The pilot heavy/light sandwich has the following two polynomial tail guarantees.

• (Arbitrary polynomial exponent.) For every K > 0 and c > 0, there exist constants
t0 > 0, C > 0, and N such that, for every t ≥ t0, every n ≥ N , every dimension d
satisfying d ≤ c nL, every probability law P on {1, . . . , d} × {0, 1}2, and every sample law
µn satisfying the iid sampling condition in Assumption 1,

µn

(︂ ˆ︁H(t) ̸⊆ {k : pk ≥ B−(t)} or ˆ︁L(t) ̸⊆ {k : pk ≤ B+(t)}
)︂
≤ Cn−K .

• (Fixed threshold specialization.) For every c > 0, there exist constants C > 0 and N
such that, for every n ≥ N , every dimension d satisfying d ≤ c nL, every probability law
P on {1, . . . , d} × {0, 1}2, and every sample law µn satisfying the iid sampling condition
in Assumption 1,

µn

(︂ ˆ︁H(256) ̸⊆ {k : pk ≥ B−(256)} or ˆ︁L(256) ̸⊆ {k : pk ≤ B+(256)}
)︂
≤ Cn−4.

Proof of Lemma 1. Fix n, d, P, t, and let µn be a sample law satisfying Assumption 1; thus
µn = P⊗n. Write L = log(en), m0 = |I0| = ⌊n/2⌋, and pk = P (X = k). For a category k, set

Zik = 1{Xi = k}, i ∈ I0,

so that
N

(0)
k =

∑︂
i∈I0

Zik.

Under Assumption 1, the one-observation mean of this indicator is pk, and N
(0)
k is the Bernoulli

count from the deterministic pilot split of size m0.
The pilot heavy and light sets used in the bad event are

ˆ︁H =
{︂
k : ⌊tL⌋ < N

(0)
k

}︂
, ˆ︁L = ˆ︁Hc.

Equivalently, since N
(0)
k is integer-valued, k ∈ ˆ︁H exactly when tL < N

(0)
k . Thus

Bt =
{︂ ˆ︁H ̸⊆ {k : pk ≥ tL/(2m0)} or ˆ︁L ̸⊆ {k : pk ≤ 2tL/m0}

}︂
.

If the heavy-set condition fails, then for some k, pk < tL/(2m0) and ⌊tL⌋ < N
(0)
k , hence

tL < N
(0)
k . If the light-set condition fails, then for some k, 2tL/m0 < pk and k /∈ ˆ︁H; equivalently

⌊tL⌋ ≥ N
(0)
k , which gives N

(0)
k ≤ tL. Hence

Bt ⊆
d⋃︂

k=1

{︃
pk <

tL

2m0
, tL < N

(0)
k

}︃
∪

d⋃︂
k=1

{︃
2tL

m0
< pk, N

(0)
k ≤ tL

}︃
.

Both count tails below are Bernoulli-count tails for the ambient iid sequence (Oi)i≥0, whereas

Bt is an event of the sample law µn. The pilot countN
(0)
k depends only on the first n observations,
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so Lemma 20 identifies the law of that segment under P⊗∞ with µn = P⊗n, and the two tails
may be read off on either side.

For any ℓ ∈ R, the Bernoulli-count upper tail used here gives

m0pk < ℓ/2 =⇒ µn{ℓ < N
(0)
k } ≤ exp{−ℓ(log 2− 1/2)}.

Applying this with ℓ = tL bounds the upper-count branch whenever pk < tL/(2m0).
Similarly, the lower-tail bound gives

2ℓ < m0pk =⇒ µn{N (0)
k ≤ ℓ} ≤ exp{−m0pk/8} ≤ exp{−ℓ/4}.

Applying this with ℓ = tL bounds the lower-count branch whenever 2tL/m0 < pk.
Now fix a category k. For the first cellwise event in the displayed union, either pk < tL/(2m0),

in which case the event is contained in {tL < N
(0)
k } and the upper-tail bound applies, or the

mass inequality fails, in which case the event is empty. For the second cellwise event, either

2tL/m0 < pk, in which case the event is contained in {N (0)
k ≤ tL} and the lower-tail bound

applies, or the mass inequality fails, in which case the event is empty. Taking the union bound
over the d categories therefore yields, for t ≥ 0, n ≥ 2, and every µn satisfying Assumption 1,

µn(Bt) ≤ d [exp{−(tL)(log 2− 1/2)}+ exp{−(tL)/4}] .

Now fix K > 0 and c > 0. Since log 2− 1/2 > 0, set

t0 = max

{︃
K + 4

log 2− 1/2
, 4(K + 4)

}︃
, C = 2c, N = 2.

For t ≥ t0,
K + 4 ≤ t(log 2− 1/2), K + 4 ≤ t/4.

Thus, whenever n ≥ N , d ≤ c nL, and µn satisfies Assumption 1,

µn(Bt) ≤ d
[︂
e−(tL)(log 2−1/2) + e−(tL)/4

]︂
≤ c nL · 2e−(K+4)L

≤ 2c n2e−(K+4)L

= 2c e−(K+4)n−K−2

≤ 2c n−K .

Here L ≤ n for n ≥ 1, and
e−qL = e−qn−q

has been used with q = K + 4, together with e−(K+4) ≤ 1 and n−K−2 ≤ n−K for n ≥ 1. This
proves the arbitrary-polynomial assertion.

For the fixed calibration, take K = 4 and t = 256. The numerical inequalities

8 ≤ 256(log 2− 1/2), 8 ≤ 256/4

follow from 0.6931471803 < log 2 and elementary arithmetic. The same decay calculation gives,
for every c > 0, the choices C = 2c and N = 2, and hence

µn(B256) ≤ Cn−4.

This is the stated fixed-calibration bound.
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Definition 12 extends the split-count notation of Definition 7 to arbitrary index sets, which
is useful for the heavy-cell residual and missing-arm bounds below. Lemma 1 is the probabilistic
gate for the hybrid estimator: categories selected as heavy have population mass at least a
lower multiple of L/m0, while categories selected as light have population mass at most an
upper multiple of L/m0, up to a tail probability that can be made polynomially small. The
fixed-threshold clause is the specialization used by the numerical tuning in Definition 9.

The next statements supply the lower-bound transfer and the randomized-endpoint com-
parison. The transfer invokes the fixed-sample discrete-covariate lower bound of Zeng et al.
[2024] on a control-zero subclass, where the ATE functional in Definition 5 coincides with the
treated-response functional used in that source.

Lemma 2. [lem:ate-lower-bound-transfer] (ATE lower-bound transfer)2 Fix an overlap
level ϵ with 0 < ϵ < 1/2. For the minimax risk Rn,d,ϵ in Definition 6, there exist constants
aϵ, bϵ > 0 and an integer Nϵ such that, for every n, d ∈ N, if d > 0, n ≥ Nϵ, and

d ≤ bϵn logn,

then

Rn,d,ϵ ≥ aϵ

{︃
1

n
+

d2

n2(log n)2

}︃
.

Proof of Lemma 2. With the cell-mass notation of Definition 5, write

µak(P ) =
qak1

qak0 + qak1

for every arm a ∈ {0, 1} and category k, using the totalized real-ratio convention that the
displayed value is 0 when qak0 + qak1 = 0. On positive arm cells this is the usual conditional
mean EP [Y | A = a,X = k]. Define the control-zero subclass by

D(n,d)
0 (ϵ) :=

{︁
P⊗n ∈ En,d,ϵ : µ0k(P ) = 0 for every k = 1, . . . , d

}︁
.

For P⊗n ∈ D(n,d)
0 (ϵ), write the treated-arm functional as

ψ1(P ) =
d∑︂

k=1

pkµ1k.

For this auxiliary subclass risk, the supremum over D(n,d)
0 (ϵ) is the order-theoretic supremum

over the displayed class, equal to 0 when that class is empty.
Since 0 < ϵ < 1/2, the fixed-sample control-zero lower-bound statement of [Zeng et al.,

2024] gives constants aϵ, bϵ > 0 and Nϵ ∈ N such that, for every n, d with 0 < d, Nϵ ≤ n, and
d ≤ bϵn logn,

aϵ

{︃
1

n
+

d2

n2(logn)2

}︃
≤ infˆ︁ψ sup

P⊗n∈D(n,d)
0 (ϵ)

EP

[︂
( ˆ︁ψ − ψ1(P ))

2
]︂
,

where the infimum is over measurable estimators based on O1, . . . , On.

2Formalization scope. This result uses the published conclusion [Zeng et al., 2024] (Theorem 2; Appendix
C.5; Lemma 4; Appendix D.2). The cited source proof is not formalized here: Lean verifies its use and all
remaining steps. If that cited conclusion is false, the portions of this result that depend on it are not certified.

17



We next identify the ATE functional on this subclass from the displayed finite-cell definitions.
For a fixed category k, set

sak = qak0 + qak1, pk = s0k + s1k.

If qk = (0, 0, 0, 0), then ϕ(qk) = 0, pk = 0, and hence

ϕ(qk) = pk(µ1k − µ0k).

If qk ̸= (0, 0, 0, 0), Definitions 4 and 5 give

ϕ(qk) = pk

{︃
q1k1
s1k

− q0k1
s0k

}︃
= pk(µ1k − µ0k),

where the second equality is the totalized definition of µak. Summing over categories yields

τ(P ) =
d∑︂

k=1

pk(µ1k − µ0k).

For P⊗n ∈ D(n,d)
0 (ϵ), the defining control-zero condition gives µ0k = 0 for every k, so

τ(P ) =
d∑︂

k=1

pk(µ1k − µ0k) =
d∑︂

k=1

pkµ1k = ψ1(P ).

The class suprema used below are bounded above on inhabited classes. For any overlap law
P , the same finite-cell identity gives

τ(P ) =
d∑︂

k=1

pk(µ1k − µ0k).

The category masses satisfy pk ≥ 0 and
∑︁d

k=1 pk = 1, and the totalized binary outcome means
satisfy 0 ≤ µak ≤ 1. Hence |µ1k − µ0k| ≤ 1 for each k, so

|τ(P )| ≤
d∑︂

k=1

pk |µ1k − µ0k| ≤
d∑︂

k=1

pk = 1.

For any estimator ˆ︁τ , pointwise domination on the finite sample alphabet gives

|ˆ︁τ(o1, . . . , on)| ≤ ∑︂
o′1,...,o

′
n

|ˆ︁τ(o′1, . . . , o′n)|.
Combining this inequality with |τ(P )| ≤ 1 yields

|ˆ︁τ(o1, . . . , on)− τ(P )| ≤
∑︂

o′1,...,o
′
n

|ˆ︁τ(o′1, . . . , o′n)|+ 1.

After squaring and integrating under P⊗n,

EP
[︁
(ˆ︁τ − τ(P ))2

]︁
≤

{︄ ∑︂
o1,...,on

|ˆ︁τ(o1, . . . , on)|+ 1

}︄2

.
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For P⊗n ∈ D(n,d)
0 (ϵ), the identity τ(P ) = ψ1(P ) gives the same bound with ψ1(P ) in place of

τ(P ). Each displayed mean squared error is also nonnegative because it is the integral of a
square.

Fix a measurable estimator ˆ︁τ . In the real-valued order convention used for these risks, a
supremum over an empty class is 0. The displayed envelope makes the squared-loss family
bounded above whenever the relevant class is inhabited, so an inhabited supremum lies above

each of its indexed values. If D(n,d)
0 (ϵ) is empty, its subclass supremum is therefore 0. The

ambient supremum over En,d,ϵ is also 0 when the ambient class is empty; when it is inhabited,
the envelope applies and any member supplies a nonnegative mean squared error below the
supremum. Hence the estimatorwise comparison holds in the empty-subclass case.

If D(n,d)
0 (ϵ) is inhabited, take P⊗n ∈ D(n,d)

0 (ϵ). By the definition of the subclass, the same
product law is in En,d,ϵ, and the target identity gives

EP
[︁
(ˆ︁τ − ψ1(P ))

2
]︁
= EP

[︁
(ˆ︁τ − τ(P ))2

]︁
≤ sup

Q⊗n∈En,d,ϵ

EQ
[︁
(ˆ︁τ − τ(Q))2

]︁
,

where the upper boundedness needed for the final supremum is supplied by the preceding enve-

lope. Taking the supremum over P⊗n ∈ D(n,d)
0 (ϵ) gives, for every measurable ˆ︁τ ,

sup
P⊗n∈D(n,d)

0 (ϵ)

EP
[︁
(ˆ︁τ − ψ1(P ))

2
]︁
≤ sup

P⊗n∈En,d,ϵ

EP
[︁
(ˆ︁τ − τ(P ))2

]︁
.

The same empty-class convention and nonnegativity show that every subclass worst-case risk is
bounded below by 0. Taking the infimum over the common measurable estimator class therefore
yields

infˆ︁ψ sup
P⊗n∈D(n,d)

0 (ϵ)

EP

[︂
( ˆ︁ψ − ψ1(P ))

2
]︂
≤ Rn,d,ϵ.

Combining the cited lower bound with this restriction comparison yields

aϵ

{︃
1

n
+

d2

n2(log n)2

}︃
≤ Rn,d,ϵ

for every n, d in the stated range.

Lemma 3. [lem:near-randomization-linear-upper] (Near-randomization linear bound) For
n ∈ N with n > 0, d ∈ N, a law P on {1, . . . , d} × {0, 1}2, and a sample law µn, suppose that
µn ∈ En,d,ϵ in the sense of Definition 2. Thus 0 < ϵ ≤ 1/2, µn = P⊗n, and P satisfies overlap
at level ϵ. Define

ˆ︁τctr = 1

n

n∑︂
i=1

2(2Ai − 1)

(︃
Yi −

1

2

)︃
.

Then, for τ(P ) as in Definition 5,∫︂
(ˆ︁τctr(O1, . . . , On)− τ(P ))2 dµn ≤ 1

n
+ 4

(︃
1

2
− ϵ

)︃2

.

Proof of Lemma 3. For one observation z = (x, a, y), define

W (z) = 2(2a− 1)

(︃
y − 1

2

)︃
,
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with a, y ∈ {0, 1}. Then

ˆ︁τctr = 1

n

n∑︂
i=1

W (Oi), W (z)2 = 1 for every z.

Writing qaky = P (A = a,X = k, Y = y), direct summation gives

EP [W (O)] =
d∑︂

k=1

{q1k1 − q1k0 + q0k0 − q0k1}.

For the sums below, set

pk =

1∑︂
a=0

1∑︂
y=0

qaky, πk =
q1k0 + q1k1

pk
, µak =

qak1
qak0 + qak1

,

using ordinary real division, so a quotient with zero denominator is assigned the value zero. If
pk > 0, overlap and ϵ > 0 make both arm masses positive, and the definitions give

q1k1 = µ1kπkpk, q1k0 = (1− µ1k)πkpk,

and
q0k1 = µ0k(1− πk)pk, q0k0 = (1− µ0k)(1− πk)pk.

Hence

q1k1 − q1k0 + q0k0 − q0k1 = pk(µ1k − µ0k) + 2

(︃
πk −

1

2

)︃
pk(µ1k + µ0k − 1).

If pk = 0, all four joint masses in category k are zero; with the totalized definitions above, both
weighted terms also vanish because they are multiplied by pk. Thus the same identity holds
with zero contribution in that category.

By Definition 5, τ(P ) =
∑︁d

k=1 ϕ(qk), with qk = (q0k0, q0k1, q1k0, q1k1). For a category with
pk = 0, the preceding zero-mass argument gives qk = 0, so the zero-cell branch in Definition 4
gives ϕ(qk) = 0 = pk(µ1k − µ0k). For a category with pk > 0, overlap and ϵ > 0 give positive
treated and control arm masses, and the nonzero-cell branch of Definition 4 gives

ϕ(qk) = pk

{︃
q1k1

q1k0 + q1k1
− q0k1
q0k0 + q0k1

}︃
= pk(µ1k − µ0k).

Summing over categories yields

τ(P ) =

d∑︂
k=1

pk(µ1k − µ0k).

Combining this identity with the preceding category identity gives the exact bias identity

EP [W (O)]− τ(P ) =

d∑︂
k=1

2

(︃
πk −

1

2

)︃
pk(µ1k + µ0k − 1).
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The class assumptions give 0 < ϵ ≤ 1/2 and, on every category with pk > 0, ϵ ≤ πk ≤ 1− ϵ.
The totalized outcome means satisfy 0 ≤ µak ≤ 1 for every category and arm. Hence, for every
positive-mass category, ⃓⃓⃓⃓

πk −
1

2

⃓⃓⃓⃓
≤ 1

2
− ϵ, |µ1k + µ0k − 1| ≤ 1,

and therefore ⃓⃓⃓⃓
2

(︃
πk −

1

2

)︃
pk(µ1k + µ0k − 1)

⃓⃓⃓⃓
≤ 2

(︃
1

2
− ϵ

)︃
pk.

For a zero-mass category, pk = 0 makes both sides of this last bound equal to zero. Applying
the triangle inequality to the bias identity and using

∑︁d
k=1 pk = 1 gives

|EP [W (O)]− τ(P )| ≤
d∑︂

k=1

2

(︃
1

2
− ϵ

)︃
pk = 2

(︃
1

2
− ϵ

)︃
.

The sample law in the class is the product law, and n > 0, so

Eµn [ˆ︁τctr] = EP [W (O)].

Moreover, independence gives

Varµn(ˆ︁τctr) = 1

n
VarP (W (O)) ≤ 1

n
EP [W (O)2] =

1

n
.

Finally, the bias–variance identity gives∫︂ (︁ˆ︁τctr − τ(P )
)︁2
dµn = Varµn(ˆ︁τctr) + (Eµn [ˆ︁τctr]− τ(P ))2 .

Combining the preceding variance and bias bounds yields∫︂ (︁ˆ︁τctr − τ(P )
)︁2
dµn ≤ 1

n
+

{︃
2

(︃
1

2
− ϵ

)︃}︃2

=
1

n
+ 4

(︃
1

2
− ϵ

)︃2

.

Lemma 4. [lem:one-category-bernoulli-lower] (One-category Bernoulli lower bound) For
any positive integers n and d, the minimax mean-squared-error risk Rn,d,ϵ of Definition 6, eval-
uated at randomization ϵ = 1/2, satisfies

1

100n
≤ Rn,d,1/2.

Proof of Lemma 4. Since d > 0, the category space is nonempty. Set

δ =
2/5√
n
.

Since n > 0,
√
n ≥ 1, and hence δ ≥ 0, δ ≤ 2/5, and

δ2 =
4

25n
.
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Consider two laws P0 and P1 on the d-category observation space. Under both laws, X is
uniform on the category space and A | X ∼ Bernoulli(1/2). Under P0, both treatment-arm
outcome means equal 1/2. Under P1, the control outcome mean equals 1/2 and the treated
outcome mean equals 1/2 + δ. The bounds above give 0 ≤ 1/2 + δ ≤ 1, so these Bernoulli
probabilities are valid. For each Pj , membership of the product sample law in En,d,1/2 is obtained
from 0 < 1/2, 1/2 ≤ 1/2, the defining identity of the iid product law P⊗n

j , and the overlap fact
that every positive-mass category has treatment probability 1/2. Thus the two product sample
laws belong to En,d,1/2.

For these two laws,

τ(P0) = 0, τ(P1) = δ, |τ(P1)− τ(P0)| = δ.

We next bound the total variation distance between the product laws. Write pj,kay = Pj(X =
k,A = a, Y = y). The null law assigns positive mass to every singleton of the finite observation
space, so P1 ≪ P0, and hence P⊗n

1 ≪ P⊗n
0 . The finite chi-squared formula gives

1 + χ2(P1∥P0) =
d∑︂

k=1

∑︂
a,y∈{0,1}

p21,kay
p0,kay

.

For a fixed category k, the two control cells agree with the null and contribute 1/(2d). The two
treated cells contribute{︁

d−1(1/2)(1/2− δ)
}︁2

d−1(1/2)(1/2)
+

{︁
d−1(1/2)(1/2 + δ)

}︁2
d−1(1/2)(1/2)

=
1

2d

(︃
1 +

δ2

(1/2)(1− 1/2)

)︃
.

Summing over the d categories yields

χ2(P1∥P0) =
(1/2)δ2

(1/2)(1− 1/2)
= 2δ2.

By tensorization of chi-squared divergence over the iid product law,

1 + χ2
(︁
P⊗n
1 ∥P⊗n

0

)︁
=

(︃
1 +

(1/2)δ2

(1/2)(1− 1/2)

)︃n
.

The single-observation chi-squared value is nonnegative, so (1 + x)n ≤ exp(nx) gives

1 + χ2
(︁
P⊗n
1 ∥P⊗n

0

)︁
≤ exp

(︃
n

(1/2)δ2

(1/2)(1− 1/2)

)︃
.

Using δ2 = 4/(25n),

n
(1/2)δ2

(1/2)(1− 1/2)
=

8

25
≤ log 2,

and therefore
χ2
(︁
P⊗n
1 ∥P⊗n

0

)︁
≤ 1.

The chi-squared-to-total-variation comparison on the finite product space, together with sym-
metry of total variation, yields⃦⃦

P⊗n
0 − P⊗n

1

⃦⃦
TV

=
⃦⃦
P⊗n
1 − P⊗n

0

⃦⃦
TV

≤ 1

2

√︂
χ2
(︁
P⊗n
1 ∥P⊗n

0

)︁
≤ 1

2
.

22



Now fix any measurable estimator ˆ︁τ . With s = δ/2, the separation above and the total-
variation bound imply

max
j=0,1

P⊗n
j

(︃
|ˆ︁τ − τ(Pj)| ≥

δ

2

)︃
≥ 1

4
.

On each of the two laws,(︃
δ

2

)︃2

P⊗n
j

(︃
|ˆ︁τ − τ(Pj)| ≥

δ

2

)︃
≤ EP⊗n

j

[︁
(ˆ︁τ − τ(Pj))

2
]︁
.

Therefore

max
j=0,1

EP⊗n
j

[︁
(ˆ︁τ − τ(Pj))

2
]︁
≥ δ2

16
=

1

100n
.

It remains to compare these two risks with the supremum in Definition 6. A point of
that supremum is a single-observation law P together with the class membership assertion
P⊗n ∈ En,d,1/2. For any such P , the overlap part of the membership assertion gives |τ(P )| ≤ 1.
Since the sample alphabet is finite, every sample point ω satisfies

|ˆ︁τ(ω)| ≤ ∑︂
ω′∈({1,...,d}×{0,1}2)n

|ˆ︁τ(ω′)|.

Thus, under the product law generated by any such single-observation law P ,

EP⊗n

[︁
(ˆ︁τ − τ(P ))2

]︁
≤

⎛⎝ ∑︂
ω′∈({1,...,d}×{0,1}2)n

|ˆ︁τ(ω′)|+ 1

⎞⎠2

.

This finite upper bound applies uniformly over the indexed family in the supremum of Defi-
nition 6. Since P⊗n

0 and P⊗n
1 are members of En,d,1/2, that supremum is an upper bound for

the two displayed risks. Hence the worst-case risk of the fixed estimator ˆ︁τ is at least 1/(100n).
The class of measurable estimators is nonempty, for instance by the constant-zero estimator, so
taking the infimum over estimators in Definition 6 gives

1

100n
≤ Rn,d,1/2.

Lemma 5. [lem:randomized-endpoint-minimax] (Randomization endpoint risk) Let n, d ∈ N
satisfy n > 0 and d > 0. For the minimax MSE risk Rn,d,ϵ defined in Definition 6, exact
randomization satisfies

1

100n
≤ Rn,d,1/2 ≤

1

n
.

Proof of Lemma 5. Lemma 4 gives the lower bound

1

100n
≤ Rn,d,1/2.

For the upper bound, take the centered endpoint estimator of Definition 10,

ˆ︁τctr = 1

n

n∑︂
i=1

2(2Ai − 1)

(︃
Yi −

1

2

)︃
.
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It is measurable because the sample space is finite. To compare the infimum in Definition 6
with this estimator, interpret the displayed extrema there as real-valued order extrema and
first check the bounded-below condition for the family of worst-case risks. Fix any measurable
estimator. If En,d,1/2 is empty, its worst-case risk is the supremum over an empty family and
equals 0. If En,d,1/2 is nonempty and the squared-loss integrals over the class are bounded above,
any class member gives a nonnegative integral below the supremum, so the supremum is at least
0. If En,d,1/2 is nonempty and those integrals are unbounded above, the same real-valued order
convention evaluates the supremum at 0. Thus every worst-case risk in the infimum is bounded
below by 0, and the infimum is no larger than the worst-case risk of ˆ︁τctr:

Rn,d,1/2 ≤ sup
µn=P⊗n∈En,d,1/2

∫︂
(ˆ︁τctr(O1, . . . , On)− τ(P ))2 dµn.

It remains to bound this worst-case risk. If En,d,1/2 is empty, the displayed supremum is
0, and 0 ≤ 1/n because n > 0. Otherwise, for every member µn = P⊗n ∈ En,d,1/2, Lemma 3
applied with ϵ = 1/2 gives∫︂

(ˆ︁τctr(O1, . . . , On)− τ(P ))2 dµn ≤ 1

n
+ 4

(︃
1

2
− 1

2

)︃2

=
1

n
.

Thus every term in the nonempty supremum is at most 1/n, so

sup
µn=P⊗n∈En,d,1/2

∫︂
(ˆ︁τctr(O1, . . . , On)− τ(P ))2 dµn ≤ 1

n
.

Therefore Rn,d,1/2 ≤ 1/n. Combining this upper bound with the lower bound proves

1

100n
≤ Rn,d,1/2 ≤

1

n
.

Lemma 2 is the lower half of the matched fixed-interior rate in Theorem 1. Lemma 3 controls
the centered estimator by a sampling term and a squared distance from the randomized endpoint.
Combining the one-category lower bound in Lemma 4 with that centered upper bound at ϵ = 1/2
yields the endpoint bracket in Lemma 5.

The following selector lemma turns the hybrid fixed-interior envelope and the centered near-
randomization envelope into a deterministic method choice.

Lemma 6. [lem:combined-upper-envelope] (Combined envelope selector) Fix constants
ϵ, Cϵ, ρϵ ∈ R and Nϵ ∈ N. Assume:

• (Interior overlap.) 0 < ϵ < 1/2.

• (Positive constants.) Cϵ > 0 and ρϵ > 0.

• (Hybrid bound.) For every n, d ∈ N, if 0 < n, Nϵ ≤ n, and d ≤ ρϵn logn, then the

hybrid estimator ˆ︁τhybn of Definition 9 satisfies

sup
P⊗n∈En,d,ϵ

EP⊗n

[︃(︂ˆ︁τhybn − τ(P )
)︂2]︃

≤ Cϵ

{︃
1

n
+

d2

n2(log n)2

}︃
.
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Then for every n, d ∈ N with 0 < n, Nϵ ≤ n, and d ≤ ρϵn logn, set

Kϵ = max{Cϵ, 4}.

Define the Cϵ, ϵ-dependent selected estimator ˆ︁τ selCϵ,ϵ
to be ˆ︁τhybn when

Cϵ

{︃
1

n
+

d2

n2(log n)2

}︃
≤ 1

n
+ 4(1/2− ϵ)2

and to be ˆ︁τctr otherwise. This selected estimator satisfies

Rn,d,ϵ ≤ sup
P⊗n∈En,d,ϵ

EP⊗n

[︃(︂ˆ︁τ selCϵ,ϵ − τ(P )
)︂2]︃

≤ Kϵ

[︃
1

n
+min

{︃
d2

n2(log n)2
, (1/2− ϵ)2

}︃]︃
,

where Rn,d,ϵ is the minimax risk of Definition 6.

Proof of Lemma 6. Fix n, d satisfying the displayed hypotheses, and set

Kϵ = max{Cϵ, 4}.

The rate term used below is the real-valued expression

1

n
+

d2

n2(log n)2
,

which is the displayed quantity in the hybrid-bound hypothesis and in the selector rule.
The centered estimator satisfies the uniform bound

sup
P⊗n∈En,d,ϵ

EP⊗n

[︁
(ˆ︁τctr − τ(P ))2

]︁
≤ 1

n
+ 4

(︃
1

2
− ϵ

)︃2

.

Indeed, when the experiment class is inhabited, Lemma 3 applies to each product law in the
class and the supremum preserves the same upper bound. When the class is empty, the real-
valued indexed supremum over that empty index type is 0, and the same bound follows from
nonnegativity of the displayed right-hand side.

We compare the two branches in the deterministic definition of ˆ︁τ selCϵ,ϵ
. If

Cϵ

(︃
1

n
+

d2

n2(log n)2

)︃
≤ 1

n
+ 4

(︃
1

2
− ϵ

)︃2

,

then the selector returns ˆ︁τhybn , and the assumed hybrid bound gives

sup
P⊗n∈En,d,ϵ

EP⊗n

[︂
(ˆ︁τ selCϵ,ϵ − τ(P ))2

]︂
≤ Cϵ

(︃
1

n
+

d2

n2(log n)2

)︃
= min

{︄
Cϵ

(︃
1

n
+

d2

n2(log n)2

)︃
,
1

n
+ 4

(︃
1

2
− ϵ

)︃2
}︄
.

If the displayed inequality fails, then

1

n
+ 4

(︃
1

2
− ϵ

)︃2

≤ Cϵ

(︃
1

n
+

d2

n2(log n)2

)︃
,
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the selector returns ˆ︁τctr, and the centered bound gives the same conclusion with the second
branch:

sup
P⊗n∈En,d,ϵ

EP⊗n

[︂
(ˆ︁τ selCϵ,ϵ − τ(P ))2

]︂
≤ min

{︄
Cϵ

(︃
1

n
+

d2

n2(logn)2

)︃
,
1

n
+ 4

(︃
1

2
− ϵ

)︃2
}︄
.

Thus, in all cases,

sup
P⊗n∈En,d,ϵ

EP⊗n

[︂
(ˆ︁τ selCϵ,ϵ − τ(P ))2

]︂
≤ min

{︄
Cϵ

(︃
1

n
+

d2

n2(logn)2

)︃
,
1

n
+ 4

(︃
1

2
− ϵ

)︃2
}︄
.

The sample space is finite, so the selected estimator is measurable. To compare this estimator
with the infimum in Rn,d,ϵ, first note that every measurable estimator has nonnegative worst-case
mean squared error in the real-valued order used by the displayed extremum. If En,d,ϵ is empty,
the indexed supremum is 0. If En,d,ϵ is inhabited and the family of mean squared errors over
En,d,ϵ is bounded above, then one nonnegative squared-loss integral lies below the supremum. If
that family has no real upper bound, the real-valued supremum is the supremum of the empty
set, hence 0. Hence the range over which the infimum defining Rn,d,ϵ is taken is bounded below,
and evaluating that infimum at the selected estimator yields

Rn,d,ϵ ≤ sup
P⊗n∈En,d,ϵ

EP⊗n

[︂
(ˆ︁τ selCϵ,ϵ − τ(P ))2

]︂
.

It remains to simplify the deterministic envelope. Since Kϵ ≥ Cϵ, Kϵ ≥ 4, and the scalar
terms 1/n, d2/(n2(log n)2), and (1/2− ϵ)2 are nonnegative,

Cϵ

(︃
1

n
+

d2

n2(log n)2

)︃
≤ Kϵ

(︃
1

n
+

d2

n2(log n)2

)︃
and

1

n
+ 4

(︃
1

2
− ϵ

)︃2

≤ Kϵ

(︄
1

n
+

(︃
1

2
− ϵ

)︃2
)︄
.

If
d2

n2(log n)2
≤
(︃
1

2
− ϵ

)︃2

,

then the first of these deterministic bounds gives

min

{︄
Cϵ

(︃
1

n
+

d2

n2(log n)2

)︃
,
1

n
+ 4

(︃
1

2
− ϵ

)︃2
}︄

≤ Kϵ

{︄
1

n
+min

(︄
d2

n2(log n)2
,

(︃
1

2
− ϵ

)︃2
)︄}︄

.

In the remaining case, (︃
1

2
− ϵ

)︃2

≤ d2

n2(log n)2
,

the same conclusion follows from the second deterministic bound. Combining the selector bound
with this deterministic comparison proves the stated upper envelope with Kϵ = max{Cϵ, 4}.
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Lemma 6 formalizes the comparison made in Theorem 2. Once the fixed-interior hybrid
bound is available, the selector chooses the smaller displayed certificate between the hybrid
estimator and the centered estimator, producing an upper envelope with the minimum of the
large-alphabet term and the near-randomization term.

The remaining statements establish the hybrid upper bound by separating calibration, poly-
nomial approximation, factorial-moment estimation, and heavy-cell ratio control. The first
calibration result collects deterministic inequalities implied by the numerical constants in Defi-
nition 9.

Lemma 7. [lem:calibration-consequences] (Calibration consequences) Let L = log(en),
let ℓ = log n, and let m1 = |I1| be the second split size from Definition 7. Let M = M(n)
and B = B(n) be the polynomial degree and light-cell approximation scale from Definition 9. If
n ≥ N0 and L ≥ 240, then

0 < ℓ, ℓ ≤ L, L ≤ 2ℓ, 0 < m1, n ≤ 2m1, M ≤ L, B ≤ 8192L

n
, (62M )2L6 ≤ n.

Proof of Lemma 7. Because n ≥ N0, the calibration cutoff gives

α0L ≥ 2, 4M(n)2 ≤ m1,
4M(n)

m1
≤ 3B(n)

4
.

In particular L > 0. The identity L = log(en) = 1 + log n = 1 + ℓ is valid for this positive n.
Since L ≥ 240, we have

ℓ = L− 1 > 0, ℓ ≤ L, L = 1 + ℓ ≤ 2ℓ.

The definition M(n) = max{2, ⌊α0L⌋} gives M ≥ 2. Hence 4M2 ≤ m1 implies 0 < m1. For
the deterministic second split,

m1 = n− ⌊n/2⌋,

and therefore n ≤ 2m1.
Since α0L ≥ 2, the maximum in the definition of M(n) is attained by the floor term:

M = ⌊α0L⌋.

Using α0 ≤ 1 and L > 0,
M ≤ α0L ≤ L.

By the definition B(n) = 4096L/m1 and the bound n ≤ 2m1,

B =
4096L

m1
≤ 8192L

n
.

Finally we verify the calibrated growth inequality. Since α0 ≤ (32 log 6)−1 and M ≤ α0L,

4M log 6 ≤ L

8
, so 64M ≤ exp(L/8).

Also L ≥ 240 gives

logL = log 12 + log(L/12) ≤ 11 + (L/12− 1) ≤ L/8,
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and hence
L6 = exp(6 logL) ≤ exp(3L/4).

Multiplying,
64ML6 ≤ exp(7L/8) ≤ exp(L− 1) = n.

Since (62M )2 = 64M , this is exactly
(62M )2L6 ≤ n.

The displayed conclusions follow.

The Chebyshev branch is encoded through reciprocal coefficients and coefficient envelopes.
These statements are the approximation-theoretic part of the construction, in the same spirit as
polynomial methods for nonsmooth discrete-distribution functionals [Jiao et al., 2015, Wu and
Yang, 2016, Han et al., 2020].

Definition 13. [synth_19] (Chebyshev reciprocal coefficients gM,j) For an integer M ≥ 2, we
say gM,j, 0 ≤ j ≤M − 2, are the Chebyshev reciprocal coefficients when they are the unique real
coefficients satisfying

1− 1−TM (1−2x)
2M2x

x
=

M−2∑︂
j=0

gM,jx
j ,

with the left-hand side interpreted by polynomial continuation at x = 0, where TM is the degree-
M Chebyshev polynomial of the first kind.

Lemma 8. [lem:sparse-arm-expansion] (Sparse arm expansion) For any sample O1, . . . , On,
with each Oi = (Xi, Ai, Yi) ∈ {1, . . . , d}×{0, 1}2, and any category k ∈ {1, . . . , d}, letM =M(n)
and B = B(n) be the polynomial degree and light-cell approximation scale of Definition 9. For
each arm a ∈ {0, 1}, define

ˆ︁Aa,k = M−2∑︂
j=0

j∑︂
t=0

∑︂
c∈{0,1}2

B−1gM,jB
−j
(︃
j

t

)︃
mk,ra,c,j,t ,

where gM,j are the coefficients of GM , ra,c,j,t is the four-cell exponent vector determined by

ur
a,c,j,t

= ucua1u
t
a0u

j−t
a1 , and mk,ra,c,j,t is the corresponding normalized factorial-moment mono-

mial computed from the sample. Then the factorial-moment polynomial estimate for category k
satisfies ˆ︁Pk = ˆ︁A1,k − ˆ︁A0,k.

Proof of Lemma 8. Fix the sample and the category k, and abbreviate M = M(n) and B =
B(n), using the split and calibration notation of Definitions 7 and 9. For a cell c ∈ {0, 1}2, let
ec be the four-cell unit multi-index. For each arm a, degree index j, and binomial index t, the
sparse index used in the factorial lift is

ra,c,j,t = ec + e(a,1) + t e(a,0) + (j − t) e(a,1).

Equivalently, its associated four-cell monomial is ucua1u
t
a0u

j−t
a1 . Let

γj,t = B−1gM,jB
−j
(︃
j

t

)︃
.
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The normalized factorial-moment monomial mk,r is the one in Definition 8. Thus the sparse arm
contribution for arm a is precisely

ˆ︁Aa,k = M−2∑︂
j=0

j∑︂
t=0

∑︂
c∈{0,1}2

γj,tmk,ra,c,j,t .

The sparse factorial-polynomial contribution for category k is defined as the treated sparse
arm minus the control sparse arm. Substituting the preceding display for a = 1 and a = 0 gives

ˆ︁Pk = ˆ︁A1,k − ˆ︁A0,k.

Lemma 9. [lem:factorial-moment-mean] (Factorial mean identity) Let P be a probability law
for one observation O = (X,A, Y ) with X ∈ {1, . . . , d} and A, Y ∈ {0, 1}, and let k ∈ {1, . . . , d}.
Let P⊗∞ denote the ambient infinite iid product law generated by P . Suppose that n ≥ N0, where
N0 is the calibration cutoff in Definition 9. For

qk =
(︁
P (X = k,A = a, Y = y)

)︁
a,y∈{0,1},

the factorial-moment polynomial estimate ˆ︁Pk from Definition 9, evaluated on the first n coordi-
nates under P⊗∞, satisfies∫︂ ˆ︁Pk(O1, . . . , On) dP

⊗∞ = PM(n),B(n)(qk).

Proof of Lemma 9. Write

µ∞ = P⊗∞, M =M(n), B = B(n), m1 = |I1|,

where µ∞ is the ambient iid product law. For a cell c = (a, y) ∈ {0, 1}2, write

qc = qaky = P (X = k,A = a, Y = y), qk = (qc)c∈{0,1}2 .

Since n ≥ N0, the calibration in Definition 9 gives

4M2 ≤ m1.

Because M ≥ 2, this implies M ≤ m1.
For any multi-index r = (rc)c with |r| ≤ m1, the normalized factorial monomial satisfies∫︂

mk,r dµ∞ =
∏︂

c∈{0,1}2
q rcc .

Indeed, on the estimation split I1, define

Li =

{︄
(Ai, Yi), Xi = k,

⋆, Xi ̸= k.
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The variables Li, i ∈ I1, are iid, and P (Li = c) = qc. Expanding
∏︁
c(N

(1)
kc )rc counts ordered

injective assignments of |r| requested labels to distinct indices in I1. There are (m1)|r| such
assignments, each has probability

∏︁
c q

rc
c , and division by (m1)|r| gives the displayed identity.

For the sparse arms in Lemma 8, write

ˆ︁Aa,k = M−2∑︂
j=0

j∑︂
t=0

∑︂
c∈{0,1}2

B−1gM,jB
−j
(︃
j

t

)︃
mk,ra,c,j,t .

That lemma gives the pointwise identity

ˆ︁Pk = ˆ︁A1,k − ˆ︁A0,k.

For a ∈ {0, 1}, j ∈ {0, . . . ,M − 2}, t ∈ {0, . . . , j}, and c ∈ {0, 1}2, the sparse exponent

ra,c,j,t = ec + ea1 + t ea0 + (j − t) ea1

has total degree
|ra,c,j,t| = j + 2 ≤M ≤ m1.

Therefore the factorial-monomial identity applies in every summand of each sparse arm. Finite-
sum linearity gives, for each a ∈ {0, 1},∫︂ ˆ︁Aa,k dµ∞ =

M−2∑︂
j=0

j∑︂
t=0

∑︂
c∈{0,1}2

B−1gM,jB
−j
(︃
j

t

)︃
q r

a,c,j,t

k .

By the definition of ra,c,j,t,
q r

a,c,j,t

k = qc qa1 q
t
a0 q

j−t
a1 .

Thus, for each fixed a and j,

j∑︂
t=0

∑︂
c∈{0,1}2

(︃
j

t

)︃
q r

a,c,j,t

k =

⎛⎝ ∑︂
c∈{0,1}2

qc

⎞⎠ qa1(qa0 + qa1)
j ,

by the binomial theorem. Consequently, for each a ∈ {0, 1},∫︂ ˆ︁Aa,k dµ∞ =
s(qk)ta(qk)

B

M−2∑︂
j=0

gM,j

(︃
sa(qk)

B

)︃j
=
s(qk)ta(qk)

B
GM

(︃
sa(qk)

B

)︃
,

where t1(qk) = q11 and t0(qk) = q01.
Subtracting the two arm identities and using Lemma 8,∫︂ ˆ︁Pk dµ∞ =

s(qk)t1(qk)

B
GM

(︃
s1(qk)

B

)︃
− s(qk)t0(qk)

B
GM

(︃
s0(qk)

B

)︃
= PM,B(qk),

where the final equality is the definition of the light-cell polynomial in Definition 9. Substituting
M =M(n) and B = B(n) gives the claimed identity.

Lemma 10. [lem:chebyshev-reciprocal-certificate] (Polynomial approximation certifi-
cate) Fix a degree M ∈ N, a real scale B, the overlap level ϵ, and a four-cell vector u. Assume:
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• (Degree.) M ≥ 1.

• (Overlap level.) ϵ > 0.

• (Cone membership.) u ∈ Cϵ, where Cϵ is the overlap-restricted cone in Definition 3.

• (Mass bound.) s(u) ≤ B.

For the light-cell polynomial PM,B from Definition 9 and the homogeneous cell contribution ϕ
from Definition 4,

|PM,B(u)− ϕ(u)| ≤ 2B

ϵM2
.

Proof of Lemma 10. Let GM (x) =
∑︁M−2

j=0 gM,jx
j . The shifted-Chebyshev expansion gives, for

every real x,
TM (1− 2x) = 1− 2M2x+ 2M2x2GM (x).

If 0 ≤ x ≤ 1, then |TM (1− 2x)| ≤ 1, and the displayed identity implies

x |1− xGM (x)| ≤ 1

M2
.

First consider u = 0. Then s(u) = s0(u) = s1(u) = u01 = u11 = 0, so both PM,B(u) and
ϕ(u) equal 0. Since s(u) ≤ B, this case also gives B ≥ 0, and hence

|PM,B(u)− ϕ(u)| = 0 ≤ 2B

ϵM2
.

Now suppose u ̸= 0. Nonnegativity of the four coordinates gives s(u) ≥ 0, and u ̸= 0 gives
s(u) > 0. Since s(u) ≤ B, we have B > 0. The overlap inequalities give

s1(u) ≥ ϵs(u) > 0, s0(u) = s(u)− s1(u) ≥ ϵs(u) > 0.

Also sa(u) ≤ s(u) ≤ B, so

xa :=
sa(u)

B
∈ [0, 1], a ∈ {0, 1}.

For each arm a, the preceding Chebyshev certificate gives⃓⃓⃓⃓
1− sa(u)

B
GM

(︃
sa(u)

B

)︃⃓⃓⃓⃓
≤ B

sa(u)M2
.

Using 0 ≤ ua1 ≤ sa(u), this yields⃓⃓⃓⃓
B−1s(u)ua1GM

(︃
sa(u)

B

)︃
− s(u)

ua1
sa(u)

⃓⃓⃓⃓
≤ B

ϵM2
.

Indeed, the left-hand side equals

s(u)ua1
sa(u)

⃓⃓⃓⃓
1− sa(u)

B
GM

(︃
sa(u)

B

)︃⃓⃓⃓⃓
,

and the factor s(u)/sa(u) is at most 1/ϵ.
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Finally,

PM,B(u)−ϕ(u) =
[︃
B−1s(u)u11GM

(︃
s1(u)

B

)︃
− s(u)

u11
s1(u)

]︃
−
[︃
B−1s(u)u01GM

(︃
s0(u)

B

)︃
− s(u)

u01
s0(u)

]︃
.

The triangle inequality and the two arm bounds give

|PM,B(u)− ϕ(u)| ≤ B

ϵM2
+

B

ϵM2
=

2B

ϵM2
.

Lemma 8 rewrites the light-cell statistic as treated and control sparse-arm pieces.
Lemma 9 then identifies the mean of the factorial-moment statistic with the polynomial target
PM(n),B(n)(qk). Lemma 10 supplies the light-cell approximation error on the overlap cone when
the cell mass lies below the approximation scale.

Heavy categories are controlled by ratio residuals and missing-arm probabilities. The next
two bounds apply to deterministic category sets, which allows them to be conditioned on the
pilot split before summing over the selected heavy categories.

Lemma 11. [lem:heavy-residual-bound] (Fixed-set residual variance) Let P be a probability
law on the finite observed-data alphabet {1, . . . , d} × {0, 1}2, let I be a finite index set, and
write m = |I|. For observations Oi = (Xi, Ai, Yi), i ∈ I, drawn independently from P , let
H ⊆ {1, . . . , d} be deterministic and fix a ∈ {0, 1}.

Assume:

• (Overlap.) The overlap level ϵ satisfies ϵ > 0, and for every category k with pk = P (X =
k) > 0,

ϵ ≤ πk ≤ 1− ϵ.

• (Positive mass on H.) For every k ∈ H, pk > 0.

With counts computed from the sample,

Ra(H) =
∑︂
k∈H

Nk
1{Nak > 0}

Nak
{Nak1 − µakNak} .

Then

EP
[︁
Ra(H)2

]︁
≤ 2m

ϵ

∑︂
k∈H

pk.

Proof of Lemma 11. For an observation array z = (Oi)i∈I , with Oi = (Xi, Ai, Yi), write

Nk(z) =
∑︂
i∈I

1{Xi = k}, Nak(z) =
∑︂
i∈I

1{Xi = k,Ai = a},

and
Nak1(z) =

∑︂
i∈I

1{Xi = k,Ai = a, Yi = 1}.

Let m = |I|, and put

Cak(z) = Nk(z)
1{Nak(z) > 0}

Nak(z)
, ξak,i(z) = 1{Xi = k,Ai = a}{Yi − µak}.
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With the convention that the displayed ratio is zero when Nak(z) = 0, the residual can be
written as

Ra(H) =
∑︂
k∈H

Cak(z)
∑︂
i∈I

ξak,i(z),

because
∑︁

i ξak,i = Nak1(z)− µakNak(z).
Expand the square as a double sum over pairs (k, i) and (l, j). If i ̸= j, then the factor

Cak(z)Cal(z)ξal,j(z) is unchanged when only the outcome coordinate of observation i is replaced;
conditioning on all other coordinates and using the centered arm-category residual gives integral
zero. If i = j and k ̸= l, then the two category indicators cannot both hold for the same
observation, so the product of residuals is identically zero. Hence only the diagonal terms
remain:

EP⊗I

[︁
Ra(H)2

]︁
=
∑︂
k∈H

∑︂
i∈I

EP⊗I

[︁
Cak(z)

2ξak,i(z)
2
]︁
.

For each fixed k and i, the multiplier Cak(z)
2 is nonnegative and depends only on the category

and treatment coordinates of the array. The one-coordinate conditional Bernoulli variance bound
gives

EP⊗I

[︁
Cak(z)

2ξak,i(z)
2
]︁
≤ EP⊗I

[︁
Cak(z)

21{Xi = k,Ai = a}
]︁
.

Therefore, for each fixed k,∑︂
i∈I

EP⊗I

[︁
Cak(z)

2ξak,i(z)
2
]︁
≤ EP⊗I

[︄∑︂
i∈I

Cak(z)
21{Xi = k,Ai = a}

]︄

= EP⊗I

[︃
Nk(z)

21{Nak(z) > 0}
Nak(z)

]︃
.

Let ρak = P (A = a | X = k), so ρ1k = πk and ρ0k = 1 − πk. For k ∈ H, the positive-mass
hypothesis gives pk > 0. Overlap gives ρak ≥ ϵ, and ρak ≤ 1 because it is an arm probability.
Put

Ek = {X = k}, Rak = {X = k,A = a}.
Then Rak ⊂ Ek, and under the one-observation law

P (Ek) = pk, P (Rak) = pkρak, P (Ek \Rak) = pk(1− ρak), P (Eck) = 1− pk.

Partition the product sample space according to

U = {i : Oi ∈ Ek}, V = {i : Oi ∈ Rak}.

The nested relation forces V ⊂ U . For fixed U, V with V ⊂ U , independence gives the product
probability

(pkρak)
|V |{pk(1− ρak)}|U |−|V |(1− pk)

m−|U |,

and the integrand equals

|U |21{|V | > 0}
|V |

.

Summing over all such pairs and then collecting first by t = |U | and then by s = |V | gives

EP⊗I

[︃
N2
k

1{Nak > 0}
Nak

]︃
=

m∑︂
t=0

(︃
m

t

)︃
ptk(1− pk)

m−tt2
t∑︂

s=0

(︃
t

s

)︃
ρ sak(1− ρak)

t−s1{s > 0}
s

.
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It remains to bound the inner reciprocal-count sum. For every integer s ≥ 0, with the left
side interpreted as zero at s = 0,

1{s > 0}
s

≤ 2

s+ 1
.

Since 0 < ρak ≤ 1, the binomial weights are nonnegative, and therefore

t∑︂
s=0

(︃
t

s

)︃
ρ sak(1− ρak)

t−s1{s > 0}
s

≤ 2
t∑︂

s=0

(︃
t

s

)︃
ρ sak(1− ρak)

t−s 1

s+ 1

=
2

(t+ 1)ρak

t∑︂
s=0

(︃
t+ 1

s+ 1

)︃
ρ s+1
ak (1− ρak)

t−s

=
2{1− (1− ρak)

t+1}
(t+ 1)ρak

≤ 2

(t+ 1)ρak
.

Here the middle equality uses
(︁
t
s

)︁
/(s + 1) =

(︁
t+1
s+1

)︁
/(t + 1), and the final inequality uses (1 −

ρak)
t+1 ≥ 0. Hence, using t2/(t+ 1) ≤ t and the binomial first moment,

EP⊗I

[︃
N2
k

1{Nak > 0}
Nak

]︃
≤

m∑︂
t=0

(︃
m

t

)︃
ptk(1− pk)

m−t 2t

ρak

=
2mpk
ρak

≤ 2mpk
ϵ

.

Summing over k ∈ H gives

EP⊗I

[︁
Ra(H)2

]︁
≤
∑︂
k∈H

2mpk
ϵ

=
2m

ϵ

∑︂
k∈H

pk.

Lemma 12. [lem:missing-arm-envelope] (Missing-arm second moment) Let J be a finite
sample-index set and write m = |J |. For a probability law P on {1, . . . , d} × {0, 1}2, a deter-
ministic category set H ⊆ {1, . . . , d}, and an arm a ∈ {0, 1}, define

Zak = Nk1{Nak = 0},

where Nk is the number of observations in category k and Nak is the number of observations in
category k and arm a in the J-indexed iid sample from P .

Assume:

• (Sample size.) m ≥ 3.

• (Overlap.) The overlap level ϵ satisfies ϵ > 0, and for every category k with pk = P (X =
k) > 0,

ϵ ≤ P (A = 1 | X = k) ≤ 1− ϵ.

• (Mass floor.) B > 0, and pk ≥ B for every k ∈ H.
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Then

EP⊗J

⎡⎣(︄∑︂
k∈H

Zak

)︄2
⎤⎦ ≤ m+m2

[︃
|H|

{((m− 2)/2) ϵ}2B

]︃2
.

Proof of Lemma 12. For a sample z = (O1, . . . , Om), let Zak(z) be the missing-arm category
count

Zak(z) =

{︄
#{i : Xi = k}, #{i : Xi = k, Ai = a} = 0,

0, otherwise.

Thus
∑︁

k∈H Zak(z) is the fixed missing-arm count over H for arm a. Let

ρak = P (A = a | X = k), u =
m− 2

2
ϵ, fk = pk exp(−upk).

The assumptions m ≥ 3, ϵ > 0, and B > 0 give u > 0, and the mass floor gives pk ≥ B > 0 for
every k ∈ H. Hence ρak is the ordinary conditional arm probability on H, with 0 ≤ ρak ≤ 1,
and overlap gives ϵ ≤ ρak, equivalently ϵpk ≤ pkρak.

We first record the exact second moment. For a fixed category k, expand Z2
ak by separating

one selected index from two ordered distinct selected indices. The one-index event requires Oi
to lie in category k outside arm a, while the whole sample avoids the arm-a subcell in category
k. Its probability is

pk(1− ρak)(1− pkρak)
m−1.

For an ordered pair i ̸= j, the corresponding two-index event has probability

{pk(1− ρak)}2(1− pkρak)
m−2.

Summing over them one-index choices and the (m)2 = m(m−1) ordered pairs gives the diagonal
contribution

mpk(1− ρak)(1− pkρak)
m−1 + (m)2{pk(1− ρak)}2(1− pkρak)

m−2.

For distinct k, l, the same-index part in ZakZal is zero because the category events are disjoint.
The remaining ordered-pair event places one selected observation in category k outside arm a,
the other in category l outside arm a, and the whole sample outside the two forbidden arm-a
subcells. Since those forbidden subcells are disjoint, its probability is

pk(1− ρak)pl(1− ρal)(1− pkρak − plρal)
m−2.

Therefore∫︂ (︄∑︂
k∈H

Zak(z)

)︄2

dP⊗m(z) =
∑︂
k∈H

[︂
mpk(1− ρak)(1− pkρak)

m−1

+ (m)2{pk(1− ρak)}2(1− pkρak)
m−2

]︂
+
∑︂
k∈H

∑︂
l∈H\{k}

(m)2pk(1− ρak)pl(1− ρal)(1− pkρak − plρal)
m−2.

For the diagonal terms, 0 ≤ pk ≤ 1, 0 ≤ ρak ≤ 1, (m)2 ≤ m2, and ϵpk ≤ pkρak imply

mpk(1− ρak)(1− pkρak)
m−1 + (m)2{pk(1− ρak)}2(1− pkρak)

m−2

≤ mpk +m2f2k .
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Indeed, the first summand is at most mpk. For the second summand,

(1− pkρak)
m−2 ≤ exp{−(m− 2)ϵpk} = exp(−upk)2,

and pk(1− ρak) ≤ pk.
For k ̸= l, disjointness of the two category events gives pk+pl ≤ 1, and hence pkρak+plρal ≤ 1.

Together with the two overlap inequalities,

(1− pkρak − plρal)
m−2 ≤ exp{−(m− 2)(pkρak + plρal)}

≤ exp{−(m− 2)ϵ(pk + pl)}
≤ exp(−upk) exp(−upl).

Using also pk(1− ρak) ≤ pk, pl(1− ρal) ≤ pl, and (m)2 ≤ m2, we obtain

(m)2pk(1− ρak)pl(1− ρal)(1− pkρak − plρal)
m−2 ≤ m2fkfl.

Substituting the diagonal and cross envelopes into the exact expansion and collecting the
square of the exponential sum gives∫︂ (︄∑︂

k∈H
Zak(z)

)︄2

dP⊗m(z) ≤ m
∑︂
k∈H

pk +m2

(︄∑︂
k∈H

fk

)︄2

.

The category masses over H sum to at most one, so the first term is at most m.
It remains to bound the exponential sum. For t > 0,

exp(−t) ≤ t−2.

Applying this with t = upk, and using pk ≥ B, gives

pk exp(−upk) ≤
1

u2pk
≤ 1

u2B
.

Therefore ∑︂
k∈H

fk ≤
|H|
u2B

.

Since each fk ≥ 0, combining the last two bounds and substituting u = ((m− 2)/2)ϵ yields

∫︂ (︄∑︂
k∈H

Zak(z)

)︄2

dP⊗m(z) ≤ m+m2

⎡⎣ |H|(︂(︁
m−2
2 ϵ
)︁2
B
)︂
⎤⎦2

.

Lemma 11 gives the variance scale for centered ratio noise over a fixed heavy set. Lemma 12
controls the contribution from categories whose empirical denominator in an arm is zero; the
mass floor supplied by the pilot sandwich makes this event sufficiently rare in aggregate.

For light categories, the factorial-moment analysis uses product-moment and coefficient-sum
controls. These statements quantify how multinomial dependence across cells and categories
enters the variance calculation.
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Lemma 13. [lem:factorial-product-moment] (Factorial product moment) Fix n, d ∈ N,
P ∈ Prob({1, . . . , d} × {0, 1}2), a category k ∈ {1, . . . , d}, and four-cell multi-indices r, s. Using
the split counts and split size in Definition 7, let

mk,r =

∏︁
(a,y)(N

(1)
aky)ray

(m1)|r|
,

where (z)t denotes the falling factorial and |r| =
∑︁

(a,y) ray. Let qaky denote the treatment–
outcome cell mass in category k, as in Definition 5. Assume:

• (Nonempty estimation split.) m1 > 0.

• (Degree ordering.) |r| ≤ |s|.

• (Split-size condition.) 4|s|2 ≤ m1.

Then, under the iid product law generated by P ,

EP⊗n [mk,rmk,s] ≤ e
∏︂
(a,y)

q
ray
aky

∏︂
(a,y)

(︃
qaky +

|s|
m1

)︃say
.

Proof of Lemma 13. Let C = {0, 1} × {0, 1}, let m = m1, and write

qay = qaky, ray = r(a, y), say = s(a, y), |r| =
∑︂

(a,y)∈C

ray, |s| =
∑︂

(a,y)∈C

say.

Adjoin one extra label ∅ for observations outside category k. For the j-th observation in the
estimation split define

Zj =

{︄
(a, y), (Xj , Aj , Yj) = (k, a, y),

∅, Xj ̸= k,
αay = qay, α∅ = 1−

∑︂
(a,y)∈C

qay.

The variables Z1, . . . , Zm are iid on C ∪ {∅} with masses α. Extend r, s by setting r∅ = s∅ = 0.
If Nb = #{j : Zj = b}, then

mk,r =

∏︁
b∈C∪{∅}(Nb)rb

(m)|r|
, mk,s =

∏︁
b∈C∪{∅}(Nb)sb

(m)|s|
.

This is just the split-count notation of Definition 7, with the outside-category exponent equal
to zero.

For an overlap choice

H = (Hb)b∈C∪{∅}, 0 ≤ Hb ≤ min{rb, sb},

set

|H| =
∑︂
b

Hb, tb(H) = rb + sb −Hb, AH =
∏︂
b

(︃
rb
Hb

)︃(︃
sb
Hb

)︃
Hb!.

The cellwise falling-factorial product identity gives∏︂
b

(Nb)rb
∏︂
b

(Nb)sb =
∑︂
H

AH
∏︂
b

(Nb)tb(H).
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Taking expectations and using the factorial moment formula for multinomial counts,

E[mk,rmk,s] =
∑︂
H

AH
(m)|r|+|s|−|H|

(m)|r|(m)|s|

∏︂
b

α rb+sb−Hb
b .

The normalization ratio satisfies, for every such H,

(m)|r|+|s|−|H|

(m)|r|(m)|s|
≤ e

m|H| .

Indeed, if |s| = 0 then also |r| = 0, and the bound is immediate. Otherwise put u = m − |s|.
The assumptions 4|s|2 ≤ m and |r| ≤ |s| imply u > 0 and 2|s|2 ≤ u. Also

(m)|r|+|s|−|H| ≤ m|r|+|s|−|H|, (m)|r| ≥ u|r|, (m)|s| ≥ u|s|.

Hence the ratio is at most
m|r|+|s|−|H|

u|r|+|s| =
(m/u)|r|+|s|

m|H| .

Since m/u = 1 + |s|/u,

(|r|+ |s|) log(m/u) ≤ (|r|+ |s|) |s|
u

≤ 1,

and therefore (m/u)|r|+|s| ≤ e.
Because all masses αb are nonnegative,

E[mk,rmk,s] ≤ e
∑︂
H

AH m
−|H|

∏︂
b

α rb+sb−Hb
b .

The remaining overlap sum factors by coordinates:

∑︂
H

AH m
−|H|

∏︂
b

α rb+sb−Hb
b =

∏︂
b

min(rb,sb)∑︂
h=0

(︃
rb
h

)︃(︃
sb
h

)︃
h!m−hα rb+sb−hb .

For each b and each 0 ≤ h ≤ min{rb, sb}, one has h ≤ sb and(︃
rb
h

)︃
h! = (rb)h ≤ rhb ≤ |r|h ≤ |s|h.

The assumption m1 > 0 gives m > 0, and αb ≥ 0. After rewriting αrb+sb−hb = αrbb α
sb−h
b , the

preceding coefficient bound gives(︃
rb
h

)︃(︃
sb
h

)︃
h!m−hα rb+sb−hb ≤ αrbb

(︃
sb
h

)︃(︃
|s|
m

)︃h
αsb−hb .

The right-hand summands are nonnegative for every 0 ≤ h ≤ sb, so enlarging the summation
range and applying the binomial theorem yields

min(rb,sb)∑︂
h=0

(︃
rb
h

)︃(︃
sb
h

)︃
h!m−hα rb+sb−hb ≤ αrbb

sb∑︂
h=0

(︃
sb
h

)︃(︃
|s|
m

)︃h
αsb−hb = αrbb

(︃
αb +

|s|
m

)︃sb
.
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Multiplying these coordinatewise bounds gives

E[mk,rmk,s] ≤ e
∏︂
b

αrbb

∏︂
b

(︃
αb +

|s|
m

)︃sb
.

The ∅-coordinate contributes 1, since r∅ = s∅ = 0. Replacing b by (a, y) ∈ C and m by m1

yields

EP⊗n [mk,rmk,s] ≤ e
∏︂
(a,y)

q
ray
aky

∏︂
(a,y)

(︃
qaky +

|s|
m1

)︃say
.

Lemma 14. [lem:coefficient-sum-certificate] (Coefficient sum certificate) Let M be a
positive integer and let z ≥ 0. With gM,j denoting the coefficients of the polynomial continuation
GM from Definition 9, define

g+M (z) =
∑︂

j∈{0,...,M−2}

|gM,j |zj ,

with the sum interpreted as empty when M = 1. Then

g+M (z) ≤ 6M max{1, zM∸2},

where M ∸ 2 = max{M − 2, 0}.

Proof of Lemma 14. All powers below have nonnegative integer exponents; in particular, the
exponent M − 2 in the statement is interpreted as natural-number subtraction, so it equals 0
when M = 1. Let TM be the Chebyshev polynomial and let GM be the polynomial continuation
used in Definition 9. The continuation has coefficients gM,j satisfying

TM (1− 2x) = 1− 2M2x+ 2M2x2GM (x).

For these coefficients, the closed form is

gM,j = (−1)j
22j+3

M(M + j + 2)

(︃
M + j + 2

2j + 4

)︃
(j ≥ 0).

Because M > 0, the factor after (−1)j is nonnegative. Hence

|gM,j | =
22j+3

M(M + j + 2)

(︃
M + j + 2

2j + 4

)︃
= (−1)jgM,j ,

and therefore, for every z,

g+M (z) =
∑︂

0≤j<M−1

|gM,j |zj =
∑︂

0≤j<M−1

gM,j(−z)j = GM (−z).

Taking z = 1 in this identity and substituting x = −1 in the Chebyshev identity gives

TM (3) = 1 + 2M2 + 2M2g+M (1).
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The sum defining g+M (1) is nonnegative. Since M ≥ 1, we have M2 ≥ 1, and the displayed
identity implies

g+M (1) ≤ TM (3).

The Chebyshev recurrence and the standard positivity bound Tm(x) ≥ 1 for x ≥ 1 give, at
x = 3,

T0(3) = 1, T1(3) = 3, Tm+2(3) = 6Tm+1(3)− Tm(3), Tm(3) ≥ 0.

Induction using these facts yields
TM (3) ≤ 6M .

Consequently,
g+M (1) ≤ 6M .

Now split according to z. If 0 ≤ z ≤ 1, then zj ≤ 1 for every index in the sum, so

g+M (z) =
∑︂

0≤j<M−1

|gM,j |zj ≤
∑︂

0≤j<M−1

|gM,j | = g+M (1) ≤ 6M ≤ 6M max{1, zM−2}.

If 1 ≤ z, then every index in the finite sum satisfies j ≤M−2 with the same natural-number
subtraction convention. Hence zj ≤ zM−2, and

g+M (z) ≤ zM−2
∑︂

0≤j<M−1

|gM,j | = zM−2g+M (1) ≤ 6MzM−2 ≤ 6M max{1, zM−2}.

The two cases prove the claimed bound.

Lemma 13 is the basic moment inequality for normalized falling-factorial monomials.
Lemma 14 bounds the one-arm absolute coefficient sum generated by the Chebyshev recip-
rocal polynomial, which keeps the light-cell variance compatible with the logarithmic degree
calibration in Lemma 7.

The aggregate heavy-cell result and the sparse factorial-polynomial definitions now prepare
the two branches of the hybrid estimator for the final light-cell rate bound.

Lemma 15. [lem:universal-heavy-cell-rate] (Heavy-cell rate bound) For every overlap
level ϵ satisfying 0 < ϵ < 1/2, there exist constants Cϵ, ρϵ > 0 and an integer Nϵ such that the
following holds. For every n, d, every single-observation law P on {1, . . . , d}×{0, 1}2, and every
sample law µn, if

• (Sample size.) n ≥ Nϵ;

• (Dimension range.) d ≤ ρϵn logn;

• (Experiment membership.) µn and P belong to the overlap-restricted iid product-law
experiment class En,d,ϵ of Definition 2,

then the aggregate heavy-cell ratio estimator satisfies

∫︂ ⎧⎨⎩ˆ︁TH(O1, . . . , On)−
∑︂

k∈ ˆ︁Hn(O1,...,On)

ϕ(qk)

⎫⎬⎭
2

dµn ≤ Cϵ

{︃
1

n
+

d2

n2(logn)2

}︃
.
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Proof of Lemma 15. Write

L = log(en), mj = |Ij | (j = 0, 1),

and let N0 denote the calibration cutoff in Definition 9. For n ≥ N0, the implemented heavy setˆ︁Hn is the pilot set at threshold 256:

ˆ︁H = {k : ⌊256L⌋ < N
(0)
k }.

The corresponding pilot-bad event is

B =

{︃
¬
(︃
∀k ∈ ˆ︁H, 256L

2m0
≤ pk

)︃
or ¬

(︃
∀k /∈ ˆ︁H, pk ≤ 2 · 256L

m0

)︃}︃
.

For every sample, the empirical arm ratios in ˆ︁hk use totalized division, so the ratio is 0 when
the corresponding arm count is zero; with this convention each such ratio lies in [0, 1]. Hence

the absolute empirical ratio contribution of category k is at most N
(1)
k /m1, and summing over

the selected categories gives

| ˆ︁TH| ≤ ∑︂
k∈ ˆ︁Hn

N
(1)
k

m1
≤
∑︂
k

N
(1)
k

m1
=
m1

m1
≤ 1.

For an overlap law P , the category vector qk from Definition 5 lies in the overlap cone of
Definition 3. If pk = 0, then qk = 0 and Definition 4 sets ϕ(qk) = 0. If pk > 0, the arm masses
in qk are positive and the displayed formula in Definition 4 gives

ϕ(qk) = pk(µ1k − µ0k),

where the binary-outcome regressions µ0k and µ1k lie in [0, 1]. Thus, in both cases, |ϕ(qk)| ≤ pk.
Since the category masses sum to one,⃓⃓⃓⃓

⃓⃓ ∑︂
k∈ ˆ︁Hn

ϕ(qk)

⃓⃓⃓⃓
⃓⃓ ≤ ∑︂

k∈ ˆ︁Hn

pk ≤
∑︂
k

pk = 1.

Thus the squared heavy-cell error is bounded by 4 pointwise for the overlap laws considered
below. The fixed-threshold pilot sandwich from Lemma 1, applied with dimension constant 1,
gives constants C0 > 0 and Nbad such that, whenever n ≥ Nbad and d ≤ nL,

P⊗n(B) ≤ C0n
−4.

With Cbad = 4C0, the range bound gives

∫︂
B

⎛⎝ˆ︁TH −
∑︂
k∈ ˆ︁Hn

ϕ(qk)

⎞⎠2

dP⊗n ≤ Cbad n
−4.

Set

KH
ϵ =

16

ϵ
+ 12 +

1

ϵ4
, Cϵ = 4KH

ϵ + Cbad, ρϵ = 1,
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and take
Nϵ = max{8, N0, Nbad}.

These constants satisfy the required positivity conditions.
Assume n ≥ Nϵ, d ≤ ρϵn logn, and µn ∈ En,d,ϵ. The experiment-class assumption gives

µn = P⊗n and ϵ-overlap for P . Also n ≥ 8, n ≥ N0, n ≥ Nbad, and, since logn ≤ L,

d ≤ nL.

Let

B− =
256L

2m0
.

On Bc, the first half of the pilot sandwich and the equality ˆ︁Hn = ˆ︁H give

k ∈ ˆ︁Hn =⇒ B− ≤ pk.

Fix a deterministic category set H satisfying pk ≥ B− for every k ∈ H, and fix a ∈ {0, 1}.
Define

Sa(H) =
∑︂
k∈H

N
(1)
k

m1

N
(1)
ak1

N
(1)
ak

1{N (1)
ak > 0}, θa(H) =

∑︂
k∈H

pkµak,

where the displayed ratio is taken to be 0 when N
(1)
ak = 0. The empirical category-mass centering

is ∑︂
k∈H

N
(1)
k

m1
µak.

The pointwise decomposition about this centering is

Sa(H)−
∑︂
k∈H

N
(1)
k

m1
µak =

1

m1

[︄∑︂
k∈H

N
(1)
k

1{N (1)
ak > 0}
N

(1)
ak

{N (1)
ak1 − µakN

(1)
ak } −

∑︂
k∈H

µakN
(1)
k 1{N (1)

ak = 0}

]︄
.

The first bracket is the aggregate centered ratio residual Ra(H) of Lemma 11, formed on the
estimation split: the index set is I1, so m = m1; the category set H is deterministic and carries
pk ≥ B− > 0; and P has overlap at level ϵ. Lemma 11 therefore gives

∫︂ [︄∑︂
k∈H

N
(1)
k

1{N (1)
ak > 0}
N

(1)
ak

{N (1)
ak1 − µakN

(1)
ak }

]︄2
dP⊗n ≤ 2m1

ϵ

∑︂
k∈H

pk.

For the second bracket, 0 ≤ µak ≤ 1, so its square is bounded by the square of the missing-
arm count ∑︂

k∈H
N

(1)
k 1{N (1)

ak = 0}.

Since n ≥ 8 we have m1 ≥ 3, and the categories in H have mass at least B− > 0, so that
count meets the hypotheses of Lemma 12 on the estimation split, with m = m1 and mass floor
B = B−. Combining the domination just recorded with the second moment of Lemma 12 gives∫︂ [︄∑︂

k∈H
µakN

(1)
k 1{N (1)

ak = 0}

]︄2
dP⊗n ≤ m1 +m2

1

[︃
|H|

{((m1 − 2)/2)ϵ}2B−

]︃2
.
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Together with (x− y)2 ≤ 2x2 + 2y2, the two bracket bounds give∫︂ (︄
Sa(H)−

∑︂
k∈H

N
(1)
k

m1
µak

)︄2

dP⊗n ≤
4
∑︁

k∈H pk

m1ϵ
+

2

m1
+ 2

[︃
|H|

{((m1 − 2)/2)ϵ}2B−

]︃2
.

For the empirical category-mass fluctuation, use the one-observation score

ga,H(O) = µaX1{X ∈ H}.

Its second-split average is the empirical category-mass centering, its expectation is θa(H), and
0 ≤ ga,H ≤ 1. The iid bounded-score variance bound therefore gives∫︂ (︄∑︂

k∈H

N
(1)
k

m1
µak − θa(H)

)︄2

dP⊗n ≤ 1

m1
.

Splitting Sa(H)− θa(H) at the empirical category-mass centering yields∫︂
{Sa(H)− θa(H)}2 dP⊗n ≤

8
∑︁

k∈H pk

m1ϵ
+

6

m1
+ 4

[︃
|H|

{((m1 − 2)/2)ϵ}2B−

]︃2
.

The probability-mass identities give∑︂
k∈H

pk ≤
∑︂
k

pk = 1,

and the finite-set cardinality bound gives |H| ≤ d. The split-size calibration for n ≥ 8 gives

n

2
≤ m1,

n

8
≤ m1 − 2

2
,

256L

n
≤ B−,

and log n ≤ L. Hence

8
∑︁

k∈H pk

m1ϵ
+

6

m1
+ 4

[︃
|H|

{((m1 − 2)/2)ϵ}2B−

]︃2
≤ KH

ϵ

{︃
1

n
+

d2

n2(log n)2

}︃
.

Let V = KH
ϵ {n−1 + d2/[n2(log n)2]}. The preceding deterministic bound applies uniformly

to every fixed H whose elements have mass at least B−. To pass to the random pilot-heavy
set on Bc, partition the pilot sample space into the fibers on which ˆ︁Hn = H. The partition is
carried out on the ambient iid sequence, whose first n coordinates have law P⊗n by Lemma 20,
so every integral below may equally be read under either law. On each contributing fiber, the
good-pilot implication gives pk ≥ B− for every k ∈ H. The fixed-H arm error is a function of the
estimation split, while the fiber is determined by the pilot split, so the product law factors the
restricted integral into the fiber probability times the fixed-H product-law integral. Summing
over the eligible fibers and using that their probabilities sum to at most one gives, for each
a ∈ {0, 1}, ∫︂

Bc

{Sa( ˆ︁Hn)− θa( ˆ︁Hn)}2 dP⊗n ≤ V.

The heavy contribution and target decompose into their two arm components:

ˆ︁TH −
∑︂
k∈ ˆ︁Hn

ϕ(qk) = {S1( ˆ︁Hn)− θ1( ˆ︁Hn)} − {S0( ˆ︁Hn)− θ0( ˆ︁Hn)}.

43



Thus (x− y)2 ≤ 2x2 + 2y2 gives

∫︂
Bc

⎛⎝ˆ︁TH −
∑︂
k∈ ˆ︁Hn

ϕ(qk)

⎞⎠2

dP⊗n ≤ 4KH
ϵ

{︃
1

n
+

d2

n2(log n)2

}︃
.

The bad-event contribution satisfies∫︂
B

⎛⎝ˆ︁TH −
∑︂
k∈ ˆ︁Hn

ϕ(qk)

⎞⎠2

dP⊗n ≤ Cbadn
−4 ≤ Cbad

{︃
1

n
+

d2

n2(logn)2

}︃
,

because n−4 ≤ n−1 for n ≥ 8 and n−1 ≤ n−1 + d2/[n2(log n)2]. Adding the integrals over B and
Bc, and using µn = P⊗n, yields

∫︂ ⎛⎝ˆ︁TH −
∑︂
k∈ ˆ︁Hn

ϕ(qk)

⎞⎠2

dµn ≤ (4KH
ϵ + Cbad)

{︃
1

n
+

d2

n2(log n)2

}︃
,

which is the claimed bound with the chosen Cϵ.

Definition 14. [synth_20] (Sparse factorial-polynomial means) Given a law P , a category
k ∈ {1, . . . , d}, a degree M , and a scale B, write qk = (q0k0, q0k1, q1k0, q1k1) for the four-cell
mass vector of category k under P . For an arm a ∈ {0, 1}, the sparse-arm mean is

Āa,k(P,M,B) =
s(qk) ta(qk)

B
GM

(︃
sa(qk)

B

)︃
,

with s, sa, ta, and GM as in Definition 9. The sparse factorial-polynomial mean of category k
is the difference of the two arm means,

P̄k = PM,B(qk) = Ā1,k(P,M,B)− Ā0,k(P,M,B).

Lemma 16. [lem:factorial-moment-variance] (Factorial moment variance bound) Use the
split notation and hybrid-estimator calibration in Definitions 7 and 9. For any sample size n,
alphabet size d, probability law P on the finite observed-data alphabet, and category k, let P̄k
denote the sparse factorial-polynomial mean of the light-cell statistic ˆ︁Pk. Suppose that

• (Split size.) m1 > 0.

• (Degree and scale.) M(n) > 0 and B(n) > 0.

• (Sample-size calibration.) 4M(n)2 ≤ m1.

• (Mass envelope.) The category mass pk = P (X = k) satisfies

pk +
4M(n)

m1
≤ B(n) and pk ≤ B(n).

Then, under the ambient infinite iid product law P⊗∞,∫︂ (︂ ˆ︁Pk − P̄k

)︂2
dP⊗∞ ≤ 8(e + 1)

(︂
B(n)6M(n)

)︂2
.
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Proof of Lemma 16. All expectations below are taken under the iid sequence law generated by
P , equivalently under the corresponding n-fold product law for functions of O1, . . . , On. Write
M = M(n), B = B(n), m1 = |I1|, and q = qk. The coefficients in the sparse expansion are the
coefficients of the polynomial continuation GM :

gM,j = (−1)j
22j+3

M(M + j + 2)

(︃
M + j + 2

2j + 4

)︃
, GM (x) =

M−2∑︂
j=0

gM,jx
j .

For a ∈ {0, 1}, c ∈ {0, 1}2, and 0 ≤ t ≤ j ≤ M − 2, let ra,c,j,t be the sparse multi-index
determined by

ur
a,c,j,t

= uc ua1 u
t
a0 u

j−t
a1 .

The sparse arm mean is

Āa,k =

M−2∑︂
j=0

j∑︂
t=0

∑︂
c∈{0,1}2

B−1gM,jB
−j
(︃
j

t

)︃
qr

a,c,j,t
,

and the sparse polynomial mean is

P̄k = Ā1,k − Ā0,k.

For a nonnegative four-cell vector v, set

Ea(v) =
M−2∑︂
j=0

j∑︂
t=0

∑︂
c∈{0,1}2

⃓⃓⃓⃓
B−1gM,jB

−j
(︃
j

t

)︃⃓⃓⃓⃓
vr

a,c,j,t
.

The triangle inequality gives |Āa,k| ≤ Ea(q). We first record the envelope bound used for both q
and its shifted version. If v ≥ 0,

∑︁
c vc ≤ B, M > 0, and B > 0, then summing first over c and

then using the binomial theorem gives

Ea(v) = B−1

(︄∑︂
c

vc

)︄
va1

M−2∑︂
j=0

|gM,j |
(︃
va0 + va1

B

)︃j
.

The coefficient-sum certificate in Lemma 14 gives, for every z ≥ 0,

M−2∑︂
j=0

|gM,j |zj ≤ 6M max{1, zM−2}.

In the envelope application, z = (va0 + va1)/B lies in [0, 1]. Since 0 ≤ va1 ≤
∑︁

c vc ≤ B,

Ea(v) ≤ B−1

(︄∑︂
c

vc

)︄2

6M ≤ B6M .

Applying this with v = q, using q ≥ 0 and
∑︁

c qc = pk ≤ B, gives

|P̄k| ≤ |Ā1,k|+ |Ā0,k| ≤ 2B6M , P̄ 2
k ≤ 4(B6M )2.
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The sample arm contribution has the parallel factorial-moment expansion

ˆ︁Aa,k = M−2∑︂
j=0

j∑︂
t=0

∑︂
c∈{0,1}2

B−1gM,jB
−j
(︃
j

t

)︃ ∏︁
b,y(N

(1)
bky)ra,c,j,tby

(m1)|ra,c,j,t|
, ˆ︁Pk = ˆ︁A1,k − ˆ︁A0,k.

For a multi-index r, write

Fr =

∏︁
b,y(N

(1)
bky)rby

(m1)|r|
.

For two displayed terms with multi-indices r and s, the range restrictions give |r| = j + 2 ≤M
and |s| = j′ + 2 ≤ M . Suppose first that |r| ≤ |s|. Since |s| ≤ M and 4M2 ≤ m1, the split-size
condition in Lemma 13 applies and gives

E[FrFs] ≤ e qr
(︃
q +

|s|
m1

1

)︃s
.

Coordinatewise nonnegativity of q, the inequality |s| ≤ M , and monotonicity of nonnegative
monomials yield

E[FrFs] ≤ e

(︃
q +

M

m1
1

)︃r (︃
q +

M

m1
1

)︃s
.

When |s| ≤ |r|, the same argument with r and s interchanged gives the same bound. The
unweighted factorial monomial product is nonnegative pointwise, and the product of the two
displayed coefficients is bounded above by the product of their absolute values. Hence

E
[︃(︃
B−1gM,jB

−j
(︃
j

t

)︃
Fra,c,j,t

)︃(︃
B−1gM,j′B

−j′
(︃
j′

t′

)︃
Fra,c′,j′,t′

)︃]︃

≤ e

⃓⃓⃓⃓
B−1gM,jB

−j
(︃
j

t

)︃⃓⃓⃓⃓(︃
q +

M

m1
1

)︃ra,c,j,t ⃓⃓⃓⃓
B−1gM,j′B

−j′
(︃
j′

t′

)︃⃓⃓⃓⃓(︃
q +

M

m1
1

)︃ra,c′,j′,t′
.

Expanding ˆ︁A2
a,k as the finite double sum, applying this estimate term by term, and reassembling

the absolute-coefficient sums gives

E[ ˆ︁A2
a,k] ≤ e Ea

(︃
q +

M

m1
1

)︃2

.

The shifted vector is nonnegative and has total mass∑︂
b,y

(︃
qby +

M

m1

)︃
= pk +

4M

m1
≤ B,

by the shifted light-cell mass condition. Applying the envelope bound to the shifted vector gives

E[ ˆ︁A2
a,k] ≤ e (B6M )2 (a = 0, 1).

Using (u− v)2 ≤ 2u2 + 2v2 with u = ˆ︁A1,k and v = ˆ︁A0,k,

E[ ˆ︁P 2
k ] ≤ 2E[ ˆ︁A2

1,k] + 2E[ ˆ︁A2
0,k] ≤ 4e (B6M )2.
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Finally, pointwise,
( ˆ︁Pk − P̄k)

2 ≤ 2 ˆ︁P 2
k + 2P̄ 2

k ,

because ( ˆ︁Pk + P̄k)
2 ≥ 0. Integrating and substituting the two bounds above gives

E
[︂
( ˆ︁Pk − P̄k)

2
]︂
≤ 2 · 4e (B6M )2 + 2 · 4(B6M )2 = 8(e + 1)(B6M )2,

as required.

Lemma 17. [lem:factorial-moment-covariance] (Off-diagonal factorial covariance) Use the
split notation and calibration m1, M(n), and B(n) from Definitions 7 and 9. For each category
k, let ˆ︁Pk be the factorial-moment polynomial estimate from Definition 9, computed from the first
n coordinates of the ambient iid sequence, and let

P̄k = Ā1,k

(︁
P,M(n), B(n)

)︁
− Ā0,k

(︁
P,M(n), B(n)

)︁
denote the corresponding sparse factorial-polynomial mean, written as the treated sparse-arm
mean minus the control sparse-arm mean.

For any single-observation law P on {1, . . . , d} × {0, 1}2 and any two categories k, l ∈
{1, . . . , d}, suppose that

• Distinct categories. k ̸= l.

• Positive calibration. M(n) > 0 and B(n) > 0.

• Second-split size. 4M(n)2 ≤ m1.

• Light masses. pk ≤ B(n) and pl ≤ B(n).

Then, under the ambient infinite iid product law P⊗∞,

EP⊗∞

[︂(︁ ˆ︁Pk − P̄k
)︁(︁ ˆ︁Pl − P̄l

)︁]︂
≤ 8M(n)2

m1

{︂
B(n) 6M(n)

}︂2
.

Proof of Lemma 17. Let µ be the iid product law generated by P on the sample sequence, and
abbreviate

M =M(n), B = B(n), m = m1, R = B 6M , η =
2M2

m
.

Write the polynomial continuation as

GM (x) =

M−2∑︂
j=0

gM,jx
j .

For h ∈ {k, l}, let qh be the four-cell vector of category h under P , and write qrh =
∏︁
b,y(qh)

rby
by .

For an arm a ∈ {0, 1}, a cell c ∈ {0, 1}2, and integers 0 ≤ t ≤ j ≤ M − 2, let ra,c,j,t be the
multi-index determined by

ur
a,c,j,t

= uc ua1 u
t
a0 u

j−t
a1 .
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The sparse arm contribution and its sparse mean are

ˆ︁Aa,h =
M−2∑︂
j=0

j∑︂
t=0

∑︂
c∈{0,1}2

B−1gM,jB
−j
(︃
j

t

)︃ ∏︁
b,y(N

(1)
bhy)ra,c,j,tby

(m)|ra,c,j,t|
,

Āa,h =

M−2∑︂
j=0

j∑︂
t=0

∑︂
c∈{0,1}2

B−1gM,jB
−j
(︃
j

t

)︃
q r

a,c,j,t

h .

Thus ˆ︁Ph = ˆ︁A1,h − ˆ︁A0,h, P̄h = Ā1,h − Ā0,h.

The size condition 4M2 ≤ m, together with M > 0, gives M ≤ m. Since each displayed sparse
multi-index has total degree j + 2 ≤M , the factorial-moment identity gives, for h = k, l,∫︂ ˆ︁Aa,h dµ = Āa,h (a = 0, 1),

∫︂ ˆ︁Ph dµ = P̄h.

Consequently, by expanding the centered product and integrating term by term,∫︂
( ˆ︁Pk − P̄k)( ˆ︁Pl − P̄l) dµ =

∫︂ ˆ︁Pk ˆ︁Pl dµ− P̄kP̄l.

For h ∈ {k, l} and a ∈ {0, 1}, define the absolute arm envelope

Enva,h =

M−2∑︂
j=0

j∑︂
t=0

∑︂
c∈{0,1}2

⃓⃓⃓⃓
B−1gM,jB

−j
(︃
j

t

)︃⃓⃓⃓⃓
q r

a,c,j,t

h .

Fix two sparse monomials with multi-indices r and s from categories k and l, and put

ˆ︁Fh,r = ∏︁
b,y(N

(1)
bhy)rby

(m)|r|
.

The product of the two normalized factorial counts is an average over ordered injective selections
for the k-monomial and ordered injective selections for the l-monomial. Because k ̸= l, an
observation cannot satisfy both category patterns; hence exactly the disjoint pairs of selections
contribute. There are (m)|r|+|s| such ordered pairs, and independence gives the same cell-mass
product qrkq

s
l for each pair. Therefore∫︂ ˆ︁Fk,r ˆ︁Fl,s dµ = Γr,s q

r
kq
s
l , Γr,s =

(m)|r|+|s|

(m)|r|(m)|s|
.

For sparse terms, |r| ≤M and |s| ≤M . We next bound the normalization factor. Suppose first
that |r| ≤ |s|. If |s| = 0, then |r| = 0 and Γr,s = 1. If |s| > 0, the condition 4|s|2 ≤ m follows
from |s| ≤M and 4M2 ≤ m, and it implies 2|s| ≤ m. Using

Γr,s =
(m− |r|)|s|

(m)|s|
,
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we have Γr,s ≤ 1. Also

Γr,s ≥
(m− 2|s|)|s|

m|s| =

(︃
1− 2|s|

m

)︃|s|
≥ 1− 2|s|2

m
,

where the last step is Bernoulli’s inequality, using −1 ≤ −2|s|/m. Hence

|Γr,s − 1| ≤ 2|s|2

m
≤ η.

The case |s| ≤ |r| is identical after exchanging r and s, using the symmetry of Γr,s. Since the
four-cell masses are nonnegative,⃓⃓⃓⃓∫︂ ˆ︁Fk,r ˆ︁Fl,s dµ− qrkq

s
l

⃓⃓⃓⃓
≤ η qrkq

s
l , |r|, |s| ≤M.

Multiplying by the two sparse coefficients, summing over the two finite arm expansions, and
using the triangle inequality yields⃓⃓⃓⃓∫︂ ˆ︁Aa,k ˆ︁Ab,l dµ− Āa,kĀb,l

⃓⃓⃓⃓
≤ η Enva,kEnvb,l.

For h = k, l, the coordinates of qh are nonnegative and sum to ph. For fixed j, positivity of
B and of the binomial coefficients gives

j∑︂
t=0

∑︂
c∈{0,1}2

⃓⃓⃓⃓
B−1gM,jB

−j
(︃
j

t

)︃⃓⃓⃓⃓
q r

a,c,j,t

h

= B−1|gM,j |B−j
j∑︂
t=0

∑︂
c∈{0,1}2

(︃
j

t

)︃
(qh)c(qh)a1(qh)

t
a0(qh)

j−t
a1

= B−1|gM,j |B−j s(qh)(qh)a1
(︁
(qh)a0 + (qh)a1

)︁j
.

Summing in j, and using sa(qh) = (qh)a0 + (qh)a1, yields

Enva,h = B−1s(qh)(qh)a1

M−2∑︂
j=0

|gM,j |
{︃
sa(qh)

B

}︃j
.

The light-cell hypotheses give ph = s(qh) ≤ B, while (qh)a1 ≤ s(qh) and B > 0. Hence

B−1s(qh)(qh)a1 ≤ B−1s(qh)
2 ≤ B, 0 ≤ sa(qh)

B
≤ 1.

It remains to record the coefficient envelope used in this display. For every z ≥ 0,

M−2∑︂
j=0

|gM,j |zj ≤ 6M max{1, zM−2}.

Indeed, the sign pattern of the explicit coefficients gives
∑︁M−2

j=0 |gM,j | = GM (−1). The defining
Chebyshev identity for the continuation, evaluated at −1, gives

TM (3) = 1 + 2M2 + 2M2
M−2∑︂
j=0

|gM,j |,
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so nonnegativity of the coefficient sum implies
∑︁M−2

j=0 |gM,j | ≤ TM (3). The Chebyshev recurrence

gives TM (3) ≤ 6M . If 0 ≤ z ≤ 1, termwise monotonicity gives
∑︁

|gM,j |zj ≤
∑︁

|gM,j | ≤ 6M . If
z ≥ 1, then j ≤M − 2 on the displayed range, so

∑︁
|gM,j |zj ≤ zM−2

∑︁
|gM,j | ≤ 6MzM−2. This

proves the stated envelope. Taking z = sa(qh)/B makes the maximum equal to 1, and therefore

Enva,h ≤ B 6M = R.

Hence, for all a, b ∈ {0, 1}, ⃓⃓⃓⃓∫︂ ˆ︁Aa,k ˆ︁Ab,l dµ− Āa,kĀb,l

⃓⃓⃓⃓
≤ ηR2.

Define

Cab =

∫︂ ˆ︁Aa,k ˆ︁Ab,l dµ− Āa,kĀb,l.

Expanding the two arm contrasts gives∫︂ ˆ︁Pk ˆ︁Pl dµ− P̄kP̄l = C11 − C10 − C01 + C00.

Therefore ⃓⃓⃓⃓∫︂ ˆ︁Pk ˆ︁Pl dµ− P̄kP̄l

⃓⃓⃓⃓
≤ |C11|+ |C10|+ |C01|+ |C00| ≤ 4ηR2 =

8M2

m
{B 6M}2.

Combining this bound with the centering identity and using x ≤ |x| yields∫︂
( ˆ︁Pk − P̄k)( ˆ︁Pl − P̄l) dµ ≤ 8M(n)2

m1
{B(n)6M(n)}2.

Lemma 18. [lem:false-light-envelope] (False-light error envelope) Let P be a probability
law on {1, . . . , d} × {0, 1}2. Suppose that:

• (Overlap.) For every category k with pk > 0, the treatment probability satisfies

ϵ ≤ πk ≤ 1− ϵ.

• (Calibration cutoff.) The sample size satisfies n ≥ N0, where N0 is the least numerical
cutoff satisfying the calibration inequalities used in the estimator.

• (Logarithmic scale.) With L = log(en), one has L ≥ 240.

For the pilot-light indicator Sk = 1{k ∈ ˆ︁Ln}, the selected false-light error over categories whose
population mass exceeds the light-cell threshold satisfies

EP⊗n

⎡⎢⎢⎣
⎧⎪⎪⎨⎪⎪⎩

∑︂
k∈{1,...,d}
pk>B(n)/4

Sk
(︁ ˆ︁Pk − ϕ(qk)

)︁⎫⎪⎪⎬⎪⎪⎭
2⎤⎥⎥⎦ ≤ 8(e + 1)81922

{︃
1

n
+

d2

n2(logn)2

}︃
.
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Proof of Lemma 18. All expectations below are under the iid infinite product law generating
the observation sequence, with each statistic evaluated on its first n coordinates. Let

L = log(en), ℓ = logn, mj = |Ij | (j = 0, 1), B = B(n), M =M(n), G = 62M .

The deterministic split construction of Definition 7 gives

m0 = ⌊n/2⌋, m1 = n− ⌊n/2⌋.

By Lemma 7,

0 < ℓ, ℓ ≤ L, L ≤ 2ℓ, m1 > 0, n ≤ 2m1, M ≤ L,

B ≤ 8192L

n
, G2L6 ≤ n.

In particular n > 0. Since B = 4096L/m1, L > 0, and m1 > 0, also B > 0, and hence

B2 ≤ 81922L2

n2
.

Because n > 0, L = 1 + ℓ. Since L ≥ 240,

exp(−49L) ≤ exp(−L) = 1

en
≤ 1

n
.

Moreover G ≥ 1, so L4 ≤ L6 ≤ G2L6 ≤ n. Together with ℓ ≤ L, this gives

L2ℓ2 ≤ L4 ≤ n.

Therefore
d2L2

n3
≤ d2

n2ℓ2
≤ 1

n
+

d2

n2ℓ2
.

Let
F = {k : pk > B/4}, Sk = 1{k ∈ ˆ︁Ln}, ek = Sk( ˆ︁Pk − ϕ(qk)).

By the definition of the false-light error, the selected false-light error is
∑︁

k∈F ek. For each
sample, Cauchy’s inequality gives (︄∑︂

k∈F
ek

)︄2

≤ |F |
∑︂
k∈F

e2k.

Fix k ∈ F . The cutoff defining N0 in Definition 9 and the assumption n ≥ N0 give

α0L ≥ 2, 4M2 ≤ m1,
4M

m1
≤ 3B

4
.

Since M ≥ 2, the bound 4M2 ≤ m1 gives 16 ≤ m1. With the split identities above, this implies
m0 > 0 and m1 ≤ 2m0.

Write

GM (x) =
M−2∑︂
j=0

gM,jx
j , gM,j = (−1)j

22j+3

M(M + j + 2)

(︃
M + j + 2

2j + 4

)︃
.
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Let eby denote the unit multi-index at the four-cell coordinate (b, y) ∈ {0, 1}2. In the next
display, ay is a single four-cell label, say ay = (b, y′), and eay is the corresponding unit multi-
index. For a ∈ {0, 1}, ay ∈ {0, 1}2, and 0 ≤ t ≤ j ≤M − 2, set

r(a, ay, j, t) = eay + ea1 + tea0 + (j − t)ea1, |r(a, ay, j, t)| = j + 2.

For a multi-index r, the factorial-moment monomial is

mk,r =

∏︁
(b,y)∈{0,1}2

(︁
N

(1)
bky

)︁
rby

(m1)|r|
,

where (z)s denotes the falling factorial. The a-arm sparse factorial-moment contribution is

ˆ︁P sp
k,a =

M−2∑︂
j=0

j∑︂
t=0

∑︂
ay∈{0,1}2

B−1gM,jB
−j
(︃
j

t

)︃
mk,r(a,ay,j,t).

By Definition 9, ˆ︁Pk =∑︁|r|≤M cr mk,r in collected coefficient form, where each cr is obtained by
expanding the two arms of PM,B through the coefficients gM,j and the binomial expansion of the
arm masses, and summing the resulting sparse coefficients cu = B−1gM,jB

−j(︁j
t

)︁
over the sparse

indices u = (j, t, ay) with ru = r. Since r ↦→ mk,r enters linearly in each coefficient, regrouping
this finite double sum arm by arm yields

ˆ︁Pk = ˆ︁P sp
k,1 − ˆ︁P sp

k,0.

For a nonnegative four-cell vector v, define the absolute sparse arm envelope

Aa(v) =

M−2∑︂
j=0

j∑︂
t=0

∑︂
ay∈{0,1}2

⃓⃓⃓⃓
B−1gM,jB

−j
(︃
j

t

)︃⃓⃓⃓⃓
vr(a,ay,j,t), vr =

∏︂
(b,y)∈{0,1}2

v
rby
by .

Set

v(k)ay = qk,ay +
M

m1
.

This vector is nonnegative. Fix two sparse indices u = (j, t, ay) and u′ = (j′, t′, ay′) with
0 ≤ t ≤ j ≤M − 2 and 0 ≤ t′ ≤ j′ ≤M − 2. Both multi-indices ru, ru′ have degree at most M ,
so 4max{|ru|, |ru′ |}2 ≤ 4M2 ≤ m1. Apply Lemma 13 to the degree-ordered pair. Its unshifted
monomial factor is bounded coordinatewise by (v(k))r, since qk,cy ≤ qk,cy +M/m1. Its shifted
monomial factor is also bounded coordinatewise by the corresponding power of v(k): if s is the
larger-degree multi-index in the ordered pair, then |s| ≤M , and hence

qk,cy +
|s|
m1

≤ qk,cy +
M

m1
= v(k)cy for every coordinate cy.

Using these two coordinatewise bounds, and swapping u, u′ before applying Lemma 13 when the
opposite degree order holds, gives

E
[︁(︁
cumk,ru

)︁(︁
cu′mk,ru′

)︁]︁
≤ e |cu| (v(k))ru |cu′ | (v(k))ru′ ,

52



where cu = B−1gM,jB
−j(︁j

t

)︁
and ru = r(a, ay, j, t). Expanding the square of ˆ︁P sp

k,a, summing this
bound over all ordered pairs of sparse indices, and collecting the two sums into the envelope
gives

E
[︂
( ˆ︁P sp

k,a)
2
]︂
≤ eAa(v

(k))2, a = 0, 1.

The shifted vector has total mass∑︂
ay

v(k)ay = pk +
4M

m1
≤ pk +

3B

4
≤ B

(︂
1 +

pk
B

)︂
.

Let R =
∑︁

ay vay, Aa(v) = va0 + va1, and

g+M (z) =
M−2∑︂
j=0

|gM,j |zj .

For every nonnegative v with R ≤ Bw and w ≥ 1, the binomial summation in the sparse
envelope gives

Aa(v) = B−1Rva1 g
+
M

(︃
Aa(v)

B

)︃
,

and, since 0 ≤ Aa(v)/B ≤ R/B ≤ w with w ≥ 1, Lemma 14 gives

g+M

(︃
Aa(v)

B

)︃
≤ 6M max

{︄
1,

(︃
Aa(v)

B

)︃M−2
}︄

≤ 6MwM−2.

Since va1 ≤ R ≤ Bw, these displays imply

Aa(v) ≤ B6MwM .

Applying this with v = v(k) and w = 1 + pk/B yields

Aa(v
(k)) ≤ B6M

(︂
1 +

pk
B

)︂M
, a = 0, 1.

Since ˆ︁Pk is the difference of the two sparse-arm contributions, (x− y)2 ≤ 2x2 + 2y2 yields

E[ ˆ︁P 2
k ] ≤ 4e

{︃
B6M

(︂
1 +

pk
B

)︂M}︃2

.

Because k ∈ F and B > 0, pk > 0. The overlap condition and Definition 4 give |ϕ(qk)| ≤ pk.
Since pk/B ≥ 0 and M ≥ 2,

pk
B

≤ 6M
(︂
1 +

pk
B

)︂M
,

and therefore

ϕ(qk)
2 ≤

{︃
B6M

(︂
1 +

pk
B

)︂M}︃2

.

Using (x− t)2 ≤ 2x2 + 2t2,

E
[︂
( ˆ︁Pk − ϕ(qk))

2
]︂
≤ 8(e + 1)B2

{︃
6M
(︂
1 +

pk
B

)︂M}︃2

.

53



The indicator Sk is determined by the pilot split, while ˆ︁Pk − ϕ(qk) is computed from the
estimation split and a fixed target. The split factorization gives

E
[︂
S2
k(
ˆ︁Pk − ϕ(qk))

2
]︂
= E[S2

k ]E
[︂
( ˆ︁Pk − ϕ(qk))

2
]︂
.

Since Sk ∈ {0, 1}, E[S2
k ] = E[Sk]. The indicator integral is the probability of the pilot-light

event:
E[Sk] = P⊗n{k ∈ ˆ︁Ln}.

For n ≥ N0, the event {k ∈ ˆ︁Ln} is contained in{︂
N

(0)
k ≤ 256L

}︂
.

The false-light condition pk > B/4, the identity B = 4096L/m1, and m1 ≤ 2m0 imply

2(256L) < m0pk.

The pilot lower-tail bound for this threshold gives

E[Sk] ≤ exp
(︂
−m0pk

8

)︂
.

Since pk/B > 1/4,

1 +
pk
B

≤ 5
pk
B
, 6

(︂
1 +

pk
B

)︂
≤ 30

pk
B
.

Also 6(1 + pk/B) ≥ 1, so log(6(1 + pk/B)) ≥ 0; and from log x ≤ x− 1 for x > 0,

log
(︂
6
(︂
1 +

pk
B

)︂)︂
≤ 30

pk
B
.

Together with M ≤ L, B = 4096L/m1, and m1 ≤ 2m0, this yields

2M log
(︂
6
(︂
1 +

pk
B

)︂)︂
≤ 60L

pk
B
, 256L

pk
B

≤ m0pk
8

.

Consequently

−m0pk
8

+ 2M log
(︂
6
(︂
1 +

pk
B

)︂)︂
≤ −196L

pk
B

≤ −49L,

and hence

exp
(︂
−m0pk

8

)︂{︃
6M
(︂
1 +

pk
B

)︂M}︃2

≤ exp(−49L).

Combining the preceding displays gives the single-cell bound

E[e2k] ≤ 8(e + 1)B2 exp(−49L).

Since |F | ≤ d, integrating the pointwise Cauchy bound and applying the single-cell estimate
gives

E

⎡⎣(︄∑︂
k∈F

ek

)︄2
⎤⎦ ≤ |F |

∑︂
k∈F

8(e + 1)B2 exp(−49L) ≤ d2 8(e + 1)B2 exp(−49L).

Using the bounds on B2, exp(−49L), and the rate algebra above,

d2 8(e + 1)B2 exp(−49L) ≤ 8(e + 1)81922
d2L2

n3
≤ 8(e + 1)81922

{︃
1

n
+

d2

n2(log n)2

}︃
.

54



Lemma 15 aggregates the ratio branch over pilot-certified heavy categories at the target
rate. The sparse means in Definition 14 identify the population polynomial quantities used to
center the light-cell statistics. The variance bound in Lemma 16, the off-diagonal covariance
bound in Lemma 17, and the false-light envelope in Lemma 18 together control the stochastic
and pilot-selection terms that arise in the polynomial branch.

The light-cell theorem combines computability, approximation bias, factorial-moment vari-
ance, covariance control, and pilot classification. It is the complementary upper-bound compo-
nent to Lemma 15.

Lemma 19. [lem:light-cell-polynomial] (Light-cell polynomial rate) Fix an overlap level
ϵ with 0 < ϵ ≤ 1/2. The hybrid estimator is computable in the real-arithmetic count model:
there is a universal constant K ∈ N, K > 0, such that for every n, d a real-arithmetic program
using the split-count vector evaluates ˆ︁τhybn exactly and uses at most K dM(n)4 arithmetic and
comparison operations.

There are constants Cϵ, cϵ > 0, depending only on ϵ, such that, for every n, d, every P ∈
Prob({1, . . . , d} × {0, 1}2), and every sample law µn, if

• (Experiment class.) µn = P⊗n belongs to the overlap-restricted iid product-law experi-
ment class En,d,ϵ of Definition 2;

• (Dimension range.) d ≤ cϵn logn;

then the light-cell contribution ˆ︁TL satisfies

∫︂ ⎛⎝ˆ︁TL(O1, . . . , On)−
∑︂
k∈ ˆ︁Ln

ϕ(qk)

⎞⎠2

dµn ≤ Cϵ

{︃
1

n
+

d2

n2(logn)2

}︃
.

Proof of Lemma 19. The computability assertion uses the real-arithmetic program model in
which an instruction is an input read, a constant, one of the arithmetic operations +,−,×, /,
or a nonpositive comparison branch. Input and constant instructions have cost zero, and each
arithmetic or branch instruction has cost one. The arithmetic is total: division by zero is
interpreted as the real value 0. A branch node is compiled as an expression-tree node containing
its test and both alternatives, so its operation count is the count of the test, plus the counts of
both alternatives, plus one for the branch instruction. A finite list sum x1+ · · ·+xs is compiled
recursively as x1 + (x2 + · · · + (xs + 0) · · · ); hence its cost is the sum of the costs of the listed
expressions plus one addition for each list entry. The corresponding list product is compiled
with a terminal factor 1 and contributes one multiplication for each list entry.

The falling-factorial factors use the guarded natural-subtraction expression

x −̇ i =

{︄
0, x− i ≤ 0,

x− i, x− i > 0,

implemented by one nonpositive branch with test x − i and alternatives 0 and x − i. On
natural-valued count inputs this evaluates to the truncated difference, and its operation count
is 2 ops(x) + 3. Consequently the recursive expression (x)0 = 1, (x)r+1 = (x −̇ r)(x)r has cost
r{2 ops(x)+4}. A split-count read has cost zero, so a falling-factorial expression of a split count
of order r costs 4r. Thus a factorial monomial of multi-degree |r|, including the final division
by (m1)|r|, costs

4|r|+ 5.
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For a light-polynomial term indexed by (j, t, a, y), the multi-degree is j + 2, and multiplication
by its coefficient gives cost 4j +14. Using the list-sum convention above, summing the four cell
terms costs at most 50M(n), summing over t = 0, . . . , j costs at most 51M(n)2, and summing
over j = 0, . . . ,M(n) − 2 gives one treatment-arm factorial-polynomial expression with cost
at most 52M(n)3. The two treatment arms and their subtraction therefore give the light-cell
expression cost

ops{one light category} ≤ 105M(n)4.

The heavy ratio expression has cost 11. The selected-category expression is defined by cases. If
n < N0, it is the heavy ratio expression; in this range ˆ︁Hn is the full category set and ˆ︁Ln = ∅,
so this expression is exact for the selected contribution. Its cost is 11 ≤ 110M(n)4. If n ≥ N0,
the expression branches on the first-split category count minus the threshold constant. The
category-count expression is the list sum of the four split-count reads and costs four additions,
the subtraction of the threshold contributes one more operation, the branch contains both the
light expression and the heavy ratio expression, and the branch instruction itself contributes one
operation. Since M(n) ≥ 2, this selected-category branch also satisfies

ops{one selected category} ≤ 110M(n)4.

Summing these selected-category expressions over d categories uses the same recursive list sum
and adds d summation nodes. The resulting expression computes ˆ︁TH + ˆ︁TL exactly, hence

ops{ ˆ︁TH + ˆ︁TL} ≤ 111 dM(n)4.

For d > 0, the final clamp to [−1, 1], as displayed in Definition 9, has cost

4 ops{ ˆ︁TH + ˆ︁TL}+ 6 ≤ 450dM(n)4.

For d = 0, the compiled program is the zero-cost constant zero, which agrees with the empty-
category hybrid estimator. Thus, for every n, d, there is a real-arithmetic program reading the
hybrid split-count vector, returning ˆ︁τhybn exactly on every sample, and satisfying

ops{ˆ︁τhybn } ≤ 450 dM(n)4.

The computability clause therefore holds with the universal constant K = 450.
For the light-cell risk bound, fix n, d, P and a sample law µn satisfying the hypotheses of the

lemma. By the experiment-class hypothesis in Definition 2, µn = P⊗n and P satisfies ϵ-overlap.
In the endpoint case n = 0, the displayed rate is interpreted with the same total real convention
as the arithmetic model: real division by zero is 0 and log 0 = 0. In the calibrated range used
below, n > 0 and log n > 0, so the displayed rate has its usual analytic meaning. Set

Rn,d :=
1

n
+

d2

n2(log n)2
.

Choose

Kc = 4(e + 1)81922 + 16 81922, Kb =

(︃
65536

ϵα2
0

)︃2

, Kf = 8(e + 1)81922,

and let
Cϵ = 3(Kc +Kb +Kf ), cϵ = 1.
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The inequalities ϵ > 0 and α0 > 0 make these constants positive. The estimates below are
uniform over all d, so the dimension-range hypothesis is accommodated by this choice of cϵ.

First suppose n ≥ N0. Write

L = log(en), ℓ = logn, M =M(n), B = B(n), m0 = |I0|, m1 = |I1|,

and define the genuinely light and false-light population sets, together with the pilot light indi-
cator,

G = {k : pk ≤ B/4}, F = {k : pk > B/4}, Sk = 1{k ∈ ˆ︁Ln}.
Let P̄k = PM,B(qk) be the sparse factorial-polynomial mean of ˆ︁Pk. Every multi-index r appearing
in the expansion has |r| ≤M , and the cutoff inequalities give |r| ≤M ≤ m1. Hence the ordered-
selection factorial-moment identity applies with the required denominator order:

EP⊗∞

⎡⎣∏︁a,y(N
(1)
aky)ray

(m1)|r|

⎤⎦ = qrk.

Substituting this identity into the polynomial expansion of ˆ︁Pk, equivalently applying Lemma 9,
gives

EP⊗∞ [ ˆ︁Pk] = P̄k = PM,B(qk).

Put

Wvar =
∑︂
k∈G

Sk( ˆ︁Pk − P̄k), Wapp =
∑︂
k∈G

Sk(P̄k − ϕ(qk)), Wsel =
∑︂
k∈F

Sk( ˆ︁Pk − ϕ(qk)).

Partitioning the selected light categories into G and F , and adding and subtracting P̄k on G,
gives the pointwise identity

ˆ︁TL −
∑︂
k∈ ˆ︁Ln

ϕ(qk) =Wvar +Wapp +Wsel.

The cutoff property in Definition 9 gives 2 ≤ α0L, 4M
2 ≤ m1, and 4M/m1 ≤ 3B/4. The

numerical definition of α0 gives α0 ≤ 1/120, sinceDA = 8 log(27/4) > 8 and (256DA)
−1 ≤ 1/120.

Combining this with 2 ≤ α0L yields L ≥ 240. Therefore Lemma 7 supplies

0 < ℓ, ℓ ≤ L, n ≤ 2m1, M ≤ L, B ≤ 8192L

n
, Γ2L6 ≤ n,

where Γ = 62M , and also Γ ≥ 1. For every k ∈ G, the cutoff shift gives

pk +
4M

m1
≤ B.

Thus Lemma 16 gives, for k ∈ G,∫︂
( ˆ︁Pk − P̄k)

2 dP⊗∞ ≤ 8(e + 1)(B6M )2.

For distinct k, l ∈ G, Lemma 17 gives∫︂
( ˆ︁Pk − P̄k)( ˆ︁Pl − P̄l) dP

⊗∞ ≤ 8M2

m1
(B6M )2.
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The pilot indicators depend on the pilot split, while the centered polynomial products depend
on the estimation split; their pair expectation factors from the centered product integral and
lies in [0, 1]. Expanding the square over any deterministic S ⊆ G yields

∫︂ {︄∑︂
k∈S

Sk( ˆ︁Pk − P̄k)

}︄2

dP⊗∞ ≤ |S| 8(e + 1)(B6M )2 + |S|2 8M
2

m1
(B6M )2.

Taking S = G and using |G| ≤ d, the diagonal rate conversion follows from

(L2Γℓ2)2 = L4Γ2ℓ4 ≤ nℓ2,

where the inequality uses ℓ ≤ L and Γ2L6 ≤ n. Thus 2uv ≤ u2 + v2, with u = d and v = L2Γℓ2,
gives

dL2Γ

n2
≤ 1

2

{︃
1

n
+

d2

n2ℓ2

}︃
=

1

2
Rn,d.

The cross-rate conversion uses

L4Γℓ2 ≤ L4Γ2L2 = Γ2L6 ≤ n,

and hence
d2L4Γ

n3
≤ d2

n2ℓ2
≤ Rn,d.

Combining these algebraic inequalities with the preceding raw second-moment bound yields∫︂
W 2

var dP
⊗∞ ≤ KcRn,d.

For the deterministic approximation term, overlap gives qk ∈ Cϵ, and k ∈ G gives s(qk) =
pk ≤ B/4 ≤ B. Applying Lemma 10 to the four-cell vector qk gives

|P̄k − ϕ(qk)| = |PM,B(qk)− ϕ(qk)| ≤
2B

ϵM2
(k ∈ G).

Consequently

|Wapp| ≤ d
2B

ϵM2
.

The cutoff inequality 2 ≤ α0L gives M ≥ α0L/2, while Lemma 7 gives B ≤ 8192L/n and ℓ ≤ L.
Therefore

2B

ϵM2
≤ 65536

ϵα2
0nL

≤ 65536

ϵα2
0nℓ

,

and hence, pointwise in the sample,

W 2
app ≤

(︃
65536

ϵα2
0

)︃2 d2

n2ℓ2
≤ KbRn,d.

For the false-light term, observe that Wsel =
∑︁

k∈F Sk(
ˆ︁Pk − ϕ(qk)) is exactly the selected

false-light error of Lemma 18: the summation there ranges over the categories with pk > B/4,
which is the set F . Its hypotheses hold in the present case: the overlap condition ϵ ≤ πk ≤ 1− ϵ
holds for every category of positive mass because P⊗n ∈ En,d,ϵ, the calibration cutoff n ≥ N0 is
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the standing assumption of this case, and L ≥ 240 was derived above from the cutoff property
and the numerical value of α0. Since Wsel is a function of the first n observations, Lemma 20
makes its second moment under P⊗∞ equal to its second moment under P⊗n, and Lemma 18
gives directly∫︂

W 2
sel dP

⊗∞ = EP⊗n

[︁
W 2

sel

]︁
≤ 8(e + 1)81922

{︃
1

n
+

d2

n2ℓ2

}︃
= KfRn,d.

The bound for Wvar is obtained on the infinite-product representation of the iid sample and
transported to P⊗n by Lemma 20, which identifies the law of the first n coordinates and hence
equates the integrals of functions of those coordinates. Using (x+ y+ z)2 ≤ 3(x2+ y2+ z2), the
pointwise bound on W 2

app, and the two second-moment bounds, we obtain

∫︂ ⎧⎨⎩ˆ︁TL −
∑︂
k∈ ˆ︁Ln

ϕ(qk)

⎫⎬⎭
2

dP⊗n ≤ 3

∫︂
(W 2

var +W 2
app +W 2

sel) dP
⊗n

≤ 3(Kc +Kb +Kf )Rn,d = CϵRn,d.

Since µn = P⊗n, this is the desired bound under µn.
If n < N0, then ˆ︁Ln = ∅ by Definition 9. The light contribution and its selected target are

both zero, so the left-hand side is zero. Since Rn,d ≥ 0, the same bound holds in this case.

Lemma 19 establishes that the count-based hybrid estimator is computable with operation
count linear in d and polynomial in M(n), and that the light-cell contribution attains the same
rate as the heavy-cell branch under the displayed dimension range. Together with Lemma 15,
it gives the upper envelope used in Theorem 1 and Theorem 2.

B Verification note

This appendix records the verification boundary for the finite-alphabet product-law formulation
used throughout the paper. The formal development represents the observed-data experiment in
two compatible ways: a finite single-observation law for O = (X,A, Y ), as used in Assumption 1
and Definition 2, and an ambient infinite iid sample sequence from which finite sample segments
can be extracted. The following statement gives the bridge between those two views.

Lemma 20. [lem:ambient-sample-marginal] (Ambient sample marginal law) Let P be a
probability law on a measurable single-observation space, and let n ∈ N. Write P⊗∞ for the
infinite product law on sequences (Oi)i≥0, and write P⊗n for the finite product law on n-tuples.
Then the coordinate restriction map

(Oi)i≥0 ↦−→ (Oi)i∈{0,...,n−1}

pushes P⊗∞ forward to P⊗n:

(P⊗∞) ◦
(︁
(Oi)i≥0 ↦→ (Oi)i∈{0,...,n−1}

)︁−1
= P⊗n.

In particular, for the observed-data laws P used in Assumption 1, the initial sample segment has
the n-fold product law P⊗n appearing in Definition 2.
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Proof of Lemma 20. Let

Ω = XN, µ∞ = P⊗∞, Zi(ω) = ωi.

By the construction of the infinite product measure, the coordinate process (Zi)i≥0 is indepen-
dent and each coordinate has marginal law P :

(Zi)#µ∞ = P for every i ∈ N.

For fixed n, define the finite coordinate map

Cn(ω) =
(︁
Zi(ω)

)︁
i∈Fin(n) =

(︁
ωi
)︁n−1

i=0
.

The finite-dimensional law of an independent process is the product of its one-dimensional
marginals, hence

(Cn)#µ∞ =
⨂︂

i∈Fin(n)

(Zi)#µ∞ =
⨂︂

i∈Fin(n)

P = P⊗n.

This is exactly
(P⊗∞) ◦ C−1

n = P⊗n.

Taking X to be the observed-data alphabet and P to be the single-observation law in Assump-
tion 1 gives the n-fold product law used in Definition 2.

Lemma 20 justifies using an infinite iid product space as an ambient construction while
retaining the finite-sample experiment class in Definition 2 as the law governing O1, . . . , On. This
connection is useful for statements that are naturally organized around coordinate projections,
while the statistical risk in Definition 6 remains the finite-n mean-squared risk under P⊗n.

The verification covers the finite-alphabet iid observational model, the potential-outcome
overlay, the overlap-restricted four-cell cone, the cell functional, the ATE functional, the minimax
risk, the deterministic split counts, and the hybrid estimator defined in Assumptions 1 and 2
and Definitions 3 to 7 and 9. The auxiliary proof layer verifies the estimator, approximation,
calibration, residual, missing-arm, factorial-moment, and aggregation statements used by the
main rate theorems. The theorem statements and the proofs written in this paper are machine-
checked in Lean 4. That check covers the steps carried out here, including each step in which
a published conclusion is invoked, and it stops at the boundary of any such conclusion: the
source proof behind a cited input is not itself formalized, and a theorem depending on one
is certified conditionally on it. The theorem-local verification footnotes name the published
conclusions entering in this way, so a reader can see for each result which published input, if
any, its certificate rests on.

C Proofs of the main results

Proof of Theorem 1. Fix an overlap level 0 < ϵ < 1/2, and use the theorem’s cited fixed-sample
control-zero one-arm minimax lower-bound input at this overlap level. Write

rn,d =
1

n
+

d2

n2(logn)2
.
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1. First derive the fixed-interior upper envelope for the hybrid estimator. From Lemma 19
choose constants CL, cL > 0 such that, whenever P⊗n ∈ En,d,ϵ and d ≤ cLn logn,

EP⊗n

⎡⎣⎧⎨⎩ˆ︁TL −
∑︂
k∈ ˆ︁Ln

ϕ(qk)

⎫⎬⎭
2⎤⎦ ≤ CLrn,d.

From Lemma 15 choose CH, cH > 0 and NH < ∞ such that, whenever n ≥ NH, P
⊗n ∈

En,d,ϵ, and d ≤ cHn logn,

EP⊗n

⎡⎣⎧⎨⎩ˆ︁TH −
∑︂
k∈ ˆ︁Hn

ϕ(qk)

⎫⎬⎭
2⎤⎦ ≤ CHrn,d.

Set
Cup = 2(CL + CH), ρup = min{cL, cH}, Nup = NH.

For a sample array o1:n, define the pilot targets

T ◦
H(P, o1:n) =

∑︂
k∈ ˆ︁Hn(o1:n)

ϕ(qk), T ◦
L (P, o1:n) =

∑︂
k∈ ˆ︁Ln(o1:n)

ϕ(qk).

The sets ˆ︁Hn(o1:n) and ˆ︁Ln(o1:n) partition {1, . . . , d}, hence

T ◦
H(P, o1:n) + T ◦

L (P, o1:n) =
d∑︂

k=1

ϕ(qk) = τ(P ),

where the last equality is Definition 5. The interval bound needed for truncation follows
from the cell formula. For each category, write

pk =
∑︂

a,y∈{0,1}

qaky, sak = qak0 + qak1, µak = qak1/sak,

with the empty-arm value interpreted by the totalized convention µak = 0 when sak = 0.
By Definition 4, the zero vector has ϕ(0) = 0, so a zero-mass category contributes 0 =
pk{µ1k − µ0k}. On a positive-mass category satisfying overlap, the two arm masses are
positive, and the displayed formula in Definition 4 gives

ϕ(qk) = pk

{︃
q1k1
s1k

− q0k1
s0k

}︃
= pk{µ1k − µ0k}.

Summing this identity and using Definition 5 gives

τ(P ) =
d∑︂

k=1

pk{µ1k − µ0k}.

Here pk ≥ 0,
∑︁d

k=1 pk = 1, and the totalized binary-outcome means satisfy 0 ≤ µak ≤ 1.
Therefore |µ1k − µ0k| ≤ 1 for every k, and

|τ(P )| ≤
d∑︂

k=1

pk|µ1k − µ0k| ≤
d∑︂

k=1

pk = 1.
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Thus τ(P ) ∈ [−1, 1]. Let

Π[−1,1](x) = max{−1,min{1, x}}.

The elementary projection inequality

{Π[−1,1](x)− τ(P )}2 ≤ {x− τ(P )}2

holds for every real x. Applying it to x = ˆ︁TH(o1:n) + ˆ︁TL(o1:n), and then using (u+ v)2 ≤
2u2 + 2v2, gives the pointwise bound(︂ˆ︁τhybn − τ(P )

)︂2
≤ 2

{︂ˆ︁TH − T ◦
H(P, ·)

}︂2
+ 2

{︂ˆ︁TL − T ◦
L (P, ·)

}︂2
.

Integrating with respect to P⊗n and using the two component bounds yields, for n ≥ Nup

and d ≤ ρupn logn,

EP⊗n

[︃(︂ˆ︁τhybn − τ(P )
)︂2]︃

≤ Cuprn,d.

Taking the supremum over P⊗n ∈ En,d,ϵ gives the same bound for the worst-case risk ofˆ︁τhybn . Since this estimator is a measurable estimator on the finite sample space and hence
is one admissible estimator in the infimum defining Rn,d,ϵ in Definition 6,

Rn,d,ϵ ≤ sup
P⊗n∈En,d,ϵ

EP⊗n

[︃(︂ˆ︁τhybn − τ(P )
)︂2]︃

≤ Cuprn,d.

2. The lower-transfer step is supplied by Lemma 2, applied with the cited fixed-sample
control-zero one-arm lower-bound input of Zeng et al. [2024]. Thus there are alow, ρlow > 0
and Nlow <∞ such that, for 0 < d, n ≥ Nlow, and d ≤ ρlown logn,

alowrn,d ≤ Rn,d,ϵ.

Define

aϵ = alow, ρϵ = min{ρup, ρlow}, Cϵ = Cup, Nϵ = max{Nup,Nlow}.

These constants are positive, with Nϵ <∞. If 0 < d, n ≥ Nϵ, and d ≤ ρϵn logn, then both
the upper and lower ranges apply, so

aϵrn,d ≤ Rn,d,ϵ ≤ sup
P⊗n∈En,d,ϵ

EP⊗n

[︃(︂ˆ︁τhybn − τ(P )
)︂2]︃

≤ Cϵrn,d.

This is the sharp sandwich assertion.

3. Fix K > 0. Set
CK = Cϵ(1 +K2).

Then CK > 0. Suppose 0 < d, n ≥ Nϵ, d ≤ K
√
n logn, and d ≤ ρϵn logn. The sample

size is positive by the displayed range: if n = 0, then K
√
n logn = 0, contradicting

0 < d ≤ K
√
n logn. If logn ≤ 0, then K

√
n ≥ 0 and therefore K

√
n logn ≤ 0, again
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contradicting 0 < d ≤ K
√
n logn. Thus logn > 0. With both sides of d ≤ K

√
n logn

nonnegative, squaring gives
d2 ≤ K2n(log n)2.

Dividing by the positive denominator n2(log n)2 gives

d2

n2(log n)2
≤ K2

n
.

Hence

rn,d =
1

n
+

d2

n2(log n)2
≤ 1 +K2

n
.

The lower side of the sandwich gives

aϵ
n

≤ aϵrn,d ≤ Rn,d,ϵ,

and the upper side gives

Rn,d,ϵ ≤ Cϵrn,d ≤
Cϵ(1 +K2)

n
=
CK
n
.

This proves the parametric interior assertion.

4. Let nj , dj be sequences with nj → ∞, with dj > 0 eventually, and with

dj ≤ ρϵnj lognj

eventually. Finite initial indices leave convergence unchanged, so work on the tail where
nj ≥ Nϵ, nj ≥ 2, dj > 0, and the displayed range condition holds. Define

ηj =
dj

nj log nj
, rj =

1

nj
+ η2j .

On this tail, rj = rnj ,dj and ηj ≥ 0. The overlap class is nonempty for such dj : since
dj > 0, the endpoint parametric law on {1, . . . , dj} with uniform category masses, treat-
ment probability 1/2, and both binary response means 1/2 has propensity 1/2 in every
positive-mass category, and therefore satisfies the ϵ-overlap condition because 0 < ϵ < 1/2.
Applying the sandwich on the tail gives

aϵrj ≤ Rnj ,dj ,ϵ ≤ Cϵrj .

If Rnj ,dj ,ϵ → 0, then

0 ≤ rj ≤ a−1
ϵ Rnj ,dj ,ϵ

eventually, so rj → 0. Since
0 ≤ η2j ≤ rj ,

we have η2j → 0, and the eventual nonnegativity of ηj gives ηj → 0. Conversely, if ηj → 0,

then 1/nj → 0 and η2j → 0, so rj → 0. Since minimax risks are nonnegative, the eventual
bound

0 ≤ Rnj ,dj ,ϵ ≤ Cϵrj

then yields Rnj ,dj ,ϵ → 0. Therefore

Rnj ,dj ,ϵ → 0 ⇐⇒ dj
nj lognj

→ 0.
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Proof of Theorem 2. 1. Computability. Use the real-arithmetic program model in which a
program is a finite register list with input reads, real constants, additions, subtractions,
multiplications, divisions, and branch comparisons. Input reads and constants have cost
zero, while each arithmetic operation and comparison has cost one. Division is the total
real-field operation, so division by a zero denominator returns zero. A branch comparison
has a test expression and two branch expressions and returns the first branch when the
test value is nonpositive and the second branch otherwise.

For n, d ∈ N, the input alphabet for the program is

{0, 1} × {1, . . . , d} × {0, 1} × {0, 1}.

At input coordinate (j, k, a, y) the program reads the real number

N
(j)
aky = #{i ∈ Ij : (Xi, Ai, Yi) = (k, a, y)}.

Equivalently, the input vector is the collection of the 8d split cell counts N
(j)
aky. Sums and

products below are compiled as expression trees folded onto the initial constants 0 and
1: a list sum has cost equal to the sum of the costs of its entries plus one addition for
each entry, and a list product has cost equal to the sum of the costs of its entries plus one
multiplication for each entry. Thus a four-term category count has cost 4, not 3.

If d = 0, the program is the constant-zero program. Its operation count is zero, and its
value agrees with ˆ︁τhybn , since the heavy and light sums range over the empty alphabet and
the truncation of zero is zero.

Now suppose d > 0, and write M = M(n). A split-count input has cost zero. For a
natural-valued expression x, the truncated subtraction (x − i)+ is compiled as a branch
on x − i, returning 0 on the nonpositive branch and x − i on the positive branch. This
expression has cost 2 op(x)+3. The falling factorial x(x−1)+ · · · (x−r+1)+ is compiled by
the corresponding folded product, so its cost is r{2 op(x)+4}. Therefore, for a split-count
input x, the falling-factorial expression of order r has cost 4r.

For a multi-index r, the factorial monomial expression is∏︁
a,y

(︁
N

(1)
aky

)︁
ray

(m1)|r|
,

with the same total division convention as the program model. The folded product over the
four cells contributes 4|r|+4 operations, and the final division by the constant denominator
contributes one more, giving

op{factorial monomial r} = 4|r|+ 5.

For the multi-indices used in the arm expansion of PM,B, |r| = j +2. After multiplication
by its coefficient, one fixed-cell summand at level (j, t) has cost

4j + 14.
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Since M ≥ 2, the nested sums in one treatment arm satisfy

op{sum over (a, y) at fixed j, t} ≤ 50M,

op{sum over t at fixed j} ≤ 51M2, op{one arm sum} ≤ 52M3.

Subtracting the two arm sums gives the light-cell expression, and hence

op{light-cell expression for category k} ≤ 105M4.

The heavy expression for category k is

N
(1)
k

m1

{︄
N

(1)
1k1

N
(1)
1k0 +N

(1)
1k1

−
N

(1)
0k1

N
(1)
0k0 +N

(1)
0k1

}︄
,

where N
(1)
k =

∑︁
a,yN

(1)
aky, again using total division at zero denominators. This expression

has cost 11 and agrees exactly with ˆ︁hk. The pilot count expression
∑︁

a,yN
(0)
aky has cost

4, so the comparison expression
∑︁

a,yN
(0)
aky − λ0L has cost 5. For n ≥ N0, the selected

category expression branches to the light expression when the pilot count is at most λ0L
and to the heavy expression when it is larger. Its cost is at most

5 + 105M4 + 11 + 1 ≤ 110M4,

where the final 1 is the branch comparison itself. For n < N0, the selected category
expression is the heavy expression, whose cost 11 is also at most 110M4. Thus each
selected category expression has operation count at most 110M(n)4.

Summing the d selected category expressions uses one addition node per category in the
folded sum, so the untruncated expression has cost at most

111 dM(n)4.

The truncation
x ↦−→ max{−1,min{1, x}}

is compiled by two branch comparisons, with the relevant expression duplicated in the
branch subtrees. Consequently

op{clamp(x)} = 4op(x) + 6.

For d > 0, this gives

op(An,d) ≤ 4 · 111 dM(n)4 + 6 ≤ 450 dM(n)4,

because 1 ≤ dM(n)4. Together with the zero-alphabet branch, the compiled program An,d

satisfies
op(An,d) ≤ 450 dM(n)4

and, for every sample,

An,d

(︁
(N

(j)
aky)j,k,a,y

)︁
= ˆ︁τhybn (O1:n).

Taking K = 450 proves the computability clause.
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2. Fixed-interior hybrid bound. Fix 0 < ϵ < 1/2. Let CL, cL > 0 be the constants
supplied by Lemma 19, and let CH, ρH > 0 and NH ∈ N be the constants supplied by
Lemma 15. Set

Cϵ = 2(CL + CH), ρϵ = min{cL, ρH}, Nϵ = NH.

These constants are positive in the required real coordinates.

For a sample z = O1:n, define

T ◦
H(P, z) =

∑︂
k∈ ˆ︁Hn(z)

ϕ(qk), T ◦
L(P, z) =

∑︂
k∈ ˆ︁Ln(z)

ϕ(qk).

Since ˆ︁Ln(z) = ˆ︁Hn(z)
c,

T ◦
H(P, z) + T ◦

L(P, z) = τ(P ).

Also τ(P ) ∈ [−1, 1] for every law in the overlap class. Hence the truncation map is
contractive around τ(P ), and(︂ˆ︁τhybn (z)− τ(P )

)︂2
≤
[︂
{ ˆ︁TH(z)− T ◦

H(P, z)}+ { ˆ︁TL(z)− T ◦
L(P, z)}

]︂2
≤ 2{ ˆ︁TH(z)− T ◦

H(P, z)}2 + 2{ ˆ︁TL(z)− T ◦
L(P, z)}2.

Integrating under any P⊗n ∈ En,d,ϵ gives

EP

[︃(︂ˆ︁τhybn − τ(P )
)︂2]︃

≤ 2CH

{︃
1

n
+

d2

n2(log n)2

}︃
+ 2CL

{︃
1

n
+

d2

n2(log n)2

}︃
= Cϵ

{︃
1

n
+

d2

n2(log n)2

}︃
,

whenever 0 < n, Nϵ ≤ n, and d ≤ ρϵn logn. The light and heavy bounds apply because
this dimension condition implies both

d ≤ cLn logn and d ≤ ρHn logn.

Taking the supremum over P⊗n ∈ En,d,ϵ proves the fixed-interior calibration bound forˆ︁τhybn . In the auxiliary zero-alphabet case used by the selector lemma, the experiment class
is empty and the displayed upper bound follows from the empty-supremum convention
and nonnegativity of the rate.

3. Selector envelope. Apply Lemma 6 with the constants just constructed and with the
hybrid bound from the previous step. For every n, d ∈ N with 0 < n, 0 < d, Nϵ ≤ n, and
d ≤ ρϵn logn, the selected estimator that chooses ˆ︁τhybn when

Cϵ

{︃
1

n
+

d2

n2(logn)2

}︃
≤ 1

n
+ 4(1/2− ϵ)2

and chooses ˆ︁τctr otherwise satisfies

Rn,d,ϵ ≤ sup
P⊗n∈En,d,ϵ

EP

[︃(︂ˆ︁τ selCϵ,ϵ − τ(P )
)︂2]︃

and

sup
P⊗n∈En,d,ϵ

EP

[︃(︂ˆ︁τ selCϵ,ϵ − τ(P )
)︂2]︃

≤ max{Cϵ, 4}
[︃
1

n
+min

{︃
d2

n2(logn)2
, (1/2− ϵ)2

}︃]︃
.
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4. Centered randomization bound. Fix 0 < ϵ ≤ 1/2, 0 < n, and 0 < d. For every
P⊗n ∈ En,d,ϵ, Lemma 3 gives

EP

[︂
(ˆ︁τctr − τ(P ))2

]︂
≤ 1

n
+ 4(1/2− ϵ)2.

The right-hand side is independent of P , so taking the supremum over the experiment
class gives

sup
P⊗n∈En,d,ϵ

EP

[︂
(ˆ︁τctr − τ(P ))2

]︂
≤ 1

n
+ 4(1/2− ϵ)2.

The same conclusion covers the empty-class branch through the same empty-supremum
convention.

5. Endpoint bracket. For 0 < n and 0 < d, Lemma 5 gives directly

1

100n
≤ Rn,d,1/2 ≤

1

n
.

This is the endpoint bracket.
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