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Abstract

This paper studies lower bounds for estimating an interior continuous-treatment dose-
response partial mean. The target is

Op(to) = /MP(toaff)PX,P(CC) dz,

interpretable as a causal dose-response mean under consistency, no unmeasured confounding,
and local positivity. Over the same Hélder dose class P, g.s(M, co, €0, to), under iid sampling,
bounded outcomes, an interior evaluation dose, the stated anisotropic Holder restrictions,
and a strict-slack baseline condition, we prove the same-class minimax lower bound

Ryu{Pap,s(M,co,0,t0), to} > cn=20/(atD)

for all sufficiently large n. The lower-bound exponent is the one-dimensional treatment-
regression exponent and holds for every fixed 8 > 0, although the constant and slack-baseline
feasibility may depend on 5. We compare this lower floor with the published higher-order
influence-function benchmark

pn = n20/ 201\ =2/ (14d/(49)+1 /@),
When d < 4s, the lower-bound exponent equals the exponent of this published comparator,
whose upper theorem concerns a distinct localized-regularity class. When 4s < d, the bench-
mark is governed by the covariate-smoothness term and has a strictly smaller exponent than
the same-class lower-floor exponent. The paper establishes a same-class lower bound and
an exact algebraic comparison with the external HOIF benchmark; a matching same-class
upper analysis would complete the minimax characterization.

1 Introduction

Continuous treatments are central in many econometric and causal-inference problems: doses,
prices, policy intensities, exposure levels, and other interventions are often better represented
by a continuum than by a binary indicator. In the potential-outcome framework of Rubin
[1974] and Robins [1986], the object of interest is commonly a dose-specific mean E{Y (t)}.
Under consistency, conditional ignorability, and positivity, this causal object is identified by

*Machine-generated by the CausalSmith research pipeline. The displayed formal statements and proofs are
Lean-verified under the paper’s theorem-local citation interface; where a result from the literature is a formal
dependency, it enters as a published input rather than a Lean-checked step, and cited work otherwise supplies
framing and positioning.



an observed-data partial mean, averaging the conditional regression of ¥ on (A, X) at dose ¢
over the marginal distribution of covariates. This paper studies the difficulty of estimating that
fixed-dose partial mean at an interior dose.

The formal target is Definition 1,

Qp(to) = / ,u,p(to,li)pX,P(J?) dzx,
[0,1]4

where A € [0,1], X € [0,1]¢, and pp(a,z) = Ep[Y | A = a,X = x]. The model class in Defi-
nition 2 imposes iid sampling, bounded outcomes, an interior evaluation dose, local positivity,
Holder smoothness of the outcome regression and treatment density in the treatment coordinate,
and Holder smoothness of the relevant covariate functions. The causal assumptions supply the
interpretation of the same observed-data functional as a dose-response mean; the lower bound
itself is a statement about the observed-data experiment and the minimax risk in Definition 3.

The continuous-treatment literature provides both the identification background and the
estimator benchmarks for this problem. Early formulations include the generalized propensity-
score and propensity-function approaches of Imbens [2000], Hirano and Imbens [2004], and Imai
and van Dyk [2004], with comparisons developed by Zhao et al. [2013]. Semiparametric efficiency
and influence-function methods provide the language for regular estimation and orthogonaliza-
tion [Bickel et al., 1993, van der Vaart, 1998, van der Laan and Robins, 2003, Chernozhukov
et al., 2018]. For nonparametric dose-response curves, Kennedy et al. [2017], Lee [2018], and
Colangelo and Lee [2020] are direct antecedents. The closest upper-side benchmark for this
paper is Bonvini and Kennedy [2022], which builds on higher-order influence-function methods
[Robins et al., 2008, 2015] and reports the rate recorded here as Definition 4.

The main result is a same-class lower bound. Under the hypotheses of Theorem 1, including
positive smoothness «, 3, s, the stated interior and boundedness constants, and the strict-slack
baseline condition in Assumption 12, there is a constant ¢ > 0 such that, for all sufficiently large
n,

Cn72a/(2a+1) < Rn(’Pa,g,s(M, C0,E€0, to), to) .

This theorem establishes the lower half of the minimax analysis for the original Holder dose class
and fixes the treatment-regression obstruction at exponent 2a/(2a + 1).

The comparison sequence is

P = n—2a/(2a+1) V n—2/(1+d/(45)+1/a)‘

In the smooth-covariate regime d < 4s, Proposition 1 and Theorem 2 show that the lower-bound
exponent equals the exponent of p,, giving an exact exponent comparison with the published
benchmark. In the deficient-covariate regime 4s < d, Theorem 3 shows that p,, is governed by
the covariate-smoothness expression and has a strictly smaller exponent than the same-class
lower floor. This ordering isolates the same-class upper behavior as the remaining question in
that regime.

The lower-bound construction can be viewed as embedding the classical one-dimensional
pointwise nonparametric regression obstruction inside the continuous-treatment partial-mean ex-
periment. The embedding must preserve the observed-data restrictions of Definition 2: bounded
outcomes, local positivity around %y, smooth covariate density, treatment-density smoothness,
and the causal dose-response interpretation. The strict-slack baseline condition in Assump-
tion 12 is used to keep the least favorable alternatives inside the class while perturbing only



the treatment regression. This is why the resulting lower exponent is insensitive to the fixed
treatment-density smoothness index  at the exponent level, while constants and feasibility may
still depend on £.

The scope is deliberately narrower than neighboring continuous-exposure problems. Recent
work studies modified treatment policies, weak-overlap or alternative identification regimes,
nonparametric inference for dose-response curves, and incremental continuous-exposure inter-
ventions [Hejazi et al., 2022, Doss et al., 2022, Hudson et al., 2023, Shi et al., 2024, Zhang et al.,
2024, Schindl et al., 2024, Bonvini et al., 2024]. Those estimands or positivity structures can
change the role of the treatment density and the smoothing built into the target. The present
paper concerns the fixed interior partial mean in Definition 1 under the same-class Holder re-
strictions in Definition 2.

The precise proof scope is summarized in the verification appendix. The mathematical
contribution is the same-class lower bound, the two algebraic comparisons with the published
HOIF benchmark, and the explicit separation between those lower-bound statements and upper
results proved for other localized-regularity classes.

2 Setup and observed-data class

We begin with the observed-data experiment. Omne observation is the observed unit O =
(Y, A, X), where the outcome Y is real-valued, the treatment dose A lies in [0,1], and the
covariate vector X lies in [0,1]%. The single-observation law is denoted by P; its covariate
marginal is Py, with density px p on [0,1]9. For a € [0,1] and z € [0,1]%, let the conditional
mean and treatment density be

pp(a,z) = EplY | A=a,X = x|, wp(a | ) = density of A | X = z.

The outcome regression pp is the nuisance function whose value at the evaluation dose enters
the target, while the conditional treatment density wp governs the local amount of information
available near that dose.

The sample consists of O, ..., Oy, generated from the product law P™ under the following
sampling condition.

Assumption 1. [ass:iid-sampling] (Iid sampling) The observations Oy, ..., Oy, are iid draws
from P.

Assumption 1 is the standard iid sampling condition for the nonparametric experiment and
fixes P™ as the sampling law used in the risk calculations [Tsybakov, 2009].

Fix positive smoothness orders «, 3, and s, a common envelope and Holder radius M, a local
positivity constant cg, an interior evaluation dose tg, and an interior half-width 9. Throughout,
HY(M; D) denotes the Holder ball of order v and radius M on the domain D. The analysis is
local in the treatment coordinate, over the [ty — €¢, to + €0].

We impose the basic observed-data restrictions before introducing the causal interpretation.

Assumption 2. [ass:bounded-outcome| (Bounded outcome) Under P,
Y] <M

almost surely.



Assumption 2 is the standard uniform bounded outcome condition; it keeps the loss and
testing reductions within a common envelope over the model class [Bonvini and Kennedy, 2022].

Assumption 3. [ass:interior-dose] (Interior dose) The exposure neighborhood around ty is
contained in the interior of the exposure support:

[to — €0, t0 + Eo] C (0, 1).

Assumption 3 is the standard interior evaluation point condition, excluding boundary effects
in the continuous-treatment coordinate [Colangelo and Lee, 2020].

Assumption 4. [ass:local-positivity| (Local positivity) For every a € [to—eo,to+¢eo] and
every x € [0,1]¢,
wp(a|z) > cp.

Assumption 4 is the standard local positivity condition; it requires enough treatment density
in the neighborhood of ty for the interior dose-response target to be statistically meaningful
[Bonvini and Kennedy, 2022].

The smoothness restrictions separate regularity in the treatment coordinate from regularity
in the covariate coordinate. This separation is useful because the lower bound varies with «, (3,
s, and d through distinct approximation and testing constraints.

Assumption 5. [ass:mu-treatment-holder| (Treatment-regression dose smoothness) For ev-
ery x € [0,1]%, the map
a— pp(a,z)

belongs to the Hélder ball H™(M; [to — €o,to + €0))-

Assumption 5 is the standard Holder smoothness in the treatment coordinate for the regres-
sion function near the target dose [Tsybakov, 2009].

Assumption 6. [ass:pi-treatment-holder]| (Treatment-density dose smoothness) For every
x € [0,1]4, the map
a+— 7p(alx)

belongs to the Holder ball ’Hﬁ(M; [to — €0, to + €0])-

Assumption 6 is the standard Holder smoothness condition for the conditional treatment
density in the treatment coordinate [Bonvini and Kennedy, 2022].

Assumption 7. [ass:mu-covariate-holder| (Treatment-regression covariate smoothness)
The map
T— U P(to, x)

belongs to the Hélder ball H*(M:; [0, 1]9).

Assumption 7 is the standard Hoélder smoothness condition in the covariate coordinate for
the target-dose regression surface [Tsybakov, 2009].

Assumption 8. [ass:pi-covariate-holder| (Treatment-density covariate smoothness) The
map
x— 7p(to | x)

belongs to the Holder ball H*(M;[0,1]9).



Assumption 8 imposes the standard covariate smoothness condition on the marginal covariate
density [Bonvini and Kennedy, 2022].

Assumption 9. [ass:px-holder]| (Covariate-density smoothness) The marginal covariate den-
sity px,p belongs to the Holder ball
(M [0,1]%)
and satisfies
0 <px.p(r) <M

for every x € [0,1]%.

Assumption 9 is the standard Holder-smooth covariate density condition, together with a
uniform upper bound on the marginal density [Bonvini and Kennedy, 2022].

The statistical target is the partial mean of the target-dose regression surface over the co-
variate distribution.

Definition 1. [def:theta-functional] (Dose-response partial mean 60p(tg)) The dose-
response partial mean at the evaluation dose ty is

Opr(to) =/ wp(to, ) px,p(x) du.
[0,1]d

Definition 1 is an observed-data functional: it depends only on the conditional mean of Y
given (A, X) and on the marginal law of X. The next subsection overlays the causal interpreta-
tion under which this same functional is the dose-response mean.

The causal overlay introduces potential outcomes Y (a), indexed by a € [0, 1], on the same
probability space as the observed data. The following two assumptions are the identification
conditions used to interpret Definition 1 causally.

Assumption 10. [ass:consistency] (Consistency) Under P,
Y =Y (4)
almost surely.

Assumption 10 is the standard consistency condition, linking the observed outcome to the
potential outcome at the realized dose [Kennedy et al., 2017].

Assumption 11. [ass:no-unmeasured-confounding] (No unmeasured confounding) For ev-
ery a € [0, 1], the potential outcome Y (a) is independent of A conditional on X under P.

Assumption 11 is the standard conditional ignorability condition for continuous treatments
[Kennedy et al., 2017]. Together with local positivity in Assumption 4, it identifies the causal
dose-response mean at the interior dose tg with the observed-data partial mean in Definition 1.

Combining these restrictions gives the observed-data class used for the lower-bound analysis.
The minimax risk and the published benchmark rate referenced in the definition are introduced
formally in Definition 3 and Definition 4.

Definition 2. [def:holder-dose-class] (Holder Dose Class Py g s(M,co,€0,t0)) With the
minimaz risk Ry (Pa,p,s(M,co,€0,t0),t0) and the published HOIF benchmark py as in Defini-
tions 3 and 4, define

Pa7,B,S(M> €0, €0, tO)

to be the collection of observed-data laws P satisfying all of the following conditions:



(Sampling.) The observations satisfy Assumption 1.

(Causal identification.) Consistency and no unmeasured confounding hold as in As-
sumptions 10 and 11.

(Outcome boundedness.) The bounded-outcome condition holds as in Assumption 2.
(Interior dose.) The evaluation dose to and local radius €q satisfy Assumption 3.

(Local positivity.) The treatment density obeys the local positivity condition with con-
stant ¢y as in Assumption 4.

(Treatment-direction smoothness.) The maps a — pp(a,x) and a — 7p(a | x) satisfy
the treatment-direction Hélder conditions in Assumptions & and 6.

(Covariate-direction smoothness and density range.) The maps x — up(to,z) and
x — mwp(to | ) satisfy the covariate-direction Hélder conditions in Assumptions 7 and 8,
and px,p satisfies the Hélder, nonnegativity, and upper-envelope condition in Assump-
tion 9.

(Semantic ties to the observed-data law.) The regression, covariate-density, and
treatment-density symbols are tied to P: pp(A, X) equals the conditional mean of Y given
(A, X) P-almost surely; px, p is the density of the X -marginal on [0, 1]d; and Tp is non-
negative on [0,1] x [0, 1] with the (A, X)-law density (a,z) — 7p(a | )px p(z) relative to
Lebesgue measure on [0, 1] x [0, 1]%.

Definition 2 is a statistical model for observed laws equipped with the stated causal inter-
pretation. The lower-bound alternatives are constructed as observed-data laws in this class; the
potential-outcome overlay supplies the causal reading of the same target while preserving the
statistical experiment.

For the least favorable submodels used later, we also require a baseline law at a positive
distance from the model boundary.

Assumption 12. [ass:baseline-submodel-slack] (Baseline submodel slack) There ezist a
covariate density po on [0,1]%, a conditional treatment density qo on [0,1], a constant ng > 0,
and a constant By with 0 < By < M, such that po(x) > 0 for all z € [0,1]%, go(a) > 0 for all
a € R,

1
/ po(x)dx =1 and / qo(a)da =1,
[0,1] 0

[1Pollags 0,172y < M — 10,

qo has Hélder norm at most M — ng of order 3 on [tg — £0,to + 0],

and

qo(a) > co+no for all a € [ty — €0, to + 0],

po(z) < M —ng for all z € [0, 1]%.

Assumption 12 is specific to this analysis. It provides an interior baseline density pg, an
interior baseline treatment density qg, and a positive margin 79, so that the perturbations used
in the lower-bound construction can remain inside Definition 2.



3 Main results

The target in Definition 1 is evaluated under squared loss over the observed-data class in Defini-
tion 2. We first fix the risk criterion. The estimator is allowed to be any measurable function of
the iid sample, with range restricted to the outcome envelope; this normalization is immaterial
for the rate comparisons below because the target itself lies in the same bounded range.

Definition 3. [def :minimax-risk| (Minimax risk R, (Pa,g,s(M,co,€0,%0),t0)) The minimax
risk over the model class Py p (M, co,€0,t0) at the evaluation dose to is

Ry(Pap,s(M,co,€0,t0),t0) = inf sup Epen [{én(Ol, ..
)

R 0, measurable PePy 8,s(M,co,e0,t0
0n(01,...,0n)€[—M,M] for every sample

where P®™ is the product law of the iid sample O1,...,O,.

The benchmark used for comparison is the rate reported for higher-order influence-function
methods in the continuous-exposure literature. We use z V y to denote max{z,y}.

Definition 4. [def:published-hoif-rate] (Published HOIF benchmark p,) The published
higher-order influence-function benchmark rate is

Pn = n—ro/(Qoz-l—l) V. n—Q/(1+d/(45)+1/a)'

Definition 4 records the comparison sequence from the published localized-regularity upper
result. The first term is the one-dimensional nonparametric regression scale in the treatment
coordinate, while the second is the higher-order influence-function benchmark involving the
covariate dimension and covariate smoothness [Robins et al., 2008, 2015, Kennedy et al., 2017,
Bonvini and Kennedy, 2022]. The lower bound below is the paper’s same-class result.

Theorem 1. [thm:sharp-pointwise-lower-bound] (Sharp Pointwise Lower Bound) For every
covariate dimension d and every real constants a, 3,8, M, cy, €0, to, suppose that

e (Positive smoothness.) a >0, >0, and s > 0.

e (Regime constants.) M >0, co > 0, typ € (0,1), g9 € (0,1/2), and the local window
determined by (to, o) is contained in (0,1).

e (Strict-slack baseline.) Assumption 12 holds for (d,3,s, M, co, €0, to).
Then there exists a constant ¢ > 0 such that, for all sufficiently large sample sizes n,
& n72a/(204+1) S Rn (Pa,ﬁ,s(Ma €0, €0, tO)v tO) )

where Py 3.s(M, co,€0,t0) is the model class of Definition 2 and R, is the minimax risk of
Definition 3.

Theorem 1 gives a lower floor for the original Holder dose class, uniformly over every positive
value of the treatment-density smoothness parameter 3. Its construction varies the treatment
regression while keeping the density components within the slack allowed by Assumption 12.
The result fixes the same-class treatment-regression obstruction and supplies the lower half of
the minimax analysis.

The next statements reduce the comparison with p,, to algebraic regimes. When the covariate
smoothness is high enough relative to dimension, the maximum in Definition 4 is attained by
the treatment-regression term.

1On) = 0p(to)



Proposition 1. [prop:oracle-regime-reduction| (Oracle Regime Reduction) Let d be the
covariate dimension, and let o, B, s, M, cg, g9, tg be constants. Suppose that

o (Well-formed constants.) o > 0, >0, s >0, M >0, ¢cg >0, tp € (0,1), ¢ €
(0,1/2), and the window [ty — €o,t0 + €0] s contained in (0,1).

e (Oracle regime.) d < 4s.
e (Baseline slack.) Assumption 12 holds for d, 3,s, M, cy, €0, to.
Then there exists a constant ¢ > 0 such that, for all sufficiently large sample sizes n,
pp = n20/ (20+1)
for the published HOIF benchmark rate py, of Definition 4, and
¢ pn < Rn(Pa,p,s(M, co, €0, t0), o) ,
where the model class is Definition 2 and the minimaz risk is Definition 3.

Proposition 1 gives the exact comparison statement for d < 4s: the certified lower-bound
exponent agrees with the exponent of the published benchmark sequence. Construction of an
estimator over the same Holder class is the corresponding upper-analysis question.

Theorem 2. [thm:sharp-minimax-smooth-covariate| (Smooth Covariate Minimax Floor)
Let d € N and let o, B, s, M, co, €0, tg € R. Suppose that:

e (Smoothness.) a >0, >0, and s > 0.

e (Regime constants.) M > 0, co > 0, to € (0,1), g € (0,1/2), and the window
[to — €0, to + €0] is contained in (0,1).

e (Smooth-covariate regime.) d < 4s.
e (Strict-slack baseline.) Assumption 12 holds for (d,3,s, M, co, €0, to).

Then there exists a constant ¢ > 0 such that, for all sufficiently large n,
& n72a/(2a+1) S Rn (Pa,ﬁ,s(Ma €0, €0, tO)v tO) )

where R, is the minimaz risk of Definition 3 over the same-class model of Definition 2. More-
over,

n72a/(2a+1) = pn,

with pn as in Definition /.

Theorem 2 packages the same conclusion in the smooth-covariate regime: it establishes a
lower bound for Definition 2 and an exact exponent comparison with p,.

When 4s < d, the published benchmark is governed by the covariate-smoothness term. The
lower bound remains on the treatment-regression scale, and the benchmark exponent is strictly
smaller.

Theorem 3. [thm:frontier-bracket-deficient| (Deficient Frontier Bracket) Fiz a covariate
dimension d € N and constants «, 3,8, M, cg,€0,tg € R. Assume:



e (Regime constants.) a >0, 3>0,s>0, M >0, co >0, tg € (0,1), g9 € (0,1/2), and
the window [ty — €o, to + o] lies in (0, 1).

o (Deficient covariate smoothness.) 4s < d.
e (Strict-slack baseline.) Assumption 12 holds for (d, 5, s, M, co,€0,10).

Then there exists a constant ¢ > 0 such that, for all sufficiently large sample sizes n,
& n—2a/(2a+1) <R, (Pa,ﬁ,s (M, €0, €0, tO): tO) 5

where the minimax risk is as in Definition 3 and the class is Definition 2. Moreover, for the
published HOIF benchmark of Definition 4,

P =n" 2/(14d/(4s)+1/a)

and its exponent is strictly smaller than the certified lower-bound exponent:

2 < 2a
1+d/(4s)+1/a  2a+1"

Thus, in the low-covariate-smoothness regime, Theorem 3 determines the strict ordering
between the same-class lower floor and the exponent in the published benchmark sequence. The
same-class upper frontier remains open among the benchmark rate, an intermediate rate, and a
rate depending more directly on /.

For orientation, we record the external higher-order influence-function result used as a litera-
ture comparator. The cited bound from Bonvini and Kennedy [2022] is stated over an explicitly
defined, more regular subclass of the Holder dose class in Definition 2 and supplies the corre-
sponding upper-side benchmark.

Cited result 1. [lem:published-upper-bound-cited] (Published HOIF Comparator) (im-
ported result; machine-checked against the cited source, not proved here.) For covariate dimen-
sion d and parameters o, 3, 8,71, 72, consider any Bonvini-Kennedy HOIF estimator specifica-
tion E consisting of an observed-data law P, evaluation dose ty, nuisance estimators fiy, Tn, Dn,
kernel K, bandwidths h,, projection dimensions k,, and true and estimated projection kernels
II,, and ﬁn Suppose the following conditions of Bonvini and Kennedy [2022, Theorem 3.1 and
§3.4] hold for these same inputs: P is a probability law; pp, px.p, and wp are respectively
the outcome regression, covariate density, and conditional treatment density of P; there exist
0 < ¢ < u such that, for every n,a,xz, ¢ < wp(a | z) < wu and £ < 7p(a | ) < u; there exists
B > 0 such that |Y| < B and |A| < B P-almost surely and |fi,(a,x)| < B for every n,a,x;
and, for every n and x, the maps a — up(a,x) and a — [y(a,x) lie in the one-dimensional
Holder ball of order o and radius 1 on R, while a — wp(a | ) and a — 7,(a | x) lie in the
corresponding ball of order 8. Writing Kp,, 1,(a) = h,*K((a — to)/hy), assume also that there
ezist Kmax > 0 and 0 < g¢ < gy such that |K(u)| < Kmax, supp(K) C [-1,1], [ K(u)du =1,
JuwWK(u)du = 0 for 1 < j < [a] =1, hy > 0, [Kp,1,(a)da = 1, and, for every n,z,
gt < [ Kp, ,(a)7p(a | 2)px p(z)da < gy; that there exists Crp > 0 with IL,(z,z) < Cnk, and
ﬁn(:zr, x) < Cnk,, for every n,x; and that there exist 0 < ry < ry, such that, for every n,x,

J Kn, to(a)7p(a | 2)px p(x)da

ry < — < 7ry-
C T [ Ky wo(@bala, 7) da v

9



Assume further that d >0, a >0, 8 >0, s >0, a < B, 71 = v = s, and that there exists
Bx > 0 such that, for every a and n, the maps x — up(a,x), x — jn(a,x), z — wp(a | x), and
x> Fn(a | z) lie in the s-Hélder ball of radius Bx on [0,1]%. Let v, (x) = fin(to, x) — up(to, )

and q,(z) = 7,(to | )~ — wp(to | )~ The rate specialization requires

”’Un - ann”LQ([O,l}d)HQH - HnQnHL2([071]d) 5 k;(’yﬁ-’m)/d

eventually, ||vnl|r2((0,114) = llgnlL2([0,1]¢) eventually, and

~ 2
(1onll 20,110 lgn ll 220,110y 1B (t05 ) = T (to | )Px,P (Voo 0,172) " S P

eventually. The tuning satisfies, when d < 4s, h, =< n~ /@Y gnd k, < nh, eventually, and,
when 4s < d, h, =< n~4/(@Estd+4s) gnd k= (nhy,)?¥(449) eventually. Then the specified
Bonvini—Kennedy HOIF estimator én, with its nuisance-training outputs held fixed, attains the
published benchmark conditional mean-squared-error rate of Definition 4: there exists C' > 0
such that, for all sufficiently large n,

/(én(ola s aOn) - GP(tO))Q dpP" < Cpn, Pn = Max {n—2a/(2a+1)’ n—2/(1+d/(4s)+1/a)} .

The notation inside the cited display belongs to the imported comparator. In the present
paper, it motivates the sequence p, and provides an upper-side benchmark from a strictly
smaller, more regular class; Definition 3 reserves R, (Pq .5(M, co,€0,t0),to) for the same-class
risk.

The final two remarks summarize the established rate comparison and identify the remaining
same-class upper frontier.

Remark 1. [def :beta-frontier-handle| (Beta frontier handle B, ) The beta comparison
handle B, g s denotes the following frontier statement. For every B > 0, there is a constant
¢ > 0 such that, for all sufficiently large n,

en~2/ ) < R (P 5.4(M, co, €0, t0), Lo) -

For everyn > 1, when d < 4s, the published benchmark satisfies

Pn = n—2a/(2a+1) )

For everyn > 1, when 0 < s and 4s < d, the published benchmark satisfies

Pn = n72/(1+d/(4s)+1/a)

and its exponent obeys
2 < 2ce
1+d/(4s) +1/a ~ 2a+1"
The upper-frontier alternatives are recorded as the following disjunction: either there is a con-
stant C' > 0 such that, for all sufficiently large n,

Rn(pa,ﬁ,s(Ma C0, €0, tO)a tO) S Cpm

or there are k and C > 0 with

2 «
< KR ——
1+d/(ds)+ Lo - " S 2a+1

10



such that, for all sufficiently large n,
Rn(Pa,p.s(M,co,20,t0),t0) < Cn™",

or there are 3’ > 0, 8/ # 3, exponents k, k' with k' # k, and positive constants c,C,c’,C’ such
that, for all sufficiently large n,

en” " < Rn(Pa,ﬁ7S(M7 COv‘SoatO);tO) < Cn™"

and
dnF <R, (Paﬁ/’s(M, co,so,to),to) < C'n",

Remark 1 is an interpretive shorthand for the preceding lower-bound and comparison
statements. The word “frontier” denotes this exponent-level comparison and highlights the
benchmark-aligned smooth-covariate regime.

4 Discussion, limitations, and extensions

The lower-bound analysis isolates one obstruction that is already present in the standard interior
partial mean problem. The target in Definition 1 is an observed-data partial mean at a fixed
interior dose, and the risk in Definition 3 is taken over the same Hoélder dose class of Defini-
tion 2. Within that class, Theorem 1 gives a treatment-regression lower floor. The comparison
statements in Theorem 2 and Theorem 3 relate this floor to the published benchmark sequence
pn from Definition 4, while Cited result 1 supplies the external Bonvini-Kennedy comparator
on its localized-regularity class.

For each fixed 8 > 0, under the corresponding slack-baseline condition in Assumption 12, the
exponent of the same-class lower bound is invariant to the treatment-density smoothness index.
The constant in the lower bound, and the feasibility of the slack baseline itself, may depend on
5 and on the other fixed model constants. Thus the conclusion is exponent-level insensitivity to
B, with constants calibrated separately for each fixed smoothness value.

This distinction matters most when 4s < d. In that regime, Theorem 3 shows that the pub-
lished benchmark sequence has a smaller exponent than the same-class lower-bound exponent.
The unresolved same-class question is whether the upper behavior in low covariate smoothness
follows the published benchmark, an intermediate exponent, or a rate that depends more directly
on the smoothness of the treatment density.

The scope is tied to the interior positivity regime. Assumption 4 imposes a fixed lower
bound on the treatment density in a neighborhood of ¢y, and Assumption 3 selects an interior
evaluation window. These restrictions match the usual interior continuous-exposure formulation.
Weak-overlap, design-adaptive, and trimmed targets lead to a different statistical experiment in
which the amount of information near ty enters the rate calculation directly. Recent work on
continuous exposures and overlap-sensitive causal estimands emphasizes these complementary
regimes [Hejazi et al., 2022, Doss et al., 2022, Hudson et al., 2023, Shi et al., 2024, Zhang et al.,
2024, Schindl et al., 2024, Bonvini et al., 2024].

Neighboring estimands raise a similar qualification. The partial mean studied here evaluates
the regression surface at a single interior dose and averages over the marginal law of X. Other
continuous-exposure targets average over dose neighborhoods, consider stochastic interventions,
or target modified exposure policies. Their definitions can smooth the treatment coordinate or
alter the role of the conditional treatment density. The present lower bound is consequently a
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benchmark for the fixed-dose interior partial mean, while those neighboring functionals invite
estimand-specific minimax analyses.

Finally, the comparison with higher-order influence-function methods is a comparison across
stated model classes. The imported result in Cited result 1 supplies an upper-side benchmark
under additional localized regularity, while the lower bound here is proved over the Holder class
in Definition 2. Two routes can bridge the statements: a same-class upper bound under Defi-
nition 2, or an inclusion argument covering the present Holder class by the localized-regularity
class with the needed constants.

Appendices

A auxiliary lemmas and proofs

This appendix collects the auxiliary mathematical statements used to support the lower-bound
and rate-comparison results in Theorem 1-Theorem 3. The statements are organized according
to their role: first the two-point testing ingredients, then the algebra for the benchmark sequence
pn, and finally the combined lower-bound comparison used to package the main conclusions.
Throughout this appendix, KL(Qo, Q1) denotes the Kullback—Leibler divergence from Qg to Q1.
The testing reduction begins with a bounded binary outcome channel. It is convenient
because the least favorable alternatives only need to separate conditional means while keep-
ing outcomes inside the common envelope. The following elementary inequality controls the
information distance between two such channels by the squared separation of their means.

Lemma 1. [lem:bernoulli-mean-channel-k1] (Bernoulli mean-channel KL bound) Fiz B >
0. Let Qu and Q, be distributions on {—B, B} with means u and v, respectively, so that

Qupy =B g =B
If |u| < B/2 and |v| < B/2, then
N2
KL(Qu.Q) < 220

Proof of Lemma 1. Throughout, Bern(r) denotes the two-point law on {0, 1} with
Bern(r)({1}) =, Bern(r)({0}) =1 —r.
Set
_1+4+u/B _1+wv/B
- 2 ) q - 2 )
so that, by the definition of the channels in the statement,
Qu({B}) =p, Qu{-B})=1-p  Q({B})=¢ Q{-B}))=1-q¢

Step 1 (the two success probabilities lie in the central band). Since B > 0,

12



and the hypotheses |u| < B/2 and |v| < B/2 give |u/(2B)| < 1/4 and |v/(2B)| < 1/4. Hence
1 << 3 1 << 3
1=P=p  g=i=7

Step 2 (transport to the {0,1} parametrization). Let
T(xz) =2Bxz — B.

Because B > 0, the map T is an affine bijection of the real line whose inverse is again affine,
hence measurable, and 7'(0) = —B, T'(1) = B. Consequently the image of Bern(p) under 7" puts
mass p at B and mass 1 — p at —B, which is exactly ),; the same computation with ¢ in place
of p gives @), as the image of Bern(q):

Qu = Bern(p) o T, Q. = Bern(q) o T71.

Applying one and the same measurable bijection to both arguments leaves the Kullback—Leibler
divergence unchanged, since the Radon—Nikodym derivative of the two image laws is the trans-
port of the original one along T'. Therefore

KL(Qu, Qv) = KL(Bern(p), Bern(q)).

Step 3 (quadratic band bound for the Bernoulli divergence). For p,q € (0,1) the divergence
of two-point laws is the explicit sum

1
KL (Bern(p), Bern(g)) = plog L (1 —p)log . p,
q —4q

and on the central band this is dominated by a quadratic:

plogg +(1—p)log 1 p <4(p-— q)2 whenever p,q € [%, %] .

Indeed, writing D(t) = tlogt+ (1 —t)log(1 —t) for the negative Bernoulli entropy, the left-hand
side is the Bregman remainder D(p) — D(q) — D'(q)(p — q), so the assertion is that the function

Hy(t) = 4(t — q)* + D'(q)(t — q) + D(q) — D(t)

is nonnegative at ¢t = p; and it is, because Hy(q) = 0, Hy(q) = 0, and H, is convex on [1/4,3/4],
its second derivative there being

1 o _
H/(t)=8—>——— > 8-4-4=0,

so that ¢ minimizes H, over that interval.
Step 4 (back to the mean parametrization). Step 1 supplies the band hypothesis needed in

Step 3, and
U— v
P—4q=—F57—

SO

—v\? u— )2 u— )2
4(p_q)2:4<u2B> :( ) <2( )

the last inequality because (u — v)?/B? > 0. Chaining Steps 24,

2 )2
KL(Qu. Q) < 200

which is the claim. OJ
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Lemma 1 supplies the local information calculation for the outcome part of the two-point
experiment. The boundedness condition |ul, |v] < B/2 keeps both Bernoulli probabilities uni-
formly away from zero and one, so the quadratic control of the divergence is uniform over the
perturbations used in the construction.

The next ingredient is the standard two-point minimax testing bound. It translates a sep-
aration in the parameter into a lower bound on mean-squared error whenever the two induced
sample laws remain close in information distance; this is the usual Le Cam device for nonpara-
metric lower bounds [Tsybakov, 2009].

Lemma 2. [lem:le-cam-two-point-mse-source] (Le Cam Two-Point Bound) Let Qo and Q1
be two laws for the n-sample experiment, and let 0y and 01 be the corresponding values of a real
parameter. Set

A =10, — 0.

If
KL(QOa Ql) S K < 0,

then there exists a constant cx > 0, depending only on K, such that every estimator T satisfies

max Eq,[(T - Hi)g] > cx A%

Proof of Lemma 2. Throughout the proof, KL(Qo, Q1) denotes the extended-real Kullback—
Leibler divergence from @y to @1; when this divergence is finite, its real value is

/ log <38?> dQo.

Write
TV(Qo, Q1) = sup  |Qo(S) — Q1(9)|

S measurable

for total variation. Let K = max{K,0} and define, before any laws or estimator are chosen,

_ exp(=Ky)
32
Fix probability laws (g, Q1 on a common measurable sample space satisfying the finite-budget

hypothesis, and fix a measurable estimator T such that the two squared losses (T — 6p)? under
Qo and (T — 61)? under @Q; are integrable. Put

CK > 0.

106 _ A
2

> 0.
5 =

Step 1 (estimation to testing). Since 2r = |0y — 01|, the two measurable error sets
So=A{IT =6l =7},  S1={|T -6 >r}

cover the sample space in the following sense: if Sy fails, then |T'— 6y < r, and the triangle
inequality gives
’T—91| > |90—91|—|T—90‘ >2r—r=r.

Thus S§ C Si. The testing characterization of total variation therefore gives

Qo(So) + Q1(51) > Qo(So) + Q1(S5) > 1 —TV(Qo, Q1)

14



Since a sum of two real numbers is at most twice their maximum,

1 - TV(Qo, Q1)
2

< max{Qo(|T — 6| = 1), Qu(|IT — 1] = 7).

Step 2 (a testing floor for a finite budget). The budget hypothesis is an inequality in the
extended nonnegative reals against the finite value associated with the real number K. Hence
the divergence is finite, so Q¢ < @1, and its real value satisfies

KL(Qo, Q1) < K.

The Bretagnolle-Huber affinity bound applies under these two side conditions and yields

%exp{—KL(Qle)} <1-TV(Qo, Q1)

Because KL(Qo, Q1) < K, monotonicity of the exponential gives exp(—K ) < exp{—KL(Qo, Q1)}.
Combining this inequality with the preceding display and Step 1 gives

exp(—Ky) _ 1 TV(Qo, Q1)
4 - 2

< max{Qo(|T — o] > 1), Qu(IT — 1] > 1)}.

Step 3 (testing back to squared error). For i = 0,1, the event |T' — 6;] > r is the event
(T — 6;)® > r2. The squared loss is nonnegative and integrable under the corresponding law, so
the integral form of Markov’s inequality gives

P2 Qi(T —0; > 1) < Eq {(T —0:)*},  i=0,1

Writing
pi:Qi(|T_9i‘ 27")7 mi:EQi{(T_ai)Z}’
and distinguishing whether py < p; or p1 < pp, these two inequalities imply

7“2 max{Qo(|T — 90‘ Z 7"), Ql(’T — 01| 2 7“)} S E%D%EQZ{(T — 01)2}
Step 4 (conclusion). Multiplying the lower bound from Step 2 by r2 > 0 and using Step 3,

o exp(—K ) 2
= S maxEq.{(T —6,)"}.

Since 72 = (61 — 6p)%/4 = A?/4,

exp(—K exp(—K
CK(91 o 90)2 — p(32 +) A2 S T2 p(4 +) )

Therefore

The constant cx was chosen from K alone, before the laws and the estimator, and the argument
applies to every measurable estimator with the two stated integrability properties. This is the
claimed two-point bound. ]
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Lemma 2 is used only at the level stated here. In the lower-bound construction, the alterna-
tives are chosen so that their target values differ by A of the desired order, while the product-law
divergence is bounded by a fixed constant K. The resulting mean-squared error lower bound is
therefore proportional to AZ.

We next record the algebraic reductions for the comparison sequence p,, from Definition 4.
These statements identify exactly which exponent appears in the published benchmark under
the two covariate-smoothness regimes.

Lemma 3. [lem:rho-oracle-regime-algebra] (Smooth-Covariate Rate Collapse) Let p,, be
the published HOIF' benchmark of Definition 4, evaluated at (n,a, s,d). Suppose that

e (Positive treatment smoothness.) « > 0.

e (Positive covariate smoothness.) s > 0.

(Smooth-covariate regime.) d < 4s.

(Sample size.) n > 1.

Then

Pn = n—Za/(2a+1) )

Proof of Lemma 3. Throughout, p, is the maximum of the two power terms in Definition 4, so
the claim is that the first term dominates.
Case n = 1. Every real power of 1 equals 1, so both terms coincide,

1—2a/(2a+1) - 1= 1—2/(1+d/(4s)+1/a)’

and hence p; = max{1,1} =1= 172¢/(20+1) which is the asserted identity.
Case n > 1. Since s > 0 we have 4s > 0, so the smooth-covariate hypothesis d < 4s can be
divided through:

4oy
4s —
Adding 1 + 1/« to both sides,

d 1 1
1+ —+-—-<24+—.
4s  « «

Both sides are strictly positive, since d/(4s) > 0 and 1/a > 0 by a > 0. Dividing the constant
2 > 0 by the two sides therefore reverses the inequality:

2 2
< .
24+ 1/a = 14+d/(4s)+1/a

Multiplying numerator and denominator of the left-hand side by a > 0 gives the elementary
identity
2 2c

2+1/a 2a+1’

so that
2a 2

< .
2a4+1 7 1+d/(4s) + 1/
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Since n > 1, the map = — n” is strictly increasing; negating the two exponents reverses the last
inequality and then applying = — n® preserves it, so

p 2/ (d/(4s)+1/a) < =20/ (20041).

Thus the maximum in Definition 4 is attained by the treatment-regression term, that is,

pn = n72a/(2a+1) )

O

Lemma 3 states that, when d < 4s, the maximum defining p,, is attained by the treatment-
regression term. This is the algebra behind the smooth-covariate comparison in Proposition 1
and Theorem 2.

Lemma 4. [lem:rho-deficient-regime-algebra] (Deficient Regime Algebra) For any sample
size n, treatment smoothness a, covariate smoothness s, and covariate dimension d, suppose that

e (Positive treatment smoothness.) a > 0;
e (Positive covariate smoothness.) s > 0;
o (Deficient-covariate regime.) 4s < d;
e (Nonzero sample size.) n > 1.
Then the published HOIF benchmark py, from Definition J satisfies

P = n72/(1+d/(4s)+l/a)’

and the deficient-regime exponent is strictly smaller than the oracle exponent:

2 < 2a
14+d/(4s)+1/a  2a+1

Proof of Lemma 4. Step 1 (strict comparison of the two exponents). Since s > 0 we have 4s > 0,
so the deficient-regime hypothesis 4s < d can be divided through:

d
1< —.
4s
Adding 1 + 1/« to both sides,
1 d 1
24 = <14+
o 4s  «

Both sides are strictly positive, because 1/a > 0 by a > 0. Dividing the constant 2 > 0 by the
two sides therefore reverses the strict inequality:

2 2
1+d/(4s) + 1/« < 2+1/a’

Multiplying numerator and denominator by « > 0 gives the elementary identity

2 2«
2+1/a  2a+1’
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and hence the strict exponent comparison asserted in the statement,

2 < 2a
14+d/(4s)+1/a  2a+1

Step 2 (identification of the mazimum in py). If n = 1, every real power of 1 equals 1, so
both terms of Definition 4 coincide,

1—2a/(2a+1) - 1= 1—2/(1-&-d/(4s)-|—1/o¢)7

and p; = max{1,1} = 1 = 172/(0+d/(4s)+1/2) "5 claimed. If instead n > 1, the map x — n®
is strictly increasing; negating the two exponents reverses the strict inequality of Step 1, and
applying x — n® then preserves the reversed inequality, so

n72a/(2a+1) < n72/(1+d/(4s)+1/a) )

In either case the maximum in Definition 4 is attained by the covariate-smoothness term, that
is,
P = n72/(1+d/(4s)+1/a)'

Together with the strict comparison of Step 1, this is the desired conclusion. O

Lemma 4 gives the complementary algebra for 4s < d. In that regime the published bench-
mark is governed by the covariate-smoothness expression, and its exponent is smaller than the
exponent appearing in the same-class lower floor. The lemma thereby supplies the deficient-
regime exponent comparison.

The lower-bound input for the main results is the oracle floor obtained by perturbing the
treatment regression while keeping the density components within the slack baseline introduced
in Assumption 12. The construction is the usual local nonparametric testing argument in the
treatment coordinate [Stone, 1982, Tsybakov, 2009, Goldenshluger and Lepski, 2020], specialized
to the interior partial-mean functional.

Lemma 5. [lem:oracle-dose-regression-lower-all-beta] (All-Beta Oracle Floor) Fiz a
covariate dimension d € N and constants o, 3,8, M, cg, €0, to € R. Suppose that:

e (Positive smoothness.) o >0, >0, and s > 0.

e (Regime constants.) M >0, co >0, tp € (0,1), g9 € (0,1/2), and the window of radius
go around ty lies in the interior dose region.

o (Slack baseline.) The strict-slack baseline condition of Assumption 12 holds for
(dvﬁvsaMac()agOatO)‘

Then there exists a constant cor > 0 such that, for all sufficiently large n € N,
Rn(Pa,ﬁ,s(Ma €0, €0, to), tO) = Cor n—?a/(2a+1)‘

Here Py p.s(M,co,€0,t0) s the model class of Definition 2, and R, is the minimaz risk of
Definition 3.
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Proof of Lemma 5. Step 1 (baseline, outcome scale, and the reference bump). By the strict-slack
baseline condition of Assumption 12, fix a covariate density pg on [0, 1]%, a conditional treatment
density g on [0, 1], and a slack 9 > 0 with the properties listed there. Taking the order-0 bound
in the Holder condition on ¢y and combining it with gg > 0 gives, in particular,

0<gqola) <M —mng for every a € [ty — €0, to + €0],

so M —ng > 0. Put

M
B=—>0.
2>

Let v : R — R be a fixed smooth reference bump with
0<y <1, Y(z) =1 for [z] <1, P(z) =0 for |z] > 1,

in particular ¢(0) = 1, || < 1, and % has compact support, so all of its derivatives are bounded.
Step 2 (the amplitude gate). There is an amplitude A with

M B
0<r<— =2
SAS YT

such that, for every sign ¢ € {—1,1} and every bandwidth h € (0, 1], the scaled signed bump
lies in the treatment-direction Holder ball required by Definition 2:

(CL —> C)\haw(%)> S ,Ha(M; [to *80,750 +80]).

Indeed, write k = [a] — 1 for the largest integer strictly below a, let C; = sup, |\ (2)| < oo
for j < k, let Cy be an (o — k)-Hélder constant of »*) on R, and set

A = min % M >0
N 47 1+max{Cy, Co+ -+ Cy, 1} '

For j < k the j-th derivative of the scaled bump at a is (AR* 74U ((a — tg)/h), and h*—7 < 1
because 0 < h < 1 and j < k < a; hence its modulus is at most AC; < M. For the top order,
writing u, = (z — t9)/h and using |u, — uy| = |z — y|/h,

|z —y|**

i = ACu|r—y[* T < Mfw -y,

R0 () = ) () }| < ARTFCy

which is exactly the top-order Holder requirement of radius M.
Step 3 (the divergence budget and the constant). Set

B 16A2(M — n9)

K 72 )

let cx > 0 be the constant supplied by Lemma 2 for this budget, and define
Cor = 4ci A2 > 0.
Step 4 (bandwidth). For n > 1 put

h=h, = n—1/(2a+1)
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Since o > 0 we have 2a+1 > 0, so h,, — 0; hence for all sufficiently large n both 0 < A <1 and
h < gg hold. Moreover, for every n > 1,

n h2o+1 2041)/(2a+1) _ =1 — 1

=n- nf( =
Fix such an n from here on.
Step 5 (the two least favourable laws). For ( € {—1,1} define the perturbed treatment
regression
a — t()
h

and let P be the observed-data law generated as follows: draw X on [0, 1]¢ with density po;
independently draw A on [0, 1] with density go; and, given (A, X) = (a,z), draw Y from the
two-point channel ng(a,m) on {—B, B} of Lemma 1. The potential-outcome overlay is

Y, A=a,
Y(a) = {
pela, X), A#a.

By construction the law-side nuisances of P, are

,ug(a,m):C)\haz/)< >, a € [0,1], mE[O,l]d,

pp(a,z) = pc(a,x),  wplalz)=qo(a),  px,p. = Dpo.

Write Py = P_j and P} = Pyq. Because [(|=1,0<9¢ <1, 0<h<1and a>0 (so h* <1),

—t B
ue(a, ) =Ah“w<“ - °> <A< o,

so in particular |u¢| < B and each channel Q 1i¢ (a,x) 1S & genuine probability measure on {—B, B}.
Step 6 (both laws lie in the model class). We check the conditions listed in Definition 2 for

Pc, C S {—1, 1}

e Sampling. po > 0 with f[o jaPo =1, qo = 0 with fol go = 1, and each outcome channel is a
probability measure by the last display of Step 5; so P is a probability law under which
A€ [0,1] and X € [0,1]? almost surely, and the sample is n independent draws from it.

e Bounded outcome. Y € {—B, B}, so |Y|= B = M/2 < M almost surely.
e Interior dose. [ty — €p,to + €] C (0,1) is a hypothesis of the present lemma.

e Local positivity. mp.(a | ) = qo(a) > co +no > co for every a in the window and every
x € [0,1]%, by Assumption 12 and 79 > 0.

o Treatment-direction smoothness of the regression. This is exactly the conclusion of Step
2, since pp, (-, ) does not depend on z.

o Treatment-direction smoothness of the density. qo has Holder norm at most M — ng of
order 8 on the window, and M — g < M, so qo € HP(M;[to — €0, to + £0))-

e Covariate-direction smoothness of the regression. Since 1(0) =1,
pp (to, ) = CARY for every x € [0,1]%,
a constant function of z of modulus at most B < M by Step 5; a constant of modulus at

most M lies in H*(M;[0,1]%), all its derivatives vanishing.
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e Covariate-direction smoothness of the density. Likewise mp,(to | ) = qo(to) is constant in
x, of modulus at most M — 19 < M, hence in H*(M; [0, 1]9).

e Covariate density. py € H*(M — no;[0,1]%) € H*(M;[0,1]%), and 0 < pg < M — 19 < M
on the cube.

e Semantic ties. The channel @, has mean u, so Ep[Y | A = a, X = 1] = pc(a,z) =
e, (a,z); the X-marginal of P is po times Lebesgue measure on [0, 1]4; and the (4, X)-
law has Lebesgue density (a,z) — qo(a)po(x) = 7p,(a | )px p,(z) on [0,1] x [0, 1]¢, which
is exactly the required factorization.

e Causal overlay. Consistency Y = Y (A) holds by the definition of Y(-) in Step 5. For
ignorability, fix a; because A has a Lebesgue density the event {A = a} is null, so Y (a) =
pe(a, X) almost surely, a deterministic function of X alone; hence Y (a) is conditionally
independent of A given X.

Therefore Py, P1 € Py p,s(M, co, €0, to).

Step 7 (one-observation divergence). The two laws share the same (A, X)-law, with density
go(a)po(x), and differ only in the conditional outcome channel; since the observed pair (A, X) is
a function of the observation and each fibre channel is dominated by its counterpart, the chain
rule for divergence gives

1
KL(P07 Pl) = /[0 1]d/0 KL(Qu,l(a,x)a Qul(a,x)) QO(a’) po(.%’) dadz.

Fibrewise, |u—1(a,x)] < B/2 and |p1(a,x)| < B/2 by Step 5, so Lemma 1 applies with v =
p-1(a, x) and v = p(a, x); as

p-1(a, @) — p(a, z) = —2Aha¢<a ;Lt()) ,

it yields

2(p—1(a,z) — ul(a,x))z 8AZR2Y (a4 — 1o\ ?
KL(Qpu_ 1 (a)s Qp () < B2 =5 Y\ '

The bump concentrates the remaining integral: ¢ ((a —to9)/h) = 0 whenever |a — to| > h, so the
integrand vanishes outside (ty — h,to + h); on that interval, which is contained in the window
because h < &g, we have 12 < 1 and gy < M — g by Step 1; and the interval has length 2h.
Hence

1 2
a — to
/ 1/1< - > qo(a)da < 2(M — o) h.
0
Using f[o 14 Po = 1, the two previous displays combine to the one-observation estimate

8AZh2 16A%(M — 1) 2041

KL(P(), Pl) < B2 . 2(M - no)h = B2

Step 8 (tensorization and the budget). Each fibre channel puts mass at least 1/4 on each
of the two atoms £B, because |u¢| < B/2; consequently Py and P; are mutually absolutely
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continuous with integrable log-likelihood ratio, and the divergence between the n-fold product
laws tensorizes:
16A2(M — n0) 20+l _ 16A2(M — )
B2 - B2
the last equality by the calibration n h?*T! =1 of Step 4.
Step 9 (functional separation). Since 1(0) = 1 and f[o 1490 = 1,

KL(PZ", PE") < nKL(Py, P1) <n - K,

Op (to) = /[0 ” p¢(to, ) po(x) de = C)\haw(O)/ po(x) dx = (AR,

[0,1]

so the two target values are separated by
le (to) — 9P0<t0) = 2)\h*.

Step 10 (two-point reduction inside the minimax risk). Let 0,, be any estimator admissible
in Definition 3, that is, measurable with values in [—M, M]. For every P in the model class,
lup(to, )| < M and 0 < px p < M, and [0, 1]¢ has unit Lebesgue measure, so

0p(to)| = <M?  hence |0, —0p(to)| < M+ M.

/ pp(to, x)px, p(z) d
[0,1]4

Thus under every n-fold product law the squared loss is bounded by (M +M?)?2, so it is integrable
and the worst-case risk over the class is a finite supremum. Apply Lemma 2 with the n-sample
laws Qo = P¢", Q1 = PP", parameter values 6; = 0p,(t), budget K (available by Step 8) and
estimator T = én:

CK (9131 (to) — Op, (to))2 < zm:%ﬁ(/(é" —0Op, (tg))2 dPi®”.

Both Py and P; belong to the class by Step 6, so the right-hand side is at most the supremum
over P € Py ps(M,co,€0,t0) of the risk of ,. As 6, was arbitrary, taking the infimum over
admissible estimators preserves the bound, and with the separation of Step 9,

e (20h%)? < Ry(Pap,s (M, co, €0, to), o)

Step 11 (conclusion). Finally, by the choice of h in Step 4,

cK (2)\h0‘)2 = 4cp N2R2Y = ¢, (nfl/(2a+1)>2a - 20/(2041),

Combining the last two displays,
Ry (Pa,ps(M, co, €0, t0), to) > cop ™22/t

for all sufficiently large n, with co; = 4cxgA? > 0 depending only on the fixed model constants
and the slack baseline, not on n. O

Lemma 5 is the same-class lower-bound engine. Its conclusion is uniform in the sense relevant
for the paper’s exponent comparison: for each fixed admissible 8 > 0, the lower exponent is
2a/(2a + 1). The constant ¢,y may depend on the fixed model parameters and on the slack
available in Assumption 12; the stated uniformity concerns each fixed .
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B verification note

This appendix records the verification scope for the formal statements used in the paper. The
observed-data experiment, causal overlay, Holder dose class, target functional, minimax risk,
published benchmark sequence, auxiliary testing statements, algebraic rate comparisons, and
lower-bound consequences are represented by the numbered assumptions, definitions, lemmas,
propositions, theorems, and remarks displayed in the paper. The corresponding theorem state-
ments and their derivations are machine-checked in Lean 4.

The machine-checked part covers the consequences of the stated assumptions and auxil-
iary lemmas as they are formulated here. In particular, Assumption 1-Assumption 12 define
the statistical and causal restrictions used by the displayed results; Definition 1, Definition 2,
Definition 3, and Definition 4 fix the target, model class, risk, and comparison sequence; and
the auxiliary appendix lemmas supply the testing and algebraic inputs used to derive Theo-
rem 1, Theorem 2, and Theorem 3 together with Proposition 1. The verification establishes the
same-class lower-bound and rate-comparison statements, with the upper frontier identified as a
separate research question.

Several ingredients enter as mathematical assumptions or cited comparators. The causal
identification primitives in Assumption 10 and Assumption 11 are imposed conditions on the
observed-data law with its potential-outcome interpretation. The formal argument uses the
classical Le Cam minimax reduction at the level of the auxiliary testing lemma stated in the
appendix and verifies its consequences for the present model and rates. The Bonvini—Kennedy
result in Cited result 1, imported from Bonvini and Kennedy [2022], motivates the benchmark
sequence p, on its localized-regularity class; Definition 2 specifies the distinct same-class lower-
bound model studied here.

The Lean-oriented labels are therefore confined to cross-references and this reproducibility
note. In the main text they serve only to identify the precise assumptions and statements being
invoked. The econometric content of the paper is the lower bound over Definition 2, the algebraic
comparison with Definition 4, and the explicit separation between those same-class lower results
and the external higher-order influence-function comparator.

C Proofs of the main results

Proof of Theorem 1. 1. Instantiate the oracle floor. The theorem hypotheses provide the
inputs required by Lemma 5 for the same covariate dimension d and the same constants
a, 8,8, M,cy,e0,tg. The positive-smoothness assumptions give o > 0, f > 0, and s > 0.
The regime-constants assumptions give M > 0, ¢o > 0, ¢ty € (0,1), g € (0,1/2), and the
interior-window condition recorded in Assumption 3. The strict-slack baseline assumption
is Assumption 12 for the tuple (d, 3, s, M, co, €9, to), matching the slack-baseline input of
the lemma.

2. Apply the oracle floor. Applying Lemma 5 with these inputs yields a constant ¢, > 0 such
that, for all sufficiently large n € N,

Rn(pa,ﬁ,s(Ma €0, €0, t0)7 tO) > Cor n—2a/(2a+1).

Here the class is the model class of Definition 2, and R,, is the minimax risk of Definition 3.
The displayed tail bound is the conclusion of the cited oracle floor for the fixed treatment-
density smoothness parameter 5 > 0.
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3. Conclusion. Set ¢ = cor. Then ¢ > 0, and the inequality from Step 2 is equivalently
en~20/Qo+h) < R (P, 5.4(M, co, 0, t0), to)

for all sufficiently large sample sizes n. This is the asserted positive constant and eventual

lower bound over the model class of Definition 2 for the minimax risk of Definition 3.
O

Proof of Proposition 1. 1. The positive-smoothness, regime-constant, and baseline-slack hy-
potheses assumed here —a >0, 8 >0,s >0, M >0, ¢ > 0, typ € (0,1), g9 € (0,1/2),
[to — €0,to +€0] C (0,1), and Assumption 12 for (d, 8, s, M, co, €9, tg) — are the hypotheses
required by Theorem 1. Applying that result gives a constant ¢ > 0 such that, for all
sufficiently large sample sizes n,

cn 220 < R (Pa,p.s(M, co, €0, to), to) -
Fix this ¢ for the rest of the proof.

2. Intersect the eventual lower-bound event supplied by Theorem 1 with the eventual sample-
size event n > 1. Equivalently, after increasing the sufficiently-large threshold if necessary,
every sample size under consideration satisfies both n > 1 and the lower-bound inequality
supplied by Theorem 1.

3. For any such n, the hypotheses o > 0, s > 0, d < 4s, and n > 1 are the hypotheses of
Lemma 3. Hence the published benchmark rate satisfies

Pn = n—2a/(2a+1) )

4. For the same n, the lower-bound inequality supplied by Theorem 1 gives
en 20/ Ratl) < R, (Pa,p,s(M, co, €0, t0), to) -
The identity supplied by Lemma 3 rewrites cp,, as en~20¢/(e+D) and therefore
cpn < Ry(Pap,s(M,co,€0,t0),t0) -

This holds on the same eventual set of sample sizes. Together with ¢ > 0 and the displayed

identity for p,, it is the assertion of Proposition 1.
O

Proof of Theorem 2. 1. The smoothness, regime-constant and strict-slack hypotheses
assumed here — a > 0, 8 > 0, s > 0, M > 0, ¢ > 0, to € (0,1), g9 € (0,1/2),
[to — €0, to + €0] C (0,1), and Assumption 12 for (d, 3, s, M, co,c0,t9) — are exactly the
hypotheses of Theorem 1; the smooth-covariate condition d < 4s is not needed for this
step and is used only in Step 3. That theorem therefore supplies a constant ¢ > 0 and a
threshold n; with

cn~20/(2041) < Ry, (Pap,s(M,co,€0,1t0), to) for every n > nj.

Fix this ¢; it is the constant asserted in the statement.
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2. Set ng = max{n, 1}. For every n > ng both the displayed lower bound of Step 1 and the
elementary condition n > 1 hold; this is the intersection of two eventual conditions, and
the conjunction asserted by the theorem is claimed only for such n.

3. Fix n > ng. The hypotheses @ > 0, s > 0, d < 4s and n > 1 are exactly those of Lemma 3,

SO
2041)

Y

pn = n~ 2/ equivalently —~ n~2/CGatlh) — ,

which is the second assertion of the theorem, in the orientation in which it is stated.
Holding this identity together with the lower bound of Step 1 on the same range n > ng
gives, for the same constant ¢ > 0, the asserted eventual conjunction of the lower bound

and the exponent identity.
O

Proof of Theorem 3. 1. The regime-constant and strict-slack hypotheses assumed here —
a>0,8>0,s>0, M>0,c0>0,t € (0,1), g0 € (0,1/2), [to — €0,t0 + €0] C (0,1),
and Assumption 12 for (d,3,s, M, cg,e0,t9) — are exactly the hypotheses of Lemma 5;
the deficient-covariate condition 4s < d is not used for this step and enters only in Step 3.
That lemma, therefore supplies a constant ¢ > 0 and a threshold n; with

Ry (Pa,g.s(M, co, €0, t0), to) > cn =2/ (otl) for every n > nj.

Fix this ¢; it is the constant asserted in the statement. Note that the lower floor is
established for the given fixed § > 0 and its exponent does not involve f3.

2. Set ng = max{nj, 1}. For every n > ng both the display of Step 1 and the elementary con-
dition n > 1 hold; this is the intersection of two eventual conditions, and the conjunction
asserted by the theorem is claimed only for such n.

3. Fix n > ng. The hypotheses & > 0, s > 0, 4s < d and n > 1 are exactly those of Lemma 4,
which gives both the deficient-regime formula

pp = 2/ (+d/(45)41/0)

and the strict comparison of exponents

2 < 2a
14+d/(4s)+1/a ~ 2a+1

4. On the common range n > ng, the lower bound of Step 1, rewritten in the orientation of
the statement as
Cn_Qa/@OH_l) < Rn<Pa,B,s(M7 €0, €0, t0)7 tO) s

holds together with the two conclusions of Step 3. That conjunction, with the constant
¢ > 0 fixed in Step 1, is exactly the assertion of the theorem: the certified lower floor sits at
the treatment-regression exponent 2a/(2a + 1), while the published benchmark sequence

is the covariate-smoothness power, whose exponent is strictly smaller.
O
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