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Abstract

This paper studies estimation of the partially linear coefficient 6y, the treatment coeffi-
cient, when the treatment innovation is independent of covariates, sub-Gaussian, and sepa-
rated from Gaussianity by a fixed nonzero cumulant. The identifying resource is a zero of the
treatment-innovation moment-generating function: the associated polynomial-exponential
weight annihilates real shifts induced by treatment-code error, and a contour average of ob-
servable residual transforms identifies 6y under the stated boundary zero-freeness, nuisance
zero-freeness, and positive-count conditions.

The statistical theorem is a fixed-code result. For fixed primitive constants, i.i.d. product
sampling, the partially linear conditional-mean restrictions, bounded coefficient and regres-
sion ranges, sub-Gaussian treatment and outcome-noise envelopes, a nonempty fixed-code
class, and the displayed current L!'(Px) treatment-code radius gate, where Py is the co-
variate marginal, a finite translated-dyadic contour bank and a total Borel statistic attain
matched ¢/n and C/n mean-squared-error bounds on the non-Gaussian spectral class. For
v € (1/2,1), where ~ is the probability level, the same statistic controls the generalized lower
(1 — 7)-quantile of absolute error by order (yn)~'/2.

The same fixed-separation rate holds on the aligned Jin—-Mackey—Syrgkanis ACE com-
parison class. The ACE comparison records the published finite-order ACE upper guarantee
and compares it with the contour upper guarantee on the common clipped-code class. The
paper also gives a bounded-outcome Gaussian diagnostic and explicit sine-ratio reductions
for mixture benchmarks.

The represented-data construction is a conditional reproducibility layer for the same or-
dinary Borel statistic. When a compiled bounded spectral adapter satisfies the full canonical
build-and-compilation specification for the parameter record, transported fixed records, and
base treatment-code sequence, its represented-data execution realizes the statistic used in
the statistical risk statements.

1 Introduction

Partially linear models are a standard way to separate a low-dimensional structural coefficient
from flexible covariate regressions. In the model studied here, the observed data are triples
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O = (X,T,Y), the treatment regression is go(X) = E[T" | X], the outcome regression is go(X) =
E[Y | X], and the target is the partially linear coefficient y in the conditional mean

EY | X,T] = qo(X) + 00{T — go(X)}.

Classical semiparametric theory and modern double/debiased machine learning estimate this
coefficient by orthogonalizing treatment and outcome variation around nuisance regressions
[Robinson, 1988, Newey, 1990, 1994, Newey and McFadden, 1994, Bickel et al., 1993, van der
Vaart, 1998, van der Vaart and Wellner, 1996, Belloni et al., 2014, Chernozhukov et al., 2018].
Higher-order orthogonality and ACE methods refine this idea by exploiting additional structure
in nuisance errors and treatment residuals [Robins et al., 2008, Liu et al., 2017, Newey and
Robins, 2018, Liu et al., 2016, Mackey et al., 2018, Jin et al., 2025]. This paper develops a
complementary fixed-separation construction based on non-Gaussian treatment innovations.

The statistical decision problem fixes the supplied clipped treatment and outcome codes at
the current sample size. The risk bounds compare laws compatible with that same code pair; if
the codes are obtained from an external training stage, the theorem applies after conditioning on
the training output. The finite-arithmetic material supplies a conditional reproducibility clause
for represented-data executions that satisfy the displayed build contract.

Four statements organize the paper. First, the contour identification theorem recovers 6
from an observable population contour ratio under the displayed zero-free and positive-count
conditions. Second, under the theorem’s fixed-code nonemptiness, sampling, and radius condi-
tions, the fixed-code minimax theorem gives matched ¢/n and C'/n mean-squared-error bounds
on the broad non-Gaussian spectral class and the aligned Jin-Mackey—Syrgkanis ACE class.
Under the same fixed-code hypotheses, the same contour statistic also has a generalized lower
(1 — 7)-quantile upper bound of order (yn)~/2. Third, the ACE alignment proposition com-
pares the published finite-order ACE upper guarantee with the contour upper guarantee on the
common clipped-code class. Fourth, the bounded-outcome Gaussian diagnostic characterizes
the comparison class by its implied target and fixed-code risks. Here Px denotes the covariate
marginal, r the ACE order, § the cumulant-separation level, v the probability level, and ¢? the
Gaussian innovation variance.

The identifying resource is a zero of the treatment-innovation moment-generating function.
Let n = T — go(X) denote the treatment innovation and let M(z) = E[e*"]. When M has a zero
2o of multiplicity ¢, the polynomial-exponential weight .J,, /(w) = w’ 'e®® annihilates every
shifted innovation 7 + d. This shift invariance is useful for code residuals: if Z, =T — g,(X) =
N+ {g0(X) — gn(X)}, where g, is the clipped supplied treatment code, then the same zero
generates conditional moments for Z,. Theorem 1 gives the resulting known-zero ratio, and
Lemma 1 and Theorem 2 turn the ratio into an observable contour identity.

The contour identity is the paper’s population mechanism. The residual transform F,(z) =
El[e*%n] factors as M (z)H,,(z), where H,(z) = E[e*190(X)=3:(X)}] i5 the nuisance transform. The
outcome-weighted transform G, (z) = E[Ye*?"] decomposes into a derivative term carrying 6
and an analytic contamination term. On any circle where Fj, is zero-free on the boundary, H,
is zero-free on the closed disk, and the enclosed zero count is positive, the normalized contour
integral of G,,/F, equals 6p. This places the argument in the transform-based identification
tradition [Feuerverger and McDunnough, 1981, Singleton, 2001, Chacko and Viceira, 2003, Car-
rasco et al., 2007, Carrasco, 2017, Kagan et al., 1973, Mattner, 1992, D’Haultfoeuille, 2011,
Darolles et al., 2011, Hu and Shiu, 2022].



Estimator in words. The statistic splits the sample deterministically. The pilot fold scans
a fixed finite bank of circles, keeps circles whose empirical residual transform has a positive
boundary modulus and a positive decoded winding count, and chooses an admissible circle by
the displayed lower-modulus rule with an index tie-break. The evaluation fold computes the
normalized contour ratio of the outcome-weighted transform to the residual transform on that
selected circle. Clipping to the fixed coefficient range makes the statistic total on every ordinary
sample.

The main statistical result is fixed-separation and fixed-code. Under the non-Gaussian spec-
tral class in Definition 3, the treatment innovation is independent of covariates, sub-Gaussian,
and has a fixed nonzero (r + 1)st cumulant bounded below by §. Lemma 3 converts this cumu-
lant separation and the treatment-tail scale into an explicit disk containing a transform zero.
Lemma 8 constructs a finite translated-dyadic bank of circles with a positive dyadic boundary-
modulus certificate. The L!(Pyx) treatment-code condition in Assumption 16 keeps H,, sepa-
rated from zero on the search disk, as shown in Lemma 10. Empirical transform concentration
in Lemma 9 then supplies the stochastic control needed for the selected contour ratio.

The resulting estimator is the total Borel statistic fspec,, in Algorithm 1. Theorem 3 states
that, for fixed primitive constants and sufficiently small current L!(Pyx) treatment-code radius,
this statistic attains

sup Ep{(Bspecn — b0(P))?} < C/n,
PePnG,n(p;base)
while the fixed-code non-Gaussian minimax risk is bounded below by ¢/n. Thus the fixed-code
mean-squared-error rate is ©(n~!). For v € (1/2, 1), the same theorem controls the generalized
lower (1 —+)-quantile of absolute error by order (yn)~/2, and it gives the parallel fixed-code re-
sult on the Jin—-Mackey—Syrgkanis ACE comparison class. Theorem 4 records the corresponding
sequence-level statement for experiments sharing the same primitive constants.

The comparison with ACE is stated as a comparison of upper guarantees on a common
cumulant-separated domain. Lemma 5 aligns the published ACE class with the broad spectral
class and its L®(Px )-restricted subclass. Proposition 1 then records the published order-r ACE
generalized-quantile guarantee from Jin et al. [2025] and the spectral guarantee on the same
clipped-code ACE class. Along the displayed nuisance-dominance sequences, the ratio of the
contour upper guarantee to the imported finite-order ACE upper guarantee tends to zero. This
is an upper-bound comparison on the common clipped-code class. The minimax lower bound
used for the ACE class is class-level over all estimators on that fixed-code class, as in Theorem 3.

The Gaussian comparison characterizes the bounded-outcome Gaussian intersection in Def-
inition 4. That class combines a nondegenerate Gaussian treatment innovation with bounded
observed outcomes and the exact partially linear conditional mean. Proposition 2 shows that
these restrictions force 6y(P) = 0, and consequently the corresponding fixed-code Gaussian
mean-squared and generalized-quantile minimax risks are zero whenever the class intersection
is nonempty. This result is a diagnostic for that simultaneous set of source assumptions.

Two explicit one-dimensional benchmarks illustrate the contour mechanism. Proposition 3
treats the symmetric mixture 3N(—1,1) + 1 N(1,1), whose transform has a known imaginary
zero and whose sine-ratio estimator attains C'/n risk under the stated range, tail, independence,
and L'(Pyx) treatment-code conditions. Lemma 7 and Theorem 5 give a Gaussian—Rademacher
path and a local ACE oracle envelope, making the dependence on a shrinking fourth-cumulant
magnitude explicit. These benchmarks connect the analysis to non-Gaussian identification ideas
in independent component analysis and structural econometrics [Comon, 1994, Hyvérinen and



Oja, 1997, Hyvérinen et al., 2001, Lanne et al., 2017, Lee and Mesters, 2024, Hoesch et al., 2024,
Reizinger et al., 2025].

The computational statement is a conditional output-correspondence theorem. Defini-
tion 17 and Algorithm 1 use the same primitive records for the ordinary Borel statistic and
for represented-data execution. For any compiled bounded spectral adapter satisfying the
full canonical build-and-compilation specification for the parameter record, transported fixed
records, and base treatment-code sequence, the represented-execution clause in Theorem 3
states that the represented-data execution realizes the same statistic. The appendix records
proof and deferred-detail information for the paper’s formal statements.

The paper proceeds as follows. The setup section defines the partially linear experi-
ment, supplied-code restrictions, law classes, quantile criterion, and minimax risks. The
zero-instrument section proves the known-zero and contour-identification identities. The main
fixed-separation section gives zero localization, the contour statistic, and the fixed-code minimax
theorem. The comparison section aligns the spectral, ACE, and Gaussian benchmark classes.
The mixture section gives explicit sine reductions and local benchmarks. The limitations and
future-work section states the local-to-Gaussian adaptation agenda. The appendices collect
analytic, empirical-process, lower-bound, certified-construction, verification, and deferred-proof
details.

2 Related work

The partially linear model originates in semiparametric regression, where a parametric coeffi-
cient is estimated alongside a nonparametric function of covariates [Engle et al., 1986, Speckman,
1988]; Robinson [1988] gave the root-n consistent residualized estimator that remains the ref-
erence construction, Hardle and Mammen [1993] developed the associated specification testing,
and Hérdle et al. [2000] give the monograph treatment. Partially linear models are a central
workhorse for semiparametric estimation of low-dimensional structural coefficients in the pres-
ence of high-dimensional or otherwise flexible nuisance functions. The classical formulation
and efficiency theory connect the coefficient 6y, the partially linear coefficient, to residualized
treatment variation after removing the treatment regression and outcome regression [Hansen,
1982, Newey, 1990, 1994, Newey and McFadden, 1994, Bickel et al., 1993, van der Vaart, 1998,
van der Vaart and Wellner, 1996]. Modern double/debiased machine learning builds on the same
orthogonalization principle by allowing flexible first-stage estimates while preserving first-order
stability of the target moment [Belloni et al., 2014, Chernozhukov et al., 2018]. Within that
tradition, the present paper focuses on a partially linear coefficient estimated from supplied
treatment and outcome codes, and studies the additional identifying information carried by
non-Gaussian treatment innovations.

A closely related line of work studies higher-order orthogonality and influence-function ex-
pansions for nuisance-robust semiparametric estimation. Higher-order constructions refine the
first-order orthogonal-score idea by exploiting additional smoothness or distributional structure
in nuisance errors [Robins et al., 1994, van der Laan and Rubin, 2006, Robins et al., 2008, Liu
et al., 2017, Newey and Robins, 2018, Liu et al., 2016, Chernozhukov et al., 2022]. For the par-
tially linear model, Mackey et al. [2018] identify the role of non-Gaussian treatment residuals in
higher-order orthogonal learning. Jin et al. [2025] give the closest finite-order comparison point:
their published order-r ACE guarantee, with ACE order r, controls the 1 — « error quantile,



where v is the probability level, by a constant multiple of
€1 ne2,n + Cge’{j;l + (yn) V2,

where €1 5, and €3 5, are the treatment- and outcome-code radii, Cy is the coefficient-range bound,
and n is the sample size. The explicit prefactor r!1676~!, with § denoting the cumulant-
separation level, makes the comparison sensitive to the finite order and to the amount of non-
Gaussian separation.

The direct L'(Pyx) gate in the contour theorem plays a different operational role from the
JMS pair of L"(Px) treatment and outcome radii. The contour gate controls the treatment-
code perturbation of the residual transform and preserves the zero geometry; the ACE eligibility
quantities in Definitions 8 and 10 also use the outcome-code radius and the order-r finite-
difference scale. On bounded covariate-regression ranges, an L"(Pyx) treatment radius at level
€1,n gives the corresponding Ll(PX) treatment control, so the common ACE class lies inside
the contour class through Lemma 5. The contour result therefore asks the treatment code to
meet the displayed small-radius gate, while the published ACE guarantee asks the treatment
and outcome radii to meet the JMS eligibility inequalities.
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This translation gives concrete nuisance-rate regimes for the comparison in Proposition 1. If
€1n =n % and g9, = n~t, the ACE nuisance part dominates sampling when min{ra + b, (r +
1)a} < 1/2, subject to the JMS eligibility and contour small-radius gates; in that regime the
ratio of the contour upper guarantee to the imported finite-order ACE upper guarantee tends to
zero on the common clipped-code class. If min{ra+b, (r+1)a} > 1/2, the ACE upper guarantee
and the contour upper guarantee are both governed by the sampling term up to constants and
eligibility factors. These comparisons concern the available upper bounds on the aligned class.

The contour approach developed here represents the same source of identifying variation
through zeros of the treatment-innovation moment-generating function and converts those zeros
into instruments and contour ratios. Transform methods have a long history in econometrics
and statistics, including characteristic-function estimation, empirical transform methods, and
moment-generating-function arguments [Feuerverger and McDunnough, 1981, Singleton, 2001,
Chacko and Viceira, 2003, Carrasco et al., 2007, Carrasco, 2017]. The classical foundation for
reading distributional structure off a transform is Marcinkiewicz’s theorem, that a characteristic



function of the form exp(P) with P a polynomial forces deg P < 2 and hence a Gaussian law
[Marcinkiewicz, 1939]. In this paper’s centered sub-Gaussian envelope, the fixed cumulant-
separation condition yields the explicit zero-localization conclusion in Lemma 3: the treatment-
innovation MGF has a zero inside the displayed disk. The zero-based step also connects to
classical results on distributions, transforms, and completeness [Kagan et al., 1973, Mattner,
1992, D’Haultfoeuille, 2011, Darolles et al., 2011, Hu and Shiu, 2022]. In the present setting,
those tools are applied to residualized treatment variation formed with a supplied treatment
code, so the analytic question becomes stability of transform zeros under L'(Px) treatment-
code perturbations.

Non-Gaussianity is also a recurring identifying resource in independent component analy-
sis, structural shock recovery, and related econometric models [Comon, 1994, Hyvérinen and
Oja, 1997, Hyvarinen et al., 2001, Lanne et al., 2017, Lee and Mesters, 2024, Hoesch et al.,
2024, Reizinger et al., 2025]. Relatedly, Andrews [2017] exhibits families that are L2-complete
or boundedly complete, the property that makes a vanishing transform functional informa-
tive under the relevant class. The construction here uses non-Gaussianity through localized
transform-zero geometry: it localizes a transform zero and integrates the observable ratio on a
selected circle around the enclosed zero structure. The paper applies that resource in a par-
tially linear estimation problem: cumulant separation supplies a transform zero, and the contour
construction converts the resulting analytic geometry into a coefficient estimator. This places
the contribution between higher-order semiparametric learning and non-Gaussian identification,
with the comparison to ACE made on the common cumulant-separated class where both sets of
assumptions are imposed.

The fixed-separation statistical statement is expressed in minimax terms. Under fixed cumu-
lant separation and stable supplied treatment codes, the contour estimator attains the parametric
n~! mean-squared-error order over the non-Gaussian spectral class, while the comparison with
Jin et al. [2025] records the published ACE generalized-quantile upper guarantee on the aligned
ACE class. The sequence comparison in Proposition 1 is an upper-guarantee comparison on
the common clipped-code class: when the displayed ACE nuisance terms dominate n~1/2, the
ratio of the fixed-separation contour upper guarantee to the imported finite-order ACE upper
guarantee tends to zero.

Finally, the finite-construction component draws on computable analysis and interval arith-
metic. The relevant background treats real-number computation, constructive numerical repre-
sentations, and certified interval enclosures [Weihrauch, 2000, Ko, 1991, Moore, 1966]. Those
tools provide the arithmetic substrate for the contour bank and represented-data statistic, while
the statistical exposition keeps the identification and risk arguments in standard econometric
form.

3 Setup and assumptions

We use generic constants ¢ and C only in later bounds, where their dependence is stated locally.
All norms are taken under the law displayed in the surrounding statement, and LP(Px) denotes
integration with respect to the covariate marginal. The sample index is fixed within each finite-n
experiment, while class constants and code-radius sequences are carried by the parameter record.
Asymptotic comparisons in later sections vary the sample size through these records, with the
order pair, tail scales, cumulant separation, and range bounds held according to the relevant
theorem hypotheses.



The basic experiment is a partially linear model with deterministic supplied codes for the
treatment and outcome regressions. The first definition records the numerical constants, the
split convention, and the exact sub-Gaussian norm convention used throughout.

3.1 Fixed-code decision problem

The supplied treatment and outcome codes are inputs to the current finite-n decision problem.
At sample size n, the estimator uses the clipped pair (gy, G,), and the risks below compare laws
whose current clipped code pair agrees with that same input. The data used in the risk bound
are then the i.i.d. product sample from the law under evaluation, with the code pair treated as
fixed for that experiment.

This convention is the one used by the minimax criteria in Definition 9 and by the fixed-
code classes in Theorem 3. When the supplied codes come from an external training stage, the
theorem applies through the deterministic code pair obtained after conditioning on that training
output, or through any deterministic code sequence fixed before the product-law sample is drawn.
The theorem’s code-radius assumptions are assumptions about that current clipped pair under
the covariate marginal Px.

Definition 1. [def:model-parameters| (Parameter record and standing conventions) A pa-
rameter record fizes a sample size n > 1, an order pair v,k € N with

k=r+1, r>2,
a comparison exponent s € [0, 00] with s > r, a probability level v € (1/2,1), positive constants
06'7 Cg7 CQ7 1/}777 ¢§7 5) o> 07

and two code-radius sequences 1,2 : N — R that are nonnegative and nonincreasing on positive
indices; their values at n are written €1, and €2 .

Two conventions are used throughout: N(m,v) denotes the Gaussian law on R with mean m
and variance v, and Ppf =n=t3"" | f(O;) denotes the empirical average of f over the sample.
The sample is split into the two deterministic folds

Ip={i:i<|n/2]}, Iy ={i:i>[n/2]},

written I, for a € {0,1}.

For a real random wvariable W and t > 0, the Luzemburg sub-Gaussian convention is
that ||W ||y, < t means Elexp(W?/t?)] < 2, and its conditional form |[W ||y, x < t means
Elexp(W?/t?) | X] < 2 almost surely.

The observation-level model follows the usual partially linear decomposition, with gg and qg
denoting the treatment and outcome regressions and with supplied code sequences clipped to
the fixed ranges in Definition 1.

Definition 2. [def:plm-model] (Observed-data partially linear model) An observation is the
triple O = (X, T,Y), where X takes values in a measurable covariate space X and T,Y € R.
A model over a parameter record consists of a probability law P for O under which T and Y
are integrable, a real coefficient 0y, measurable regression functions gg,qo on the covariate space
with

90(X) =Ep[T | X],  q(X)=Ep[Y |X]



P-almost surely, and deterministic measurable supplied code sequences § = (gn)nen and q =
(Gn)nen for go and qo. The treatment and outcome innovations are

n="T-go(X), §=Y —qo(X) — bon,
and the clipped supplied codes at index n are
gn(‘r) = min{max{gn(x)7 _Cg}a Cg}7 Qn(x) = min{max{@n(ﬂﬂ), _Cq}a Cq}

The covariate marginal of P is written Px. A model is written m, and when the law has to be
displayed the coefficient is written 0y(P).

The sampling and structural restrictions are collected next. They separate the finite-sample
product experiment, the partially linear conditional mean, the bounded ranges, and the tail and
cumulant conditions that define the statistical classes.

Assumption 1. [ass:iid-sampling] (Li.d. sampling) Under Definitions 1 and 2, the obser-
vations satisfy
O1,...,0, S P,
The i.i.d. sampling condition is the standard finite-sample product-law setup for orthogonal
and semiparametric procedures [Chernozhukov et al., 2018]. It fixes the probability space on
which all estimators and generalized quantiles below are evaluated.

Assumption 2. [ass:independent-treatment-noise| (Independent treatment noise) Under
Definitions 1 and 2, the treatment innovation is independent of the covariates:

nl X.

Independent treatment noise is the standard residual independence condition used in the
cumulant-based partially linear comparison [Jin et al., 2025]. In this paper it also makes the
treatment-innovation transform a law-level object separate from the covariate distribution.

Assumption 3. [ass:outcome-mean-independence| (Outcome mean independence) Under
Definitions 1 and 2, the outcome innovation has conditionally mean zero:

Ep[¢| X, T]=0
almost surely.

Outcome mean independence is the standard partially linear conditional mean restriction
[Robinson, 1988]. It pins down the coefficient through the conditional mean of Y given X and
T.

Assumption 4. [ass:theta-range| (Coefficient range) Under Definitions 1 and 2, the partially
linear coefficient satisfies
’90‘ < Cy.

The coefficient range is the standard bounded target range condition in the JMS comparison
framework [Jin et al., 2025]. It supplies a common compact parameter range for minimax risks
and clipped estimators.



Assumption 5. [ass:g-range| (Treatment-regression range) Under Definitions 1 and 2, the
treatment regression satisfies
190llec < Cy-

The bounded treatment regression condition is standard in the same comparison class [Jin
et al., 2025]. It also aligns the supplied treatment code with the clipping radius used in Defini-
tion 2.

Assumption 6. [ass:qg-range] (Outcome-regression range) Under Definitions 1 and 2, the
outcome regression satisfies
[q0]loc < Cq.

The bounded outcome regression condition is the standard common sub-Gaussian PLM
range condition [Jin et al., 2025]. Together with the treatment and coefficient bounds, it fixes
the envelope in which the supplied outcome code is compared.

Assumption 7. [ass:bounded-gaussian-outcome| (Bounded outcome) In the setting of Def-
wiations 1 and 2, the outcome Y satisfies

yi<c,
almost surely.

The bounded observed-outcome restriction is the standard bounded-Y condition in the si-
multaneous Gaussian comparison experiment [Jin et al., 2025]. It is used only for that Gaussian
intersection class.

Assumption 8. [ass:eta-subgaussian| (Treatment-noise sub-Gaussianity) In the setting of
Definitions 1 and 2, with the Luxemburg convention

W ||y, = inf{u > 0: Eplexp(W?/u?)] < 2},
the treatment innovation n satisfies
17l < n-

The treatment-tail condition is the standard uniform sub-Gaussian treatment-noise require-
ment under the exact Luxemburg convention [Jin et al., 2025]. The convention matches the
concentration and transform-envelope bounds used later; background sub-Gaussian facts follow
the usual conventions in Vershynin [2018] and Wainwright [2019].

Assumption 9. [ass:xi-subgaussian] (Outcome-noise sub-Gaussianity) In the setting of
Definitions 1 and 2, the outcome innovation £ satisfies

nglbz\X < wf

almost surely.

The outcome-tail condition is the standard uniform conditional sub-Gaussian outcome-noise
restriction [Jin et al., 2025]. It provides the conditional exponential-square control needed for
empirical outcome-weighted transforms.



Assumption 10. [ass:cumulant-separation| (Cumulant separation) In the setting of Defi-
nitions 1 and 2, the kth cumulant of the treatment innovation n satisfies

|kr(n)] = 0.

Cumulant separation is the standard Jin-Mackey—Syrgkanis nonzero cumulant condition
with a uniform separation level [Jin et al., 2025]. In the contour analysis, the same lower bound
supplies the non-Gaussian signal that later yields transform zeros.

The supplied-code restrictions specify how the deterministic first-stage codes enter the sta-
tistical classes. The L*(Px) conditions give a common language for comparison with ACE, the
L"(Px) versions match the published order-r condition, the Gaussian condition defines the com-
parison experiment, and the L!(Py) condition is the stability requirement used by the contour
class.

Assumption 11. [ass:treatment-code-radius| (Treatment-code radius) In the setting of
Definitions 1 and 2, for every n,
1Gn — gollLs(Px) < 1m0

The L*(Pyx) treatment-code radius is a standard structure-agnostic supplied-code uncertainty
set [Jin et al., 2025]. It measures the current-index treatment-code error under the covariate
marginal.

Assumption 12. [ass:outcome-code-radius| (Outcome-code radius) In the setting of Defi-
nitions 1 and 2, for every n,

1@n — qollzs(Px) < €2n-

The matching L*(Px) outcome-code radius is the standard supplied-code uncertainty set for
the outcome regression [Jin et al., 2025]. It places the outcome code and treatment code on the
same comparison scale.

Assumption 13. [ass:jms-treatment-code-radius] (Treatment-code L" radius) In the no-
tation of Definitions 1 and 2, for everyn > 1,

1gn — gollzr(Px) < €1,

The L"(Px) treatment-code radius is the standard Theorem 5.4 treatment-code uncertainty
set in the JMS ACE guarantee [Jin et al., 2025]. It is stated separately because the published
finite-order bound is indexed by the ACE order r.

Assumption 14. [ass: jms-outcome-code-radius| (Outcome-code L" radius) In the notation
of Definitions 1 and 2, for everyn > 1,

1Gn — qollLr(py) < €2,

The L"(Px) outcome-code radius is the corresponding standard Theorem 5.4 outcome-code
uncertainty set [Jin et al., 2025]. It is paired with Assumption 13 in the ACE comparison class.

Assumption 15. [ass:gaussian-treatment-noise| (Gaussian treatment noise) In the nota-
tion of Definitions 1 and 2, the treatment innovation satisfies

n ~ N(0,0?).

10



The Gaussian treatment-noise condition is the standard known-variance Gaussian experi-
ment used in Theorem 3.2 of Jin et al. [2025]. It defines the Gaussian benchmark class against
which the non-Gaussian contour class is compared.

Assumption 16. [ass:11-treatment-code-radius] (Treatment-code L! radius) In the nota-
tion of Definitions 1 and 2, for everyn > 1,

1n — gollz1(Py) < €1

The L'(Py) treatment radius is specific to this analysis. It is the stability condition that
controls the code-residual perturbation of the treatment transform in the contour argument.
Throughout, a code residual means Z,, = T — g,(X) formed with the deterministic supplied
clipped code g,. All risk statements condition on deterministic supplied clipped treatment and
outcome codes and evaluate fixed-code performance at the current sample index.

We now package these restrictions into the law classes used by the main theorem and by the
ACE and Gaussian comparisons. The broad spectral class keeps the cumulant-separated treat-
ment noise and the L!(Py) treatment-code control that are needed for the contour construction.

Definition 3. [def:non-gaussian-class| (Non-Gaussian class Png) Using the notation of
Definitions 1 and 2, and with the structural conditions recorded in Assumptions 2 to 6 and 8
to 10, define

go(x) =Ep[T | X =z, qo(z)=EplY | X ==z,
EplY | X, T] = qo(X) + 0o(PH{T — go(X)},
n=T-go(X), &=Y —q(X)—0b(P)n,
Prnen =4 P: nlX, Ep[{|XT]=0,

100(P)| < Co,  lgolloo < Cy,  llaolloe < Cqs
My < s [€llgax < e,

[Krs1 ()] =6, g — gollLr(py) < €1

Thus membership in Pna,n 5 exactly determined by the displayed law, range, tail, cumulant-
separation, and treatment-code radius conditions.

The bounded-outcome Gaussian class uses the same partially linear residual functionals but
imposes Gaussian treatment noise and the supplied-code restrictions at exponent s. It is the
source-stated Gaussian comparison class for the diagnostic and minimax criteria below.

Definition 4. [def:gaussian-class|

1<n, Ep[¢| X,T] =0 P-a.s., £ € L}(P), |6| < Cy, |Y| < Cy P-a.s.,
PJMS =¢P: nl X, n~N(0,0?), |go(z)| < Cy Px-a.e.,
1Gn — gollLs(Py) < €1ms lan — q0llLs(Py) < €2

Here go, qo,m, & are the residual functionals determined by P in Definition 3.

The ACE comparison class records the published cumulant-separated setup at order r. Its
member conditions mirror the preceding assumptions while using the L"(Pyx) code radii that
enter the JMS finite-order guarantee.
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Definition 5. [def:jms-ace-class| (JMS ACE comparison class P;P\C/[En) Fiz an admissible

parameter record with positive sample-size coordinate and
kE=r+1, 2<r, r <s, v e (1/2,1),
with
0<Cy, 0<Cy, 0<Cy 0<ty, 0<ve, 0<6, 0<o,
and with radius sequences satisfying
0<¢ejp<€ja (je{1,2}, 1<a<h).

At any positive class indexn, the JMS ACE comparison class P/il\é% ., consists of all model records
m whose observed-data component P is a probability law on O = X x R x R, carrying a real
0y, measurable functions go,qo : X — R, and deterministic measurable supplied code sequences
whose clipped versions are denoted gy and qy. The coordinates T and Y are P-integrable, and

the conditional-mean identities
90(X) = Ep[T" | X], qo(X) = EplY | X]

hold P-almost surely. Writingn =T — go(X) and £ =Y — qo(X) — On, the member conditions
in Assumptions 2 to 6 and 8 to 10 hold in the following form:

§€L1(P), EP[&‘XvT]:Ov 77J—X>
with the conditional-mean identity for & holding P-almost surely;
0ol < Co, lgo(@)[ <Cy,  ao(x)] < Cy,

with the displayed bounds on gy and qo holding for Px-almost every x;
(/) € 1P, [ ool i) dp <2,

exp(&2/yg) € L'(P),  Eplexp(&2/v¢) | X] < 2,

with the conditional tail bound holding P-almost surely; and

|kr1(n)| > 0, 1Gn — gollr(Py) < €105 1@ — qoll L (Py) < €2,n-

Risk comparisons use a generalized lower quantile for absolute estimation error. Because
v € (1/2,1), the controlled level 1 — « lies below one half, so @p1—+ is a lower quantile of the
absolute error and every quantile bound below is to be read on that scale. The definition is
stated for an arbitrary real sample statistic so it can be applied both to estimator errors and to
the published ACE quantile bound.

Definition 6. [def:generalized-quantile| (Generalized quantile Qp1—~(W)) In the sam-
pling setup of Assumption 1 and the notation of Definitions 1 and 2, let P be an observed-data
law, let n > 1, and let W =W (O,...,0,,) be a real-valued sample statistic. Under the product
law P®", write

Fy (t) = Pr{WWV < t}.

For v € (1/2,1), the generalized lower (1 — ~y)-quantile of W is
Qpa (W) = inf{t € R : Fy(t) > 1 - ).

This is the left-continuous generalized inverse of Fyy evaluated at probability level 1 — 7.
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The contour factorization in the next section is expressed through the covariate-level er-
ror made by the supplied treatment code. The following notation isolates that error and the
corresponding outcome-contamination transform.

Definition 7. [def:outcome-contamination| (Treatment-code error D,,, outcome contamina-
tion by, and its transform B,,) Fiz a law P, an index n, and the clipped supplied treatment code
Jn- The treatment-code error and the outcome contamination are the covariate functions

Dn(X) = go(X) = gn(X),  bp(X) = qo(X) — Oo{g0(X) — Gn(X)} = qo(X) — 6o Dn(X),
and the contamination transform is their weighted exponential transform
Bn(2) = Ep[b (X))t zeC.

For comparison with Jin et al. [2025], we also record the eligibility quantities that enter the
published order-r ACE condition. They combine code radii, sample size, tail scales, coefficient
range, and cumulant separation into the finite-order admissibility check.

Definition 8. [def:jms-eligibility-quantities| (JMS eligibility quantities a1y, b1 n, a2, b2.,)
Under the notation and conditions in Assumptions 4, 5, 8 to 10, 18 and 14 and Definitions 1
and 2, the four quantities entering the Jin—Mackey—Syrgkanis order-r eligibility condition at
index n are

ain = 2log<6(6’g+wn)> ) bl,n = log(ﬂ) ) az = 4(Cg + lbn),

E€1,n 9
200 min{1,Cy} o
max{sl,na €2.m5 (7”)71/2(%"'00%)}.

The minimax criteria are class-indexed and fix the supplied codes at the current sample size.
This keeps the decision problem focused on laws compatible with the same clipped code pair.

bQ,n =

Definition 9. [def :minimax-risks] (Minimax risks RN, RG, MC, ) For fized supplied code

n,1—~y
sequences, let g, and G, denote their current-index clippings to [—Cy,Cy] and [—Cy, Cy]. All
infima below range over measurable estimators based on O1,...,0,, and each supremum 1is

restricted to laws in the displayed class whose clipped treatment and outcome codes at index
n are g, and G,. Given a parameter record p and supplied code sequences g,q, a class C of
laws carries the notation C(p;gn, @n) for the subset cut out by this fized-code restriction, and
we write RN (p;3,7), RS (p;7,7), and Sﬁgl_,y(p; 9,q) for the three risks defined next whenever
their dependence on the parameter record and the supplied codes has to be displayed. Define the
non-Gaussian minimaz mean-squared risk by

RNG — inf sup Ep [(5 — ao(P))Q} .
9(017‘“’071;@717(7”) PGPNG,TL
Define the Gaussian JMS minimazx mean-squared risk by

MG —  inf sup Ep [(5— Go(P))ﬂ ,
0(O1,+,0n3Gn,@n) PEPIMS

For 1/2 <~ < 1, define the Gaussian JMS minimax generalized lower-quantile risk by

m??,l—’y =inf sup QP,1—7<|§_ QO(P)D .
0 pPepLMs

13



The order-r ACE guarantee is invoked in later comparisons through its eligibility predicate.
The predicate below is the finite-sample condition formed from the four quantities in Definition 8.

Definition 10. [def: jms-eligibility] (JMS eligibility condition EJMS) With aj ,, b1, a2, ban
defined as in Definition 8, the JMS order-r eligibility condition is

b 1 b b
EiMS — r< min{ In _ log < 1’”) , 2 } ,
a1, Aig ai, ) azlog(azba )

on the indices for which the displayed expressions are defined.

Finally, the common ACE comparison class is obtained by adding the L°(Px) treatment-
and outcome-code restrictions to the broad spectral class. This subclass is the domain on which
the contour and ACE upper guarantees are aligned in the comparison section.

Definition 11. [def:ace-comparison-subclass| (ACE comparison subclass Pf\}g%) The ACE

comparison subclass of the non-Gaussian class in Definition 3 is

A _ _
PNSE ={P e Pxcn: 90— g0llLs(py) < €1ns 1@ — qollLs(py) < €20m} -
It consists of laws satisfying the broad spectral-class conditions together with the displayed
supplied-code restrictions.

4 Zero instruments and contour identification

The analytic mechanism starts from a zero of the treatment-innovation transform and turns it
into an instrument for the residualized treatment. In the partially linear model, the supplied
treatment code enters through the residual Z,, = T — g,(X); the point of the construction is
that a transform zero of the innovation 7 continues to generate usable population moments after
the residual has been shifted by the treatment-code error. The use of transform zeros follows
a classical identification tradition for moment-generating and characteristic functions [Kagan
et al., 1973, Mattner, 1992, D’Haultfoeuille, 2011, Darolles et al., 2011, Hu and Shiu, 2022],
while the contour formulation below is aligned with transform-based estimation in econometrics
[Feuerverger and McDunnough, 1981, Singleton, 2001, Carrasco et al., 2007, Carrasco, 2017].

The first object is the treatment-innovation transform M (z) and its zero-based instrument.
If zp is a zero of multiplicity ¢, differentiating the exponential tilt at that zero produces the
polynomial-exponential weight used throughout this section.

Definition 12. [def:zero-instrument] (Treatment-innovation transform M) Let M : C — C,
let z9 € C, and let £ € N satisfy 1 <€, M(zp) = 0, and analytic order { for M at zy. Define

T (W) = w'=te?0w, w e C.

The instrument J,, o(w) is indexed by the complex zero zy and the positive multiplicity .
Its role is local in the transform variable but global in the residual shift: the same weight will
be evaluated at shifted innovations and at the code residual.

Theorem 1. [thm:known-zero-instrument| (Zero-based instrument identities) Fiz a model-
parameter record p, a model m with observed-data law P, and an integer n > 1. Let

M(z) = Eple®™], n=T-g(X), Zn=T—gu(X),  Ha(z)=EFEp [ez{go(X)—?vn(X)}] ,

Suppose that:
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e (Non-Gaussian class.) The model m belongs to Pngn as specified in Definition 3.

e (Zero and multiplicity.) For some zyp € C and integer £ > 1, M(z9) = 0 and the
analytic order of M at zy is £.

o (Instrument.) J,, ¢ is the zero-based instrument from Definition 12, equivalently
I 0(w) = w'tePow,
Then, for every d € R,
EP[JZO,K(U + d)] =0.

Moreover,
Ep[J

20,

¢«(Zn) | X] =0 P-almost surely,

and
EplZudune(Z0)] = MO (20) Ho (0).

Whenever the denominator is nonzero,
EP[ZNJZQ,Z(Zn)] 7é Oa

the coefficient is identified by

0 — EplY J., 0(Zy)]
O Ep[Zndai(Zn)]

Theorem 1 gives the moment-ratio form of the argument when a valid zero is known. The
identity Ep[J,,¢(n+ d)] = 0 applies uniformly over real shifts d, so conditioning on X converts
the residualized treatment into a valid zero moment. The denominator identity identifies the
relevant scale as the product of the nonzero derivative at the transform zero and the nuisance
transform H,(z); when that scale is nonzero, the partially linear coefficient is the displayed
population ratio.

For data-driven contour selection, the paper uses observable transforms of the code resid-
ual. The treatment-residual transform F),(z) carries the zero geometry, the outcome-weighted
transform G, (z) carries the numerator information, and a contour average of G, /F,, extracts
the coefficient over all enclosed zeros at once.

Definition 13. [def:contour-functional] (Contour functional Oc;(Fy,Gr)) For Z, =T —
gn(X), define

Fo(z) = Eple*®"],  Gun(2) = Ep[Ye*?"],  H,(z) = Eple*{90(X)=9:(X)}],

Let C; be a positively oriented circle centered at the origin with positive radius, and suppose I,
is analytic on a neighborhood of the closed disk bounded by C;. Let N¢,(Fy) denote the number
of zeros of I, strictly inside Cj, counted with multiplicity. When F,, is zero-free on C; and
Ng,; (Fy) > 1, define

Gn(z)
Fo(2) dz.

Oc; (Fn, Gn) = {N¢; (F")Qﬁi}_l 7{)
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Here Cj is the positively oriented circle used for the contour integral, N¢;, (F},) is the enclosed
zero count, and Oc; ([}, Gy) is the normalized contour functional. The normalization by the
zero count makes the functional an average over the enclosed zero structure.

The next identity links this observable contour world to the latent treatment innovation. It
factors the residual transform through the innovation transform and isolates the covariate-only
contamination term that enters the outcome-weighted transform.

Lemma 1. [lem:observable-factorization| (Observable transform factorization) Let m be
a model with observed-data law P in the non-Gaussian class Png,n of Definition 3. For

Z”:T_gn<X)7 Dn(X):.QO(X)_gn(X), 77=T—go()()7
define, for z € C,
F.(z) = Ep[eZZ"], M(z) = Ep[e™], H,(2) = Ep[ean(X)],

and
Gn(z) = Ep[Ye™],  Bu(2) = Ep[ba(X)e? V],

where b, (X) is the outcome-contamination function in Definition 7. Then, for every z € C,
Fo(z) = M(2)Hn(2)

and

Gn(2) = 00(P)F.(2) + M(2)Bn(2).

The proof is deferred to Section E.

Lemma 1 is the bridge from residual contamination to contour identification. The factoriza-
tion F,, = M H,, states that the observable residual transform inherits zeros from the treatment-
innovation transform whenever the nuisance transform stays away from zero. The second display
decomposes G,/ F), into the derivative term carrying 6y and a nuisance ratio; integrated around
a valid contour, the latter contribution is analytic inside the contour and the former contributes
through the enclosed zero count.

The population identification statement packages these ingredients into the contour ratio
used later by the statistical construction. The contour must be valid for the observable residual
transform and for the nuisance transform on the same disk.

Theorem 2. [thm:exact-contour-identification] (Exact contour identification) Fizn > 1,
a law P € Pngn as in Definition 3, and a certified contour-bank input p,. as in Definition 17.
For any bank index j € {0, ..., Joase}, let C; be the positively oriented circle with radius p;, and
let

Fo(z) = Eple*?"],  Gun(z) = Ep[Ye*?"],  H,(z) = Eple*{90(X)=9:(X)}],

Assume:
e (Residual zero-freeness.) F,(z) # 0 for every z € Cj.
e (Nuisance zero-freeness.) Hy(z) # 0 for every z on or inside C;.
e (Positive contour count.) The zero count Ng,;(Fy), counted with multiplicity inside

Cj, satisfies Nc,(Fy,) > 1.
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Then the contour functional of Definition 13 identifies the partially linear coefficient and is given
by the normalized contour integral:

Gn(z)
Ful2) dz.

(600(P) : C) = O¢, (Fy, Gp) = {ch(Fn)m}l?{G

Theorem 2 establishes the population contour identity on any bank circle satisfying the
stated zero-free and positive-count conditions. Residual zero-freeness makes G,/ F,, well defined
on the integration path; nuisance zero-freeness keeps the zeros enclosed by the residual transform
aligned with the innovation-zero geometry supplied by Lemma 1; and the positive count gives a
nontrivial normalization. Under those conditions, the contour average of the observable ratio is
exactly the partially linear coefficient.

The section therefore reduces identification with code residuals to a geometric task: find a
circle on which the observable residual transform is separated from zero, whose interior contains
at least one residual-transform zero, and on whose closed disk the nuisance transform is separated
from zero. The next section supplies fixed-separation conditions and a finite contour bank under
which such circles are available with enough empirical stability to yield the stated fixed-code
risk bounds.

5 Main fixed-separation result

The preceding section gave the population contour identity. The fixed-separation result turns
that identity into a uniform statistical construction by combining three ingredients: an explicit
zero-localization radius from cumulant separation, an L'(Px) treatment-code gate that preserves
the relevant zero geometry, and empirical transform control on a finite contour bank. The
empirical-process component follows the same uniform-supremum logic used in semiparametric
and double/debiased learning analyses [Bickel et al., 1993, van der Vaart, 1998, van der Vaart and
Wellner, 1996, Chernozhukov et al., 2018], while the contour bank uses finite analytic localization
of zeros of exponential transforms [Michelen and Sahasrabudhe, 2019, Eremenko and Fryntov,
2021, Dinh et al., 2021].

The first auxiliary bound fixes the Luxemburg normalization used throughout the paper. It
converts the sub-Gaussian convention in Definition 1 into a concrete moment-generating-function
envelope, so the constants entering the zero-localization radius remain explicit.

Lemma 2. [lem:luxemburg-mgf-envelope| (Luxemburg MGF envelope) Following the Lux-
emburg sub-Gaussian convention in Definition 1, let ¢b > 0 be a Luxemburg scale and let W be
a real-valued measurable random variable on a probability space with law P. Assume:

e (Integrability.) W € L'(P) and exp(W?/v?) € L*(P).
e (Centeredness.) EpW = 0.

e (Luxemburg envelope.)
Epexp(W?/y?) < 2.

Then, for every t € R,
EpetVV < exp(4ep°t?).
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The proof is deferred to Section E.

Lemma 2 supplies the analytic tail envelope used to control treatment-innovation transforms
on complex disks. With the exact convention fixed in Assumption 8, the bound carries the
displayed factor 4, which then feeds directly into the localization constants.

Cumulant separation gives the treatment-innovation transform a zero inside an explicit disk.
This step is the bridge from the population identification formulas in Theorems 1 and 2 to a
finite search region.

Lemma 3. [lem:zero-localization| Fiz a primitive parameter tuple p and a law P for
0= (X,T,Y). Assume:

o k=r+1 withr > 2;
o n=T— go(X) is centered;
o [|n]ly, < ¥y under the convention in Assumption 8; and

o |kk(n)| > & as in Assumption 10.

Define
Ap= @HR)VED Ry = AWM, M() = Bele]

Then there exists zg € C such that |z9| < Ry and M(zp) = 0.

The proof is deferred to Section E.

The radius Ry is determined by the fixed cumulant order, the treatment-noise Luxemburg
scale, and the separation level. The contour construction expands this disk to the outer radius
Ry, allowing the finite bank to place candidate circles around the localized zero while retaining
a buffer for perturbation control.

The numerator transform also needs a fixed envelope on the search region. The next bound
records a population scale for the observable outcome-weighted transform on the disk used by
the contour bank.

Lemma 4. [lem:population-numerator-envelope| (Population numerator envelope) Let p
be a parameter record as in Definition 1, and let m be a model with observed-data law P as in
Definition 2. Write n = p.n, let R1 be the outer search radius from Definition 17, and define
the population numerator envelope

Ca(p) = [64{CL + 40 L + 4} + 2exp{16 ROy + 16R3p2}] 1z

Suppose that:

e (Non-Gaussian class.) The model m, equivalently its law P, lies in the non-Gaussian
class Pna,n of Definition 3.

e (Search window.) The complex point z € C satisfies |z| < R;.

Then the observable outcome-weighted transform Gyp(z) = Ep[Ye*?n] from Definition 13 satisfies

Gn(2)] < Cal(p)-

18



The proof is deferred to Section E.

Lemma 4 keeps the outcome side of the contour ratio on the same fixed scale as the denom-
inator search region. The envelope depends on the primitive bounds and R, so the later risk
constants can be indexed by the fixed class constants.

The estimator is a finite, split-sample contour program. The pilot fold selects a circle using
the empirical winding number and a denominator lower-modulus certificate; the evaluation
fold computes the normalized contour ratio on that selected circle and clips the real midpoint
to the parameter range. The certified-record clauses state the corresponding finite-rational
implementation contract for the same statistic.

Algorithm 1 (Adaptive contour estimator é\spec,n)

The estimator é\spec,n is the packaged adaptive contour estimator on the public domain where
the current supplied treatment-regression code underlying g, is measurable. It takes as inputs
O1,...,0y, the supplied treatment-regression code sequence through its current clipped values
Jn, the parameter record p, and fixed certified records p, and cq, representing k,d,,, Ry, R1,

and Cy, with
02 (k—2)~1
Ry = A, <577> , Ry =Ry +1.

Here p contains n > 1, r,k € Nwith k =r+1and r > 2, s € [0,00] with r < s, v € (1/2,1),
positive constants Cy, Cy, Cy, 1y, ¢, 6,0, and nonnegative nonincreasing sequences €1y,,2, :
N — R on positive indices.

1. Define the deterministic folds
Ip={i:i<|[n/2]}, L ={i:i>|n/2]}.
For each real observation coordinate x and integer m > 0, define the floor-dyadic interval

Im(x) _ 2—(m+1)L2m+1xJ72—(m+1){L2m+li + 1} )

2. Form the residualized treatment values
Zn,'L:T‘l_gn(Xl)v Z:Lvn
For each fold a € {0,1}, derivative order p, and complex z, define

~ 1 )
FGE?”(Z) = (maX{|Ia|’ 1}) Z Zﬁ,iezsz? p € {Oa 1> 2}a

i€lg

and
GI)(2) = (max{| L), 1}) 7" Y izl e, pe{0,1}.
i€l

Thus an empty fold contributes the empty sum and is normalized by one.
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3. For represented observation data, define

5 = ((t,1i,0i)i=1),

where t;, v;, and g; are certified-real records naming 7;, Y;, and g,(X;). The full
represented-data input is

Sx = (({17 Vi, gi)znzlv P, CG,*)-
Fori=1,...,n, put
i =t — g
4. Invoke the contour bank determined by p,. For the jth circle, define
Cj = {Z](t) :0 S t S 1}, Z](t) = pjezﬂ-it'

At error tolerance one, refine 3;, ;, and p; using their own executable moduli, and let Uz,
Uy, and U, ; be the largest absolute endpoint of the corresponding rational intervals. For
a canonical observation name this is the interval Z,;) with the convention above; for 3; it
is the certified subtraction interval obtained from t; and g;, whose modulus uses the two
half-error input moduli. Using e® < 3171 for z > 0 and 7 < 4, form rational upper bounds
for the empirical derivative sums on each Cj.

5. For each j, compute a rational bracket of width at most a,/64 enclosing
inf |F :
inf [Foa(2)
Let m; be the lower endpoint of this bracket. When m; > 0, define

o (5(0)
Was _ ,627rzt AOJL J )
i) = e )

Use the rational Lipschitz bound

sup | F}, | sup | F/ sup | F} . |2
Wi, ()] < 64 [pjm,o’" +p; S

J m; m;

6. Compute a rectangle enclosure, with coordinate widths strictly below 1/4, for

A Foale)
2mi Je, Fon(2)

1 F! (2
Nj _ % AO,n( ) dz
2mi ¢; Fon(2)

when the real coordinate contains a unique nonnegative integer and the imaginary coor-
dinate contains zero. A circle is admissible when

/1 Woj(t) dt =
0

Define

mj > ay/2 and N; > 1.

Jx=minqj:j € arg max my ¢ .
L:mp>ay /2, Ne>1

If the admissible set is empty, set
espec,n =0.
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7. On the evaluation fold for the selected circle C},, compute a lower endpoint

m) < it |Fua(a)]
If
mﬁ) < ay/4,

set

~

espec,n = 0.

8. Otherwise define the evaluation-fold contour integrand

+G1n(z, (1)
ij t) = j*e27r7,t bl ) .
O =i R )

Use the rational Lipschitz bound
sup \élnl 9 {SUP |Gl sup |G |sup |[FY | }

’vj/*(t” < 64 [Pj*l + Pj, 1 1
m;.) mj.! (m3))?

For each rational tolerance e > 0 and rational Lipschitz bound L, the schedule spends one
third of the tolerance on discretization and uses

L
Nmesh = ’73—‘ + 17

e
so that L/Npyesn < €/3.
9. Enclose the unnormalized contour integral

L .
1 n
/ Vi, (t)dt = — Cil’ (2) dz.
0 2mi Cj* Fl:n(z)

Divide the resulting rectangle by INV;, to enclose

L - % ql’n(z) dz
Nj.2mi Jo;, Fin(2)
with coordinate radius at most 1/n. Take y € Q to be the real midpoint of that enclosure,
so that y approximates the normalized contour integral to within 1/n:

1 G
1y — Re - % Al’n(z) dz
Nj*27TZ C]'* Fl,n(Z)
Only rational quantities are ever formed, so the estimator returns this certified rational

approximation rather than the integral itself; the 1/n tolerance is negligible beside the
statistical error.

<

1
n

10. Output

7 _ly+Col—ly—Col _

espec,n = ChpC@ (y) 2 - H[*CO:CG] (y)
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The statistic HASpecm is a total Borel rule because every branch has a displayed output, includ-
ing the fallback value used when the empirical admissibility or evaluation-fold lower-modulus
checks fail. The represented-data clauses give an executable correspondence for implementa-
tions satisfying the bounded contour-arithmetic specification of Definition 16; the statistical risk
statements below concern the same ordinary-sample statistic.

The main theorem gives the fixed-code minimax statement under fixed cumulant separation.
The fixed-code restriction keeps the supplied clipped treatment and outcome codes common
across the laws in the risk criterion, matching the decision-theoretic convention in Definition 9.

Theorem 3. [thm:adaptive-rootn-minimax| (Fixed-code root-n minimaxity under fixed cu-
mulant separation) Fiz r > 2 and positive constants 0,Cy,Cy, Cq, 1y, 0e. Then there are con-
stants ¢ > 0 and C > 0, depending only on these fized primitive constants, such that the following
statements hold.

For every measurable covariate space, let pg be a parameter record whose primitive entries
r,0,Cy, Cy, Cq, Yy, V¢ equal the fized constants above, and fix one experiment-wide record con-
sisting of the certified contour-bank input and the represented range input for pg. For every
parameter record p with the same primitive entries as py, and for every base model satisfying
the usual measurability, conditional-mean, and integrability requirements, write n for the sample
size of p. Let é\specm be the total Borel statistic of Algorithm 1, constructed from the transported
fized records and the base treatment-code sequence. Define the fized-code non-Gaussian class

Prncn(p;base) = {P: P € Pxagn of Definition 3, gn(P) = gn(base), gn(P) = Gn(base)}.
Define the fized-code JMS ACE class
Pil\é[%n(p; base) ={P: P € Pil\c/[%n of Definition 5, gn(P) = gn(base), Gn(P) = gn(base)}.
e (Measurable statistic.) The statistic é\spec,n 15 measurable.

e (Represented execution.) For every compiled bounded spectral adapter satisfying the
full canonical build-and-compilation specification for p, the transported fized records, and
the base treatment-code sequence, the represented-data execution realizes the same Ospecn

as in Algorithm 1.
e (Class relations.) Every law in P/{I\C/Ig?n belongs to Pngn- If s =, then Pil\c/[]%m coincides

with the L*(Px)-restricted subclass Pﬁgi of Definition 11.

e (Non-Gaussian fixed-code risk.) If the sample law is the i.i.d. product law of As-
sumption 1, Pngn(p;base) is nonempty, n > 2, and
e1.n < {4Ry exp(2C,Ry)} 1,
where Ry is the search radius from the contour-bank construction in Algorithm 1, then
C

n

~

C
— <R®NG < sup EP[(Gspec,n - 90(P))2} <
n PePna,n(p;base)

)

and

~ C
sup QP,lf'y(wspec,n - GO(P)|> S —
PePnag,n(p;base) yn

with generalized lower quantiles as in Definition 6.
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e (ACE fixzed-code risk.) If P[{%Em(p;base) is nonempty, n > 2, and

e1.n < {4Ry exp(2C,Ry)} 1,

then
¢~ q 2 ) 2 c
— <inf sup Ep (‘9 - GO(P)) } < sSup Ep [(espec,n - GO(P)) :| < —,
n 0 PGP&I\C/IE’n(p;base) Pepggg’n(p;base) n
where the infimum is over measurable real-valued estimators of O1,...,0,. Moreover,
~ C
sup QP,l—v(‘espec,n - HO(P)D S -
PGP&I\C/IE’n(p;base) n

Theorem 3 establishes the fixed-separation statistical guarantee. On the non-Gaussian fixed-
code class, the minimax mean-squared risk is sandwiched between constants times n~!, and the
contour statistic attains the upper bound. The same statistic also attains the n~! MSE order
and the displayed generalized-quantile bound on the fixed-code JMS ACE class whenever that
class is nonempty and the treatment-code radius satisfies the stated small-radius gate.

The intuition is the same as in the population contour identity, with sampling error added.
Cumulant separation localizes a zero of M; the L'(Px) radius controls the perturbation from
n to Z,, preserving a usable contour inside the finite bank; and the split empirical transforms
approximate the population transforms on the selected circle at the usual n=1/2 stochastic scale.
Squaring the coefficient error gives the n~' MSE order, while the lower bound records the
matching parametric difficulty inside the same fixed-separation experiment.

The sequence-level statement packages the same construction for common primitive con-
stants. It also records the bounded-outcome Gaussian diagnostic under the JMS comparison
class, separating the fixed-separation non-Gaussian rate statement from the Gaussian benchmark
risk calculation.

Theorem 4. [thm: common-experiment-dichotomy| (Common experiment dichotomy) Fizr >
2 and positive constants §,Cq, Cy, Cq, Py, e. For every measurable covariate space, the following

hold.

e (Non-Gaussian sequence.) Let py have these fized values of r, 9, Cy, Cy, Cy, ¥y, ¢, and
fix the primitive records p, and cg, of Definition 17 and Algorithm 1. Let (p;) be any
parameter sequence with the same fized values of r,9,Cy,Cy, Cq, ¥y, Ve as po, and with
common supplied radii €1, and €2. Let (Gn,qn) be any measurable deterministic code
pair, and write (gn,Gn) for the clipped pair. Suppose that nj = pj.n — oo and, for all
sufficiently large 7,

PNGn; (P Gnys Gny) D5 1j =2, €1y < (4R1(pj)exp{2CgRl(pj)})
Then there are constants c¢,C > 0 such that, with B the translated-dyadic contour bank

generated from po and ps, for all sufficiently large j the transported primitive bank for
p; generales the same bank B, the statistic Ospecn; of Algorithm 1 is measurable, every
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compiled bounded spectral adapter satisfying the full canonical build and compilation spec-
ification is represented by the corresponding execution on the same transported primitive
records, and

c C
— < ®NG 27,q) < —.
oy = T, (pj gq)_nj
Moreover, the same statistic witnesses the upper bound:

sup Ep[(é\specynj - HO(P))Q} < g

PGPNG,nj (pj %gnj @nj ) nj

e (Gaussian class.) For every parameter record p, writing n for its sample size, every
Pe Pél}fls in Definition 4 satisfies
6o(P) = 0.

For every measurable deterministic code pair (gn,Gn), whenever the clipped-code intersec-
tion of Pé%s is nonempty,

RS (p:9,9) =0, MG, (1:9.9) = 0.

Theorem 4 gives two common-experiment conclusions. Along any sequence with the same
fixed primitive constants and common supplied radii, the translated-dyadic contour bank sta-
bilizes and the non-Gaussian minimax MSE remains of order nj_l, with the contour statistic
attaining the upper bound. On the bounded-outcome Gaussian JMS class, the partially linear
target is identically zero, so both the fixed-code MSE risk and the fixed-code generalized-quantile
risk equal zero whenever the clipped-code intersection is nonempty.

The non-Gaussian sequence clause reflects the finite nature of the contour bank: fixed prim-
itive constants determine the same search geometry for all sufficiently large indices satisfying
the displayed radius gate. The Gaussian clause records a diagnostic property of the simulta-
neous bounded-outcome and Gaussian treatment-noise restrictions in Definition 4; under those
restrictions, the target itself is pinned to zero, and the corresponding minimax risks inherit that
degeneracy. Together, Theorems 3 and 4 provide the fixed-separation rate statement used for
the ACE comparison in the next section.

6 Comparison with ACE and Gaussian benchmarks

The fixed-separation theorem in Theorem 3 gives a contour guarantee on the broad spectral class
and on the fixed-code ACE class. This section records the comparison with the published order-r
ACE guarantee of Jin et al. [2025] on the same clipped-code experiment. The comparison has
two parts: first, the class relations align the cumulant-separated spectral and ACE restrictions;
second, the two generalized-quantile upper bounds can be read on the common class under the
same JMS eligibility condition.

The following proposition states the alignment and the resulting upper-guarantee compari-
son. The constant Cgpec is fixed by the primitive constants in the contour construction, while
C, and the estimator §ACE,r,n come from the published ACE handle. The displayed quantity
BACEn,y is the order-r generalized-quantile upper guarantee from Jin et al. [2025]. The sequence
clause compares the displayed upper bounds on the common clipped-code class.
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Proposition 1. [prop: jms-ace-alignment] (ACE and spectral alignment)! Fiz an ACE order
r > 2 and positive constants 6,Cq, Cy, Cy, 1, %e. There is a constant Cgpec > 0, depending only
on these fixzed constants, such that the following statements hold.

Let vy € (1/2,1), let C, > 0 be the constant in the published order-r ACE generalized-quantile
guarantee, and write é\ACEmn for the estimator supplied by that published ACE handle. Let pg be
a parameter record whose r,0, Cy, Cg, Cy, 1y, ¢, and v coordinates equal the displayed constants,
and fix the certified primitive bank and range records associated with pg. For any parameter
record p sharing the same fized experiment constants as pg and the same probability level v, and
for any supplied code sequences whose clipped versions are g, and Gy, the following hold, under
the usual measurability and integrability conditions.

e Class relations. At the sample size n of p,
JMS ACE JMS
Pacen € Pncn, PxGn © PACEn-

If the comparison exponent of p satisfies s = r, then the common clipped-code convention
gives

JMS ACE
PACEn = PNG -
Here the classes and the comparison subclass are those of Definitions 3, 5 and 11.

o ACFE upper guarantee. If a law P € 73/{1\0/[%771 uses the clipped supplied treatment and

outcome codes Gn, Gn, if the JMS eligibility condition EJMS of Definitions 8 and 10 holds,
and if e1, > 0 and 2, > 0, then

QP,177(|§ACE,r,n — 0o(P)|) < Bacn,y

where Qp1—~ is the generalized quantile in Definition 6 and

1,n

+ 64(09 + 71}77)T{T2(Cg + wn) + e + 00%}(7”)_1/2 .

e Spectral upper guarantee. IfP/il\é[%n contains at least one law using the clipped supplied

codes, n > 2, ET{MS holds, €1, > 0, and
e1.n < {4R;1 exp(2C,Ry)} 1,

where Ry is the outer contour radius of Definition 17 determined by the parameter record
in force, then the certified contour statistic Ospecn of Algorithm 1, built from the fized
primitive records, satisfies

sSup QP,1—7(|§spec7n — 00(P)‘) < —_—

JMS n
PEP\CE.n v

where the supremum ranges over laws in the published ACE class whose clipped supplied
treatment and outcome codes are g, and qp,.
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e Upper-guarantee separation along sequences. For any sequence (p,) of parameter
records whose sample size at index n is n, with the same fized experiment constants as pg,
the same radius sequences €1.,€2,., and p,.y = 7, suppose that eventually n > 2, EfLMS
holds, €1n > 0, €2.n > 0,

e1n < {4Ry eXp(QCgRl)}fl,

and the published ACE class contains a law using the clipped supplied codes. If

r—+1

€1 nE2m + C@Eljn

n—1/2

oo,

then
Canecl 1) _,

BACE,n,’y

Proposition 1 places the spectral and ACE guarantees on a shared statistical domain. The
class relations use the fact that the ACE L"(Py) code control implies the L!(Py) treatment-code
control needed by the spectral class, while the L®(Px)-restricted spectral subclass matches the
published ACE code restrictions when s = r. Under JMS eligibility, the ACE bound retains its
finite-order nuisance terms, and the contour bound is governed by the fixed-separation sampling
term (vn)_l/ 2. Along the displayed nuisance-dominance sequences, the ratio of the contour
upper guarantee to the imported finite-order ACE upper guarantee tends to zero. The conclusion
is an upper-bound comparison on the common clipped-code class; the ACE-related lower-bound
statement used in the paper is the class-minimax lower bound over all measurable estimators
on the fixed-code class.

For later reference, the class relation used inside Proposition 1 is also recorded separately.
This isolates the comparison-class bookkeeping from the estimator-specific upper bounds.

Lemma 5. [lem: jms-ace-class-relations| (ACE class relations) Fiz a measurable covariate
space and a parameter record p with r,k € N, k=r+1, r > 2, s € [0,00] satisfying s > r, v €
(1/2,1), positive constants Cy,Cy, Cq, 1y, ¢, 0,0, and nonnegative nonincreasing code-radius
sequences €1,€9 : N — R on positive indices. Then, for every class index n,

e (JMS inclusion.) For every model m, if m € 77/{1\04}%’” as defined in Definition 5, then
m € Pxag,n as defined in Definition 3.

e (Comparison inclusion.) For every model m, if m € 731{?82 as defined in Definition 11,
then m € Pﬂl\é[]% n-

e (Equal-exponent equivalence.) If s = r, then for every model m,

me Pith, = mePRG.

The proof is deferred to Section E.

Lemma 5 is the set-inclusion component of the comparison. It identifies which restrictions
are shared by the broad cumulant-separated class and the published ACE class, and it pins down
the exact equality case under the common clipped-code convention. This makes the comparison

!Formalization scope. This result uses the published conclusion [Jin et al., 2025] (Theorem 5.4, equations
(21)—(22)). The cited source proof is not formalized here: Lean verifies its use and all remaining steps. If that
cited conclusion is false, the portions of this result that depend on it are not certified.
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in Proposition 1 an upper-guarantee comparison on the same law class and the same clipped-code
experiment.

The second benchmark is the bounded-outcome Gaussian comparison class of Definition 4.
Proposition 2 gives a bounded-outcome Gaussian diagnostic for the intersection of the exact par-
tially linear conditional mean, bounded observed outcome, and nondegenerate Gaussian treat-
ment innovation. In every nonempty fixed-code intersection of that class, the decision-theoretic
mean-squared and generalized-quantile risks are zero because the member restrictions determine
the target value itself.

Proposition 2. [prop:bounded-outcome-gaussian-degeneracy| (Bounded Gaussian degen-
eracy) Fix a measurable covariate space and a parameter record p with sample size n > 1,
orders v,k € N satisfying k = r + 1 and r > 2, exponent s > r, probability level v € (1/2,1),
positive constants Cy,Cy, Cy, Py, )¢, 0,0, and nonnegative nonincreasing code-radius sequences

€1,e2 : N = R on positive indices. Then every model P € P‘él}fls satisfying Definition 4 has

0o(P) = 0.

Moreover, for any deterministic supplied code sequences g,q : N — X — R, if there exists at
least one P € 73({}};[18 whose clipped codes at sample size n satisfy

gn () = min{max{g,(z), —Cy}, Cy}, gn(x) = min{max{g,(z), —Cy}, Cq}
for every x, then the fixed-code Gaussian minimax risks are both zero:
Rip:g.0) =0, M, (1:9.9) = 0.

Proposition 2 gives a diagnostic for the source-stated Gaussian comparison class. A bounded
observed outcome has bounded conditional support, while the partially linear term g is driven
by nondegenerate Gaussian treatment noise under Definition 4; the proposition records the
resulting target value and the induced zero minimax risks on each nonempty fixed-code in-
tersection. Thus the Gaussian benchmark characterizes that simultaneous set of restrictions,
whereas the fixed-separation comparison with ACE in Proposition 1 is the active finite-sample
upper-guarantee comparison on the cumulant-separated class.

Together, Propositions 1 and 2 and Lemma 5 separate the two comparison roles. The
ACE alignment places the published finite-order guarantee of Jin et al. [2025] and the contour
guarantee on a common cumulant-separated domain, with the sequence clause identifying the
regime in which the ratio of displayed upper guarantees tends to zero. The Gaussian proposi-
tion explains the bounded-outcome Gaussian class by its implied target and the corresponding
decision-theoretic risks, matching the diagnostic role already summarized in Theorem 4.

7 Explicit mixture reductions and local benchmarks

The preceding comparison keeps the cumulant separation level fixed. This section records two
constructive weak-non-Gaussian benchmarks that make the transform-zero mechanism explicit
in one dimension. The first benchmark treats a symmetric two-component Gaussian mixture,
where the relevant zero is known and the contour search collapses to a sine moment. The second
follows a Gaussian—Rademacher path indexed by a mixture amplitude, so the denominator
scale and the fourth cumulant can be read from the same parameter. These examples connect
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the contour construction to non-Gaussian identification ideas in independent-component and
structural-shock settings [Comon, 1994, Hyvérinen and Oja, 1997, Hyvérinen et al., 2001, Lanne
et al., 2017, Lee and Mesters, 2024, Hoesch et al., 2024, Reizinger et al., 2025].

The first construction is the clipped sine-ratio estimator 6, .. It uses the known imaginary
zero of the symmetric mixture transform and estimates the corresponding ratio directly from
the empirical moments of Y sin(nZ,/2) and Z, sin(nZ,/2).

Definition 14. [def:sine-estimator| (Sine-ratio estimator gsin,n) Write T_c, ¢y (u) =
min{max{u, —Cy}, Cy} for the projection of a real number onto [—Cpy,Cy]. For n > 1 observed
triples O; = (X4, T3, Y;), let Ppf = n~t Yoy f(O;) and let Z, = T — go(X), where g, is the
supplied treatment code clipped to [—C,,Cy]. The clipped sine-ratio estimator is

0 P,[Y sin(wZ,/2)]
O, = 4 OO P2, sin(nZ,/2)]
0, Pp[Zn sin(mZ,/2)] < e /3/4.

} . Pu[Znsin(nZ,/2)] > e /34,

The threshold in Definition 14 is tied to the population denominator scale that appears in
the next proposition. In the symmetric mixture experiment, the treatment innovation has a
known transform zero at iw/2, and L'(Px) control of the supplied treatment code keeps the sine
denominator bounded away from zero.

Proposition 3. [prop:symmetric-mixture-reduction] (Symmetric mixture reduction) For
any real constants Cy, Cy, Cy, ¢, there is a constant C > 0, depending only on these four con-
stants, such that the following holds. Let p be a parameter record whose constants Cy, Cy, Cq, )¢
are the ones just fixed, write n for its sample size, and let P be a law in the corresponding model.
Assume the usual measurability and integrability conditions, and suppose that

e (Sampling.) Oq,...,0, are drawn according to the i.i.d. product law in Assumption 1.
o (Symmetric mixture.) The treatment innovation n =T — go(X) has law

$N(-1,1) 4+ $N(1,1).

e (Independence and ranges.) The treatment innovation is independent of X as in
Assumption 2, the outcome innovation satisfies Assumption 3, and the range and tail
conditions in Assumptions 4 to 6 and 9 hold.

o (Treatment code.) The supplied treatment code obeys

1

1Gn — goll 21 (Py) < €1, E1n < e

Then the fourth cumulant of n is
H4(77) = -2,

the treatment-innovation moment-generating function M(z) = Ep|e®"] satisfies
M(im/2) =0,
and, writing Z, =T — g,(X) and D,, = go(X) — gn(X),

Ep [Zn sin(wgnﬂ = e ™ /BEp [cos<7T2Dn>] ;
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with

2
e~ /8 L (TZ
5 SEp[Znsm< 2n>]

Moreover, for the sine estimator Oginy in Definition 14,

C

n .

~

Ep [(esin,n - 90(P))2] <

Proposition 3 gives a fully explicit root-n benchmark for a symmetric non-Gaussian treatment
innovation. The mixture has fourth cumulant —2; its transform vanishes at im/2, and the
sine denominator equals a positive contamination factor times e~™ /8. The resulting empirical
ratio attains C'/n mean-squared error under the stated range, tail, independence, and L!'(Py)
treatment-code conditions.

The next elementary inequality is the algebraic device behind the sine-risk calculations. It
separates numerator fluctuation from denominator fluctuation after clipping, using only a lower
bound on the population denominator mean.

Lemma 6. [lem:clipped-ratio-risk-decomposition]| (Clipped ratio risk decomposition)
Use the empirical-average notation P, from Definition 1. Let W and R be real-valued functions
of one observation, let 0,Cy, A, uw € R, and let O1,...,0, be any sample. Assume:

e (Sample size.) n > 1.

e (Clipping range.) The target value 0 lies inside the clipping bound Cy, in the sense that
0] < Cp.

e (Denominator scale.) The scale A is strictly positive.
e (Population denominator level.) The denominator mean satisfies pyw > A/2.

Define the clipped ratio statistic at threshold A/4 by

Py, P, .
g min{max{%,—ce},ce}, if AJA <P,W,

0, if PaW < A/A.

Then, pathwise on this sample,

0-6)* < 5 {(BaR)* + CF(Pu(W - j))*}.

The proof is deferred to Section E.

Lemma 6 is deterministic. In applications, W is the sine-weighted residualized treatment,
R is the centered outcome-noise contribution to the sine numerator, and A is the population
denominator scale. Once the sine moment gives uy > A/2, the ratio error is controlled by two
empirical averages.

The Gaussian—-Rademacher path provides a local family approaching Gaussian treatment
noise through an explicit fourth-cumulant parameter. Let 7, denote the centered Gaussian—
Rademacher treatment innovation in the next statement. Its first positive transform zero, de-
nominator scale, and cumulant magnitude are all explicit functions of a.
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Lemma 7. [lem:gaussian-rademacher-11-benchmark| (Gaussian-Rademacher sine bench-
mark) Fiz real constants Cy,Cy, Cq,0e. There is a constant C > 0, depending only on these
four constants, such that the following statement holds. Let p be an admissible parameter record
whose constants Cy, Cy, Cy, V¢ are the ones just fived and whose cumulant order is k = 4, let
a € (0,1], and let P be a law in the model m. Assume:

e (Gaussian—Rademacher path.) The treatment innovation n =T — go(X) has the law

of
Ne = V1—0a2G,+ as,

where Go ~ N(0,1), S is symmetric Rademacher, and G5 and S are independent.
e (Sampling and model restrictions.) The law satisfies Assumptions 1 to 6 and 9.

e (Current treatment-code radius.) For the clipped supplied treatment code g,

/ |Gn(@) — g0(x) | dPx (2) < 21,

under the usual integrability condition for this L'(Px) quantity.

Define
(1—a?)r?
8a?

Ay = aexp{ } , A, = 2a*.

Then the treatment-innovation moment-generating function satisfies

2
1—a 2

M,(z) = exp<2z ) cosh(az),

the fourth cumulant satisfies k4(n.) = —2a*, and ty > 0 is the first positive zero of the char-
acteristic transform: M,(it,) = 0 and My(iu) # 0 for every u € (0,t,). Moreover, for every
deR,

Eplsin{ta(n + d)}] = 0.
Let Z, =T — go(X) and Dy, = go(X) — gn(X). If tae1n < 1/2, then

Ep|Z,sin(tyZy)] = AgEp[cos(tyDy,)]
and
Ep|Z,sin(teZy,)] > Aa/2.

With P, denoting empirical averaging over O1,...,Oy, define

I P,[Y sin(t,Z,)]
0, = TR, [Z, sin(taZ,)]’

0, otherwise,

P [ Zn sin(taZy)] > Aa/4,

where I[_c, c,) clips to [—Cy, Cy|. Its mean squared error obeys

Ep[(Ban — 00)%] < C’min{l, %Q—Q exp<(1_a2)7T2> } .

4a?
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The same smallness condition also gives
1/4

a
€1n < m

and the equivalent cumulant-parameterized bound

N 2
EP[(QG,H - 00)2] S len{l, EA;1/2 exp (Tri/iAal/Q) } .
n

The proof is deferred to Section E.

Lemma 7 shows how the explicit sine reduction behaves as the treatment-noise law moves
toward Gaussianity. The first zero is ¢, = 7/(2a), while the denominator scale A, decays expo-
nentially as a decreases. Expressing the same bound through A, = 2a* makes the dependence on
fourth-cumulant magnitude explicit. The condition t,e1, < 1/2 is exactly the treatment-code
accuracy gate used by this pathwise calculation.

The section closes with a local benchmark statement. It combines the Gaussian—Rademacher
path just described with a localized version of the published ACE oracle envelope from Jin et al.
[2025]. The sequence (d,)nen supplies the shrinking cumulant threshold, and the ACE clause
evaluates the published bound after replacing the fixed separation level by the local value A = §,,.

Theorem 5. [thm:local-to-gaussian-partial-benchmarks| (Local Gaussian benchmarks)
Let (0p)nen be a real sequence with 6, > 0 for every n, nonincreasing in n, and 6, — 0. Fix
Cy,Cy,Cy,be € R. The following two assertions hold.

e (Gaussian—Rademacher path.) There is a constant C > 0, depending only on
Cy,Cy, Cy,tbe, such that the following holds. Let p be any parameter record whose
constants Cy, Cy, Cy, )¢ are the ones just fized and whose orders are k = 4 and r = 3. For
any a € (0,1] and any law P in a model m, assume that the treatment noise satisfies

n~+v1—a?G,+aS,

where Go ~ N(0,1), S is symmetric Rademacher, and G, LS. Assume also Assump-
tions 1 to 6 and 9. At the sample size n of p, assume the supplied clipped treatment code
Jn satisfies

2> [ga(@) — go()| € L} (Py), / 19n(2) — g0(2)| dPx (z) < 1.

Then the conclusion of Lemma 7 — the explicit mean-squared-error bound along the
Gaussian—Rademacher path — holds with constant C' for p, m,a.

e (Local ACE oracle envelope.) For every published ACE handle, every v € R, and
every C € R, if the handle satisfies the conclusion of Theorem 5.4 of Jin et al. [2025] at
(7,C5), then C, > 0 and the following local ACE statement holds. For every parameter
record p whose probability level is v, writing n for its sample size, if €1, > 0 and €2, > 0,
then for every deterministic treatment code g, deterministic outcome code q, and every
model, whenever

9n =U[_c,.c,19n; an =1_c, c)n
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and, writing v and k for the orders of p and A = 6, the local ACE class conditions
1 <n, lke(n)| > A,

hold together with Assumptions 2 to 6 and 9, the treatment-noise exponential envelope

o exp{n(of/ul} € LUP). [ explnlo /i3 dP(o) <2
and the nuisance-radius bounds
1Gn — gollzr(Px) < €1, 1@ — qollr(pPy) < €2,n;
and whenever the local JMS eligibility quantities
ap, =2 log<6(Cg + wn)a‘l—;L) , b1 = log(yn/9),

200min{1, Cp}A

ag = 4(Cy + wﬁ% bon(B) = max{e1 n, €2 n, (’7”)_1/2(1/15 + 091/177)}

satisfy

b1
ain 7é O, 0< L, 0< a2b2’n(A), ao 10g{a2b2’n(A)} 7& 0,

a1n

and

. b1n —1 <b1n> bZH(A) }
r <min<{ —— —aj,lo ~ |, ’ ,
- {al,n Ln 08 a1 ) aglog{azben(A)}

the published order-r ACE estimator obeys

QP,1—7<‘§ACE,r,n — 90(P)D < BACEn~(0n; Cy),
where

BacEnq(8:Cy) = Cy 1167 A7 <67{,n52,n + Coe 4 64(Cy +y)" (r(Cy + ) + e + Copy) (7”)_1/2) -

Theorem 5 gives two procedure-specific local upper benchmarks. The Gaussian—-Rademacher
clause reuses Lemma 7 for the k = 4,7 = 3 path under the stated L!(Py) treatment-code
condition. The ACE clause specializes the published order-r generalized-quantile guarantee of
Jin et al. [2025] to a local cumulant threshold A = ¢, with the displayed eligibility quantities
and the resulting envelope BAcEn(0n;Cy). The last algebraic clause records how an oracle
upper bound that is valid under two sets of hypotheses can be summarized by the smaller of
the two displayed upper inputs.

These local statements complement the fixed-separation results by making the dependence
on the non-Gaussian signal explicit in tractable submodels. For the symmetric mixture, the
sine denominator is bounded by a fixed positive scale and the risk is C/n. Along the Gaussian—
Rademacher path, the same sine construction has a denominator scale A, and a cumulant
magnitude A, yielding the explicit exponential dependence displayed in Lemma 7. The local-
ized ACE envelope gives the corresponding published finite-order benchmark under its stated
eligibility and nuisance-radius conditions.
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8 Limitations and future work

The fixed-separation results in Theorems 3 and 4 use a cumulant-separation constant that is
fixed across the experiment. The local benchmarks in Theorem 5 point to a complementary
triangular-array program in which the non-Gaussian signal is allowed to shrink with the sample
size. This section records that agenda separately from the fixed-6 contour theorem and from the
procedure-specific local upper bounds of the preceding section.

A useful starting point for that program is a finite, sample-facing object that stores the
contour information available at a given library depth. The following definition names the
empirical handle used to organize candidate contours, empirical winding information, contour
moments, and angular variability.

Definition 15. [def:local-gaussian-handle| (Local Gaussian handle 4,,) Fiz a parameter
tuple with positive sample size n, fixed ACE order r > 2, cumulant order k = r +1, s > 7,
v € (1/2,1), strictly positive Cy,Cy, Cy, 1y, 0e, 0,0, and nonnegative nonincreasing sequences
€1n and €s, on positive indices. Work on a measurable covariate space with observations O =
(X,T,Y), and fix a probability law P with real functional 6y(P), measurable conditional means
9o(X) = Ep[T | X] and qo(X) = Ep[Y | X]|, integrable T and Y, and deterministic measurable
supplied regression-code sequences for treatment and outcome.

For each library depth d, let €y be the deterministic finite library of rational circles represented
by the positive rational radii p = j+1, 0 < j < d. For a realized sample indexed by {0, ..., n—1},
form the empirical transforms ﬁam and @am on the prespecified deterministic fold a € {0,1},
using indices below n/2 for a =0 and indices at least n/2 for a = 1. For a circle C € €y, C =
{peit : 0 < t < 27}, on which the empirical boundary modulus is certified positive, the candidate
record consists of quantities definitionally computed from the empirical contour integrands

Wa.o(t) = pe't F o (pe™) it Gan(pe™)
a - A~ . —~
7 Fan(pe')

5 VaC t) = pe )
ct)=p Fon(pe)

Specifically, the record contains a rational interval enclosure of the boundary modulus

infzec|ﬁa,n(z)\, a complex rational interval enclosure for (2m)~1 027r Weo,c(t)dt, a complex

rational interval enclosure for (2m)~1 2 Va,o(t)dt, and a rational interval enclosure of the

0
angular variance
2

dt.

2

1
Va,o(t) — o ; Va,o(u) du

1 2

o = —
@ 2T 0

Each enclosure is accompanied by its soundness certificate for the displayed empirical quantity,
and the actual empirical transforms on the stated deterministic fold are the transform inputs
of the schema. These records are candidate data for one realized sample, one deterministic
inference fold, and one rational circle.

Definition 15 provides a concrete data structure for studying adaptive contour selection in
local regimes. It keeps the deterministic library, fold-specific empirical transforms, certified
boundary separation, contour moments, and angular variance in one record. For shrinking
cumulant separation, such records give a way to describe what a selector observes before choosing
among contour-based procedures and more classical alternatives.

The open statistical question is naturally triangular. Let (d,) denote shrinking positive
cumulant-separation thresholds. The fixed-separation theorem controls risk when the primitive
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separation constant is fixed, while the local benchmarks in Theorem 5 describe particular upper
envelopes when the non-Gaussian signal is weak. The remaining problem is to identify the sharp
joint rate and the corresponding inference theory across the ordinary DML, finite-order ACE,
and contour regimes [Chernozhukov et al., 2018, Newey and Robins, 2018, Mackey et al., 2018,
Jin et al., 2025, Lee and Mesters, 2024, Hoesch et al., 2024].

Remark 1. [oeq:local-to-gaussian-frontier| (Local-to-Gaussian frontier) A natural next
question concerns triangular treatment-noise laws satisfying

|kk(nn)| > On with on 40

under the same supplied code sequences. The target is a data-driven selector among ordinary
DML, finite-order ACE, and global-contour procedures that attains the sharp minimazx mean-
squared-error rate as a function of

(nu 81,717 52,n7 57‘&)7

supports uniformly valid inference across these regimes, and admits a matching local minimaz
lower bound. Future work could determine the sharp-rate functional, the corresponding uniform-
inference criterion, and the local lower-bound construction for this frontier.

Remark 1 states the future-work target as an open research agenda rather than as an identi-
fication or risk theorem. Its rate arguments are the sample size, the two supplied-code radii, and
the local cumulant-separation threshold. The agenda also includes a uniform-inference criterion
and a local minimax lower-bound construction, so any completed theory would need to align
estimation, coverage, selection, and lower-bound witnesses on the same triangular experiment.

This separation clarifies the scope of the paper’s established results. The fixed-separation
contour theorem gives the ©(n~!) MSE characterization under fixed cumulant separation and
the stated treatment-code stability condition. The local mixture and ACE benchmarks give
constructive upper comparisons under their own displayed hypotheses. The shrinking-separation
program in Remark 1 is the natural next step for a unified adaptive theory across Gaussian-
adjacent and fixed non-Gaussian regimes.

Appendices

A Proofs for identification and analytic localization

This appendix collects the analytic statements that support the identification argument in The-
orems 1 and 2 and Lemma 1 and the fixed-bank localization used in Theorem 3. The common
theme is that zeros of moment-generating functions can be controlled by classical complex-
analytic arguments and then transferred to residualized-treatment transforms. The zero and
completeness perspective is standard in identification arguments based on transforms [Kagan
et al., 1973, Mattner, 1992], and the finite-bank construction uses the same analytic geometry
that underlies modern zero-localization bounds for moment-generating functions [Michelen and
Sahasrabudhe, 2019, Eremenko and Fryntov, 2021, Dinh et al., 2021].

For Theorem 1, the analytic order of a zero of M determines which polynomial-exponential
weight annihilates shifted treatment innovations. Independence of the treatment innovation from
X, as imposed in Assumption 2, then turns the shifted identity into a conditional moment for
the code residual Z,. The denominator calculation is the corresponding differentiated transform
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identity, and the partially linear conditional-mean restriction in Assumption 3 supplies the
numerator relation.

The factorization in Lemma 1 isolates the effect of treatment-code contamination. Since
Zn =1+ D,(X), independence separates the residual transform into the treatment-innovation
transform and the nuisance transform. The outcome-weighted transform has the derivative term
carrying 6y plus the covariate-only contamination transform from Definition 7. This decomposi-
tion is the algebraic input for Theorem 2: on a contour where the residual transform is separated
from zero and the nuisance transform has no zero on the closed disk, the logarithmic-derivative
contribution counts the enclosed zeros and the analytic contamination contribution integrates
to zero.

The remaining analytic step is uniform localization. Lemma 3 gives a disk, determined by
the fixed cumulant order, sub-Gaussian scale, and separation constant, that contains at least
one zero of the treatment-innovation transform. The finite-bank statement below turns that
disk-level information into a deterministic list of circles, with explicit dyadic bookkeeping and
a positive boundary-modulus certificate. Its role is to provide the law-blind contour geometry
used later by the empirical statistic.

Lemma 8. [lem:finite-contour-bank] (Finite contour bank) Let p be a primitive parameter
record with k =r+1, r > 2, v € (1/2,1), s > r, positive constants Cy, Cy, Cy, Yy, ¢, 9,0, and
nonnegative nonincreasing code-radius sequences €1,€2. Let p, be a certified-bank input record
for p in the sense of Definition 17, so that

02 (k—2)~1
Ry = A ((;’) , Ri =Ry + 1.

For any sample size n > 1, any model m with observed-data law P, and any membership certifi-
cate m € Png,n as defined in Definition 3, form the bank data B of Definition 17 for p and p,.
Then a, > 0, and the components of B satisfy

Neewt =AU (Ur +2)%,  mu=Neew +3,  J=2"""41,

1\ dy
d, = <2> o he=3 e =8URUL(UR +1)%,
1\
it =3(2UR +1), = 2ex+ Neart(ms + df),  aug = <2> '

The bank radii are strictly increasing and lie in the search annulus:
Ry < pj <Ry foreveryje{l,...,J}.

Writing C; = {z € C : |z| = p;} and M(z) = Ep[e*] for the treatment-innovation moment-
generating function, there exists an index j € {1,...,J} such that

N,

J

(M)>1 and a, <|M(2)| for every z € Cj.
Proof of Lemma 8. Let B be the bank produced from (p, p,). The construction in Definition 17

gives
Neewt = 4U5(UR +2)%,  my = Neen +3,  J=2""141,
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d* — 27"’)’1,*’ h* - d*/?),
e. =8URU, (U +1)%,  di*™ =3(2Ug + 1),

and
Uy = 2ey, + Ncert(m* + dfen)’ a, =2"".

Thus a, > 0 and the displayed bookkeeping identities hold.
The radii have the explicit form

1
pi=Ro+ +527™, 0<j<2ml

Hence j +— pj is strictly increasing. Since

Ly < %—F gm—ig-m. _ 3

<1,
4 4

and R; = Ry + 1, each bank radius satisfies
Ry < pi < R;.

It remains to prove the treatment-noise certificate. The error-one certified refinements and
the ceiling construction give
T;Z)n < Uq/), R1 < U, R-

Let
M(Z) = EPeznv Rfac = Rl + 17 Rout == Rl + 2

The conditional-mean identity for go centers n. The treatment-tail condition in Png,,, together
with Lemma 2, gives for every t € R

Epe < exp(42/)727t2).

The same real exponential integrability gives the entire complex moment-generating function,
normalization at the origin follows from the probability law, and the complex modulus estimate
yields

M(0) =1, M is entire, |M(z)] < exp(4¢,27]z\2) (z € C).

Let
No = N{|2|<Rp,.} (M)

be the number of zeros of M in the open disk of radius Ry,., counted with multiplicity. Jensen’s
zero-counting bound applied on Rgy¢ gives

Ny log( f;‘“) < dypRoy.

fac

Since Rout = Rpae + 1,

! <lo <R0ut>
Rout =08 Rfac '

Ny < 42R3

n*tout

Therefore
< 4U3;(UR + 2)3 = IVcert-
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List the Ny zeros in {|z| < Riac}, with multiplicity, as

ai,...,aNg-

The finite Blaschke factorization on the disk of radius Rg. gives a holomorphic function g,
zero-free in {|z| < Ryac}, such that

M(z) = Q(2)9(2),  [2] < Racs
where N
o 7 Rfac(Z - al/)
Qz) = H1 N

The grid spacing is d,, and the mesh identities give dy > 0, hy = d,/3, and 2h, < d,. Thus
one listed zero modulus |a, | can be within distance < h, of at most one grid radius: two distinct
grid radii are separated by at least dy, while two distances < h, would put them less than 2h,
apart. Also

NO < Ncert < 2Ncert+2 +1= 2m*—1 +1=J

The pigeonhole argument for this separated dyadic grid gives an index j such that
he < |lav| = pi| (1 <v < No).

By Lemma 3, M has a zero zg with |z9| < Ry. Since Ry < pj, this zero lies strictly inside
Cj = {]z| = p;}. If M had a zero z on C}, then z € {|z| < Rp,c}, and the factorization M = Qg
together with the zero-freeness of g would force z = a, for some v. This would give

llav| = pj| = 0 < hy,
contradicting the separation of the chosen grid point. Hence the contour has positive zero count:
Ne, (M) > 1.
It remains to lower-bound |M| on this circle. Put

A= 4¢gR§ac.

On |w| = Rgye, the Blaschke product has |Q(w)| = 1, so the boundary envelope for M gives
lg(w)| < e?. Also M(0) =1 and |Q(0)| < 1, hence |g(0)| > 1. Applying Harnack’s inequality to
the positive harmonic function A — log |g| gives, for every |z| < Ry,

o - (= 1) A 1QG) < M)

Since Rp,c = R+ 1,
_ 2 2 _ 2 2
— 1> A=2R '4wn(R1 +1)° = 8¢nR1(R1 + 1)~

Thus, for every |z| < Ry,
exp{ 87 R1(R1 + 1)’} |Q(2)] < [M(2)].
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Since
8pRi(Ry +1)* < 8URUL(Ur + 1) = e,

the elementary dyadic-exponential comparison 272 < e~ for natural E, applied to E = e,,

gives
272 < exp{—Sngl (Ry +1)%}.

Now take z € C;. For each zero a,,
|z —av| 2 ||2] = ||| = |pj — lav]] = he
Also |z| < Ry, and therefore
Rtae + 2| <2R; +1 < 2UR + 1.

For each Blaschke factor,

Rpae(z — ay) |z — a,| hy _ d,
R2 —ayz | = Rpac+ 2| = 2Ug+1  dden’

Multiplying over the at most Nee factors and using (dden)=1 > 9—die" gives
1Q(2)| > 9~ Neert (mx+dg°™)
Combining the last two lower bounds,
|M(z2)] > 272 9~ Neert (matdi™) _ g—us _ o

Thus for this bank index 7,
a, < |M(Z)| (ZECj)’

and the asserted uniform treatment-noise certificate follows. O

Lemma 8 is the population geometric certificate used by the empirical selector in Algorithm 1.
The proof below records the dyadic bookkeeping and the zero-localization argument behind that
certificate.

B Empirical process, stability, and lower-bound lemmas

This appendix collects the auxiliary statistical statements used by the fixed-separation contour
theorem. The first two results control the analytic transforms that enter the contour statistic:
one gives uniform L? concentration of the empirical residual and outcome transforms on a
fixed disk, and the other gives a deterministic L'(Px) stability bound for the nuisance factor.
Together they supply the stochastic and population inputs behind the contour-risk bounds in
Theorem 3. The concentration statement uses the same sub-Gaussian scale conventions and
product-sample structure as Definition 1 and Assumption 1, in line with standard empirical-
process and high-dimensional probability arguments [van der Vaart, 1998, van der Vaart and
Wellner, 1996, Vershynin, 2018, Wainwright, 2019].
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Lemma 9. [lem:empirical-transform-uniform-12] (Uniform transform variance) Fiz real
numbers Cq, Cy, Cy, 1y, e and Ri. There is a constant K > 0 such that the following holds. Let
p be a parameter record with

p.Cy = Cy, p.Cy = Cy, p.Cqy = Cy, DYy = Uy, ppe = e, R; = searchRadius(p),

and sample size n = p.n > 2. Let m be a model in Png,n, as in Definition 3, and let O1,...,0,
be sampled under the i.i.d. product law P®™, as in Assumption 1. For each a € {0,1}, write I,
for the corresponding deterministic inference fold and suppose |I,| > 1. Define, for |z| < Ry,

Fun(2) =117 exp(2Zn:),  Gan(2) = L] ™) Yiexp(2Zn,),
lela iEIa

where Zy,; = T; — gn(X;), and let

F,(z) = Eplexp(zZ,,)], Gn(z) = EplY exp(2Zy,)].
Then
o) 2 A 2 K
Epen | sup |[Fan(z) — Fo(2)[°| + Epen | sup |Gan(2z) — Gn(2)[7| < —.
|z|<R1 |z|<R1 ‘Ia|

Proof of Lemma 9. Set
Ap = 2exp{8R1Cy + 4R7}},

Ag = 64{Cyy + 4Cyuoy + 498} + 2exp{16 R, Cy + 16RTY;},

and define
K =4(Ar + Ag).

The constants Ap and Ag are strictly positive, so K > 0; it depends only on the displayed
primitive constants and R;.

Fix a fold for which I, is nonempty, and let I = I,, my = |I|, and Z,, = T — g,(X). Since
the contour-bank radius in Definition 17 satisfies Ry = Ry + 1 with Ry > 0, we have Ry > 0.
Write Dy, (X) = go(X) — gn(X), so Z, = n+ D, (X). The range bound for gy in Definition 3 and
the clipping of g, in Definition 2 give |D,(X)| < 2C, almost surely. Hence, for almost every
observation,

4R1‘Z ‘ < 4R1’?7‘ + 8R10 < —|— 4R? wn + 8Rng,

&

where the second inequality is the Young inequality obtained by expanding (|n|/1, —2R1¢,)?
0. Therefore
{exp(2R1|Z,])}* < exp{8R1C, + 4R w2}exp(n /wn)

Integrating and using the Luxemburg treatment-tail bound from Definition 3 yields
Ep [exp{2R1|Z,|}*] < Ap.
The outcome-weighted envelope is

Ep [{[¥ |exp(2R1|Z0])}?] < Ac.
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Indeed, Definition 2 gives Y = qo(X) + 0pn + £. For almost every observation, the algebraic
bound

g0 (X) + 0on + £[* < 64{]go(X)|* + |00 |n|* + [€]*}

combines with the bounds in Definition 3, namely |go(X)| < C, almost surely and |6y| < Cy, to
give

Y|* < 64{Cy + Cgln|" + 1¢|"}
almost surely. The Luxemburg moment bounds give Ep|n|* < 41#% and Epl¢|* < 4@[)2‘, and hence

Ep|Y[* < 64{C; + 4Cyv; + )¢ }.

Together with
{IY]exp(2R1|Za])}? < |Y|* + {exp(4R1]Za]) },

and the preceding residual envelope applied at radius 2R, this gives the stated bound.

We use the following coefficient-series bound. Let J C {1,...,n} be a nonempty determin-
istic finite subset of sample indices, and write mj = |J|. Let U,V be measurable real functions,
let R >0, let C > 0, and suppose

Ep [{|U|exp(2R|V|)}?] < C*.

Define

- U(0;)V(0;)* Uv*
CJ,k(017~-’On):mJlZ{ : )k!( ! —Ep k! }

ieJ
Then, under the i.i.d. product law for O, ...,O,,

> ’ 2C \°
E | sup e | < < )
|2|<R kZO Vg
The envelope gives
HUV"’ C
L = ERF

because z¥/k! < €287 /(2R)* for x > 0; the hypotheses R > 0 and C > 0 make the displayed
majorant nonnegative. Under the product sample law, centering over the block J gives

C
ny < —— .
lespllpz(pany < QR

The series of majorants is summable, and the centered analytic-series supremum bound yields

2
i A < 2C >2
— (2R)k\/m N,
The same coefficient construction represents the empirical transform errors exactly. For the
same block J and for |z| < R,

1ZU — EplUé* ]—chkzk,
icJ k=0
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with the exchange of summation, finite averaging, and integration justified by the doubled
exponential envelope.

Apply the preceding bound first with the block J = I,, U =1, V = Z,, R = Ry, and
C = +\/Ap. Since A > 0, this choice has C' > 0, and

< 4AF.

mr

E| sup |Fun(2) — Fu(2)?

|z|<Ry

Apply it again with the block J = 1,, U =Y,V = Z,, R = Ry, and C = y/Ag. Since
Ag > 0, this choice has C' > 0, and

< g .

E | sup \éan(z) — Gn(2)?

|z|[<R1

my

Adding the two displays yields

N . 4(Ap + Ag K
E| sup |Fon(2) — Fu(2)]?| + E | sup |Gan(z) — Gu(2)?| < 4drt+de) K
|z|<R:1 |z|<R1 |Ia| |Ia|
This proves the assertion. ]

Lemma 9 is the stochastic input for the selected-contour risk proof. The proof below supplies
the disk-uniform L? bound used after the pilot fold selects a circle.

The next statement is the population stability input. It uses the direct L'(Py) treatment-
code radius in Definition 3 to keep the nuisance transform close to one on the contour search
region.

Lemma 10. [lem:1li-nuisance-zero-free| (Zero-free nuisance factor) For every P € Pngn
satisfying Definition 3, the associated treatment-code discrepancy D, obeys

|Dyn| <2C, almost surely, Ep|Dy| < eqp.
Consequently, for the corresponding factor H, and radius Ry,

sup |Hn(z) — 1| < Rye?Cofhigy .
|z[<R:

If 1. < (4R1€2C9F) =1 then |H,(2)| > 3/4 for every |z| < Ry, and F,, and M have the same
zeros in {|z| < R1}, counted with multiplicity.

Proof of Lemma 10. Let

Du(X) = go(X) = gu(X),  Hu(z) = Eple?”" V)],
Since |go(X)| < Cy almost surely and |g,(X)| < C, by clipping,

| Dy (X)| < |go(X)| + |gn(X)] <2C, almost surely.

The treatment-code condition in Png,, gives
EplDu(X)| = [ lon(z) = 32(o)] dPx (@) < z1.
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For |z| < Ry, the exponential remainder bound gives, with w = 2D,,(X),
|eZD"(X) — 1| < |2| |Dn(X)] ol 1Dn (3]
Together with | D, (X)| < 2C,, this yields
|Hp(2) — 1] < Ep|e*P»X) — 1] < R12%M Ep| Dy (X)| < Rie*@ofiey,.

Taking the supremum over |z| < R; gives the displayed uniform bound.
Assume
€1 < (4R1€209R1)71.

Then the preceding display gives |H,,(z) — 1| < 1/4 throughout the disk, and therefore
[Hn(2)| 21— [Hn(2) = 1| =2 3/4  (|2] < Ra).

It remains to record why the multiplicity comparison is legitimate at each point of the disk.
The almost-sure bound |D,(X)| < 2C, implies that Epexp{tD,(X)} < oo for every real t,
so the complex MGF H,, is analytic in a neighborhood of every |z| < R;. The treatment-
tail condition in Png,n, under the Luxemburg convention of Definition 1, gives the same local
exponential-moment condition for 7: for every real ¢, completing the square bounds exp{tn}
by a constant multiple of exp{n? /1#727}, which is integrable. Hence the treatment-noise MGF
M (z) = Ep[e®] is analytic in a neighborhood of every point of the disk as well.

By Lemma 1,

Fo(z) = M(2)Hp(2).

Fix |z] < Ry. The preceding lower bound gives H,,(z) # 0, so the analytic order of H,, at z is
zero. Applying additivity of analytic order to the displayed factorization gives

ord,(F,) = ord,(M) + ord,(H,) = ord,(M).
Thus F,, and M have exactly the same zeros in {|z| < Ry}, counted with multiplicity. O

Lemma 10 is the deterministic transfer from treatment-transform zeros to observable
residual-transform zeros. The proof below uses the clipping bound and the L!(Px) radius to
control the nuisance factor H,, on the search disk.

A separate tail calculation is used when Gaussian outcome innovations are embedded in
lower-bound and benchmark paths. The following elementary scale bound matches the Luxem-
burg convention fixed in Definition 1.

Lemma 11. [lem:gaussian-exponential-square-quarter-scale] (Gaussian square expo-
nential bound) Use the Gaussian-law notation of Definition 1. For every positive scale ¢ > 0,
let ¢ ~ N(0,(v/4)?). Then exp(C?/1?) is integrable under the law of ¢, and

Eexp(¢?/1?) < 2.

Proof of Lemma 11. Let
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Since ¥ > 0, this variance is positive. Under N (0,v), the density identity is, for every x € R,

a5 oo (i) = e (-2)
27 P V2 ) \2mw P P2 )7

because 1/(2v) = 8 /2.

Since 7/¢? > 0, the function x +— exp{—T7z%/¢?} is integrable on R. The density iden-
tity therefore transfers this integrability to x + exp(z?/1?) under N(0,v), so exp(¢?/?) is
integrable under the law of (.

For the expectation, the same density identity rewrites the Gaussian-law integral as

E exp(¢?/4?) F/exp( 2> de.

The Gaussian integral formula applied with coefficient 7/v? gives

1 T

Nezoa it

< 2V2mw
V7/ ¢2
since after squaring both sides this is

2 2

Eexp(¢*/¢7) =

Finally,

Therefore
Eexp(¢?/¢?) <2
O

Lemma 11 is the tail-scale normalization used in the lower-bound construction below.

The final auxiliary result supplies the decision-theoretic lower-bound path. It constructs one-
dimensional submodels in which the observed treatment law, regression functions, and supplied
clipped codes remain fixed while the coefficient varies locally at n~1/2 scale. Such paths are the
standard input for parametric lower bounds in semiparametric experiments [Bickel et al., 1993,
van der Vaart, 1998].

Lemma 12. [lem:non-gaussian-hard-submodel] (One-dimensional hard submodel) Fizr € N
and real constants 0, Cy, Cy, Cy, 1y, ¢ with ¢ > 0. There exist constants cg,Co, T,cace € R
such that

0 < cg, 0 < Cy, 0 <7< 9, 0 < cACE.

For every parameter record p whose constants r,d,Cy, Cy, Cy, Py, )¢ are the ones just fized, and
every n > 1, if the non-Gaussian class in Definition 8 is nonempty, then there are a base law
P° € Pngn and a family {Py, 9 : |9 < co} such that:

e (Class membership and target.) For every |9| < co, P,y € Pngn and 0g(Pp9) = V.

e (Fixed observed treatment law.) For every |9| < co, the law of (X,T) under P,y
equals its law under P°.
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(Fized regressions and supplied codes.) For every |9| < cy, the functions gg,qo and
the clipped supplied codes gy, @, under P,y equal those under P°.

(Gaussian outcome innovation.) For every |V < cy, the outcome innovation & =
Y — qo(X) — 6on under P,y has law N(0,7%) and is independent of (X,T).

(Outcome equation.) For every |¥| < ¢y,
Y =qo(X)+dn+¢

almost surely under P, .

(Product relative entropy.) For all real ¥y, 91, h with [9o| < co, [91] < ¢o, and
h

N

one has, with Dy, the Kullback-Leibler divergence,

|91 — ol =

Dk, ( P®n

n,90

pen ) < Cyh?.

7’L,191

Moreover, for every starting law P° € P/{%/Ig’n in the class of Definition 5, there is a family

{PASE 1 19| < cp} such that:

o (JMS ACE membership and target.) For every |9] < cy, PASE € PMS  and
Oo(PG") = 0.

e (Fized observed treatment law.) For every |¥| < cg, the law of (X,T) under PfigE
equals its law under P°.

e (Fixed nuisance objects.) For every |9| < cy, the functions go, qo, the clipped supplied
codes Gn,QGn, and the treatment innovation n under PnA,gE equal those under P°, and the

treatment and outcome code-radius conditions in Definition 5 hold at Pf;‘gE.

e (Gaussian outcome innovation.) For every |9 < ¢y, the outcome innovation £ =
Y — qo(X) — Oon under Pf:gE has law N(0,72) and is independent of (X, T).

e (Outcome equation.) For every |9| < ¢y,
Y =q(X)+dn+¢
almost surely under Pf:gE.

e (Product relative entropy.) For all real ¥y, V1, h with |Yo| < co, || < co, and

h

|191 _190‘ - \/7’7,

one has
Dir (PRSI || (PAFEYE™) < Coh®.

n
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fPJMS

Finally, for every pair of clipped-code functions g.,q. : X — R, if there is a law P° € Pycg,

with gn = g« and G, = ¢y, then the fized-code JMS ACE minimazx risk satisfies

CACE < ‘nf sup  Ep [{5* 90(P)}2} :
n 9(01,...,On§§n7‘7n) PE'P}‘BC/;IE,”:

In=9gx, Gn=0qx
Proof of Lemma 12. Set

‘ . 1612
co = min{Cy, 1}, Gy >0, T = %, Co = max q 1, Téjn :
1, 09 S 07 4 ¢5

Then ¢y > 0, Cp > 0, and 0 < 7 < ¢)¢. For any admissible choice of parameters whose displayed
constants agree with the fixed constants, Definition 1 gives Cy > 0, and hence ¢y = min{Cy, 1} <
Cy.

The two-point testing bound at relative-entropy budget Cyc2 supplies a constant cpc > 0,
depending only on that budget, such that whenever two n-sample laws have relative entropy at
most Coc[z), every measurable sample statistic @ with finite quadratic risks satisfies

CLC(01 — 90)2 S max {Eo[(a — 90)2], El[(a — 91)2]} .

The minimax reduction applies this bound after symmetrically clipping an arbitrary estimator
to a range containing both target values. Define

2
CACE = CLCCy > 0.

Fix now an admissible choice of parameters p with the displayed primitive constants and a
class index n > 1. Assume first that Png,, is nonempty, and choose Py € Pna,n, represented
by a base model my. For each ¥ € R, define P, y by preserving the joint law of (X,7") under
Pgq, drawing an independent

Ei ~ N(()? T2)a

and setting
Y = qo(X) + HT — go(X)} + &

Equivalently, the path is the product of the retained (X,T)-law and the centered Gaussian
innovation, transported through this affine outcome map.
Along this path,

Oo(Prp) =7, go(Pnw) = g0(FRa)s  @0(Fap) = q0(FRa),
and the clipped supplied codes satisfy
gn(Pnp) = gn(PRa),  @n(Pap) = @n(Pre)-
The covariate-treatment marginal is also retained:

(Pno)x,r = (Pyg)x.T-

The treatment innovation is unchanged along the path:
NP, = NPSq -
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The outcome innovation is the fresh Gaussian coordinate:

é-Pnﬂg =Y - QO(X) - 2977 = 5*7

SO
(Pog)o&p, = N(O0,7),  &p,, L (X,T).

For |9| < ¢, the coefficient range holds because ¢y < Cy. All treatment-side assumptions,
the regression ranges, the cumulant separation, and the treatment L!(Px) code-radius condition
are inherited from Pg,. The conditional mean condition follows from the displayed outcome
equation, the independence of &, from (X, T'), and its centering. Finally, Lemma 11 applied at
scale )¢ gives

Eexp{& v} < 2.

Since p, , = &x is independent of X, the conditional Luxemburg part of Assumption 9 is

exp{ed, /U3 € LNPuy),  Er,,|expléh, ,/08} | X| <2 Pygas.
Hence
| <co = Pny € Pngpn-

The same construction gives the asserted outcome equation:
Y =q(X)+9n+¢ P, y-a.s.

It remains, for this branch, to record the product relative-entropy bound. For the affine
Gaussian path, one observation satisfies

(91 — 90)* 292

DKL(Pnﬁo ||Pnﬂ91) < 272

The moment bound used here is the Luxemburg consequence

2 2
EPISIG [77 ] S 2#)77
Tensorization over n independent observations gives

V1 — Yg)? 202
P®”><n( ! 0) wn.

®
DKL(P m iy ) < 52

nﬂ90

If |91 — 99| = h/+/n and T = 1 /4, then

91 —99)% 202 1692
n(l 0) Yn _ f“hQ

= < Cth.
2 _—
27 ¢

Thus the required entropy display holds.
Now let PR € 73/{%[%7”. Define PT/:SE by the same affine Gaussian outcome construction
from this starting law:

Y:qo(X)+19{T_QO(X)}+§*a g*NN(O’TQ)v é*J—(XvT)'
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The displayed preservation identities remain valid, and the target coordinate is the path param-
eter:

Oo(Prg™) = 0, (PXT®) x 1 = (PRep)x.1s

ACE ACE
90(Pay ™) = 90(Pace),  a0(Pay™) = a0(PAce)s  1page = NP3y

and

P ACE = ~ ACE ~

gn(Pry”) = gn(Pice):  @&n(Pry™) = &n(Pick)-

Consequently the two JMS ACE code-radius inequalities are transported unchanged:

1Gn — gollLr(Py) < €1 1@ — qollr(Py) < 2.0
Together with the transported treatment-side and range conditions, the coefficient bound || <
co < Cy, and the Gaussian conditional Luxemburg calculation above, this gives

W <eco = Pr"ePllE.

The Gaussian residual law, residual independence, outcome equation, and product entropy
bound are the same as in the non-Gaussian branch:

Dir (PG || (PogE)E™) < Coh®
whenever |91 — Jg| = h//n.

It remains to prove the fixed-code ACE lower bound. Suppose a starting law P €
has clipped codes gy, g.. Set

JMS
PACE,n

Co Co
V= ——=, vy = ——=,
2/n T oun
and let P_ := PT‘?SF, P, = Pﬁgf, using P? as the starting law. Since n > 1,

o
[0-| < co, [94] < co, |0y — 0| :%.
Both laws belong to the fixed-code JMS ACE class with clipped codes gy, g«, and the entropy
bound gives

Dy (PE"|PE™) < Cocf.

Applying the two-point lower bound with target values ¥_ and ¥, yields, for every measur-
able estimator whose two quadratic risks are finite,

2
Epsn | (0 — 00(P))?| > _ 9 )2 _ CLCS _ CACE
,,é?é?i} P (0 —0o(F)) ] > cpc(Wy —92) - ;

The minimax reduction clips arbitrary measurable estimators to [—Cp, Cyl, so the preceding
finite-risk display applies inside the fixed-code risk. Taking the supremum over the fixed-code
JMS ACE class and then the infimum over estimators gives

S <t swp Ep[{0—60(P)}].
noT perly
In=gx; Gn=0qx

O]

Lemma 12 is the lower-bound ingredient for the n~! minimax statements. The proof below
builds the fixed-code local path and applies the relative-entropy calculation used in the testing-
to-estimation step.

The ACE branch of the proof verifies the same fixed-code path inside Pil\c/[}%’n, with the
treatment innovation and clipped nuisance codes preserved along the path.
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C Certified construction and executable correspondence

This appendix records the finite arithmetic contract behind the contour statistic in Algorithm 1.
The statistical arguments in the main text use ordinary empirical transforms and contour ratios;
the material here specifies a rational interval substrate, a deterministic contour-bank record, and
the deterministic perturbation statement that connects a selected represented contour calcula-
tion to the population ratio. The construction follows the computable-analysis and interval-
arithmetic convention that real inputs are accessed through nested rational enclosures with
effective moduli [Weihrauch, 2000, Ko, 1991, Moore, 1966].

The first definition fixes the elementary arithmetic layer. It gives represented real and
positive-real records, complex rectangles, guarded division, elementary functions on bounded
intervals, circle-node construction, and certified mesh integration. These operations are the
only numerical primitives used by the represented contour program.

Definition 16. [def:certified-contour-arithmetic-substrate] (Certified contour arith-
metic substrate CClALq) The bounded-build specification CClApuq consists of the following
finite rational arithmetic operations and their stated enclosure properties.

A represented real number x is given by rational closed intervals I, = [I,,I] and an
executable modulus 1 : Q<o — N such that

— I

T c Im—l—l g Im7 I+ u(e)

u(e) se

A positive represented real number additionally supplies a rational lower bound p > 0 with p < x.
The executable data are the interval sequence, the modulus, and the positive lower bound.

For rational intervals A = [a—,ay] and B = [b_,by], interval addition, subtraction, and
multiplication are

A+B=la-+b_,ay +by], A-B=[a_—by,aqp —b_],

AB = [min{a_b_,a_by,ayb_,a;b;}, max{a_b_,a_by,ayb_,a b }].

A complex rectangle is A+ iB. Complex addition, subtraction, conjugation, and multiplication
use these endpoint operations together with

(A +iB)(C +iD) = (AC — BD) + i(AD + BC).

For A =la_,a4], define

min{a?, a1}, otherwise,

sa_(4) = {0’ ©CE0S 0 () = maxfa? a2 ).
The squared modulus of A+ iB is enclosed by adding the corresponding lower and upper square
bounds. Rational bisection between nonnegative rational endpoints gives lower and upper square-
root enclosures whose width after q bisections is at most the initial width times 279. Division is
the guarded operation
A+1iB
C+iD
performed when the modulus routine returns a rational lower bound m > 0, with outward division
by the positive rational interval enclosing C? + D?.

= (A+iB)(C —iD)(C?* + D*)™1,
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The represented value of w is constructed from Machin’s identity
m = 16 arctan(1/5) — 4 arctan(1/239).
For 0 <z <1,
N 251 22N+3

N1V < .
arctan ]Zg( 1) 1 + Ry (), |Rn(z)| < IN 13

Intersecting the first m + 1 requested enclosures gives rational nested enclosures. If e = p/q > 0
1s in lowest terms, the choice N = 5q + 5 makes the propagated Machin remainder smaller than
e, giving an effective modulus.

For a rational interval contained in [— B, B], with rational B > 0, the Taylor polynomials for
exp, sin, and cos are evaluated by the preceding interval operations, with Lagrange remainders

bounded b
Y BN+1 BN—H BN—H

(N +1)V (N+1)V (N+1)

For a requested rational error e = p/q > 0, take
N =[2B]+q+2[B] +2.

After index [2B], successive absolute Taylor terms decrease by at least a factor 1/2; since
3181 < 22181 gnd 279 < ¢! < e, the displayed N gives error at most e. Finite intersections
make the output rectangles nested. Consequently,

exp(x + iy) = exp(x){cosy + isiny}

has a nested complex-rectangle extension with an effective modulus on every bounded input rect-
angle. Combining the constructed representation of m with these trigonometric operations gives,
from a positive radius representation v and integers N > 1 and 0 < g < N, represented circle-
node values

rexp(2miq/N) and 2mir exp(2miq/N).

Finite rectangle sums and products are primitive recursive. If a complez-valued function on
[0,1] has a supplied rational Lipschitz bound L, then a uniform mesh with

Niesh = [L/e] + 1

has oscillation at most e on each cell. FEvaluating every node to a rational error budget divided by
the displayed finite number of operations yields sound finite infimum, supremum, and trapezoidal-
integral enclosures. The required finite computation consists of Nmesh + 1 node evaluations, the
displayed Taylor cutoffs, square-root bisection cutoffs, and finitely many endpoint operations.
Absolute value of a real interval is implemented by the square-free endpoint rule implicit in sq_
and sq, , with the same compositional modulus property.

A concrete implementation satisfies CClAyLu1q when it implements these algorithms, exports
their soundness and effective-modulus contracts, and compiles the resulting module. Later exe-
cutable conclusions are conditional on a compiled implementation satisfying this bounded-build
specification.

49



Definition 16 supplies the finite representation interface used throughout the executable
clauses. Nested intervals and moduli give a standard Type-2-style name for real values, while
the endpoint operations and guarded division give sound complex-rectangle enclosures for the
contour integrands. The mesh rule turns a supplied Lipschitz bound into finite enclosures for
boundary moduli and contour integrals, matching the interval-analysis approach of Moore [1966]
within the computable-real framework of Weihrauch [2000], Ko [1991].

The next definition specializes that arithmetic substrate to the contour bank. The primi-
tive record stores certified names for the fixed separation, treatment-noise scale, zero-localization
radius, and outer search radius. From those names and the parameter record, the bank construc-
tion produces a deterministic translated dyadic list of circles and a positive dyadic lower-modulus
certificate.

Definition 17. [def:contour-bank-handle| (Certified contour-bank handle p.) Let p be a
parameter record with sample size n € N, 1 < n, orders r,k € N satisfying k = r + 1
and 2 < r, exponent s € [0,00] satisfying r < s, probability level v € (1/2,1), constants
Co,Cy,Cq, ¥, e, 0,0 > 0, and sequences €1,e2 : N — R satisfying €¢(t) > 0 for t > 1 and
ee(j) < e¢(i) whenever 1 < i < j, for £ = 1,2. Let Name(x) denote a supplied certified-real
record with value x, and let Name, (x) denote such a record together with a rational lower-bound
witness £ > 0 satisfying £ < x. As part of the experiment convention, fix the supplied record

P = (K, 0 Pryier T, T )
where k, 1s exact with k, = k and
0, : Namey (0), Py : Namey(¢y), tox:Name;(Rp), ti.:Namey(Ry).
The value contracts are
Ry = (251 Y/ (=2 (2 /5)1/(=2), Ry = Ry+1.

Writing Ay, = (2874ENYE=2) for the numerical factor, this reads Ry = Ak(zp%/é)l/(’“”). The
search radius of the record is this outer radius: searchRadius(p) = R;. The record p, is the
primitive certified input shared by the bank and the estimator for this parameter record. The
bank data assembled below from p and ps is written B.

Invoke the supplied moduli of py, « and v1 4 at error one. If the returned intervals have rational
upper endpoints wy and ur, define

Uy = [max{l,uy}],  Ugr=[max{l,ur}],  Neet =4U,(Ur+2)>.

Set
My = Neert + 37 dy = 2—m*’ hy = d*/37 Jbase = 2m*—1_

The bank therefore contains
J = Jpase +1

circles, indexed by j € {0,..., Jpase}- For each j = 0,..., Jpase, use certified addition on the
fized record vo . and the rational point record for 1/4 + j27™* to form

pj = tox + Name(1/4 + j27").
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The associated real-valued radius field is
pj = (pj).value = Ry + 1/4 + j27 ™.
Define the integers
ex =8URU,(Ur +1)%,  di =3(QUg+1),

Uy = 265 + Neert (my + dfen).

Define the rational dyadic certificate and its real value by
a,0=2"" >0, a, = (a, 0 : R).

Every output datum is obtained by the displayed finite modulus calls, rational endpoint operations,
certified additions with rational point records, and primitive recursion over the displayed integer
bounds. The construction is a finite certified procedure in the supplied record py.

Definition 17 converts the analytic radius from Lemma 3 into a finite bank used by Algo-
rithm 1. The radii fill a translated dyadic grid outside the zero-localization disk and inside the
outer search region, and the certificate a, gives the deterministic denominator scale used by
the selector. Because the construction depends on fixed primitive records and finite modulus
calls, the same bank can be transported across the common-experiment sequences described in
Theorem 4.

The represented-data transducer in Algorithm 1 applies Definition 16 to the sample records
4, 9;,8;- It first forms certified residual records, then evaluates the pilot-fold winding integrand
on each bank circle, and finally evaluates the selected contour ratio on the evaluation fold. The
fallback branches are part of the total rule: a failed admissibility check or a failed evaluation-
fold modulus check returns the displayed value 0, while a successful run returns the clipped
midpoint of a certified real interval. Thus the ordinary statistic and the represented execution
have the same branch structure and the same clipped value whenever the compiled arithmetic
implementation satisfies the bounded-build contract.

The final lemma is the deterministic accuracy statement used by the statistical risk proof.
It compares the evaluation-fold empirical transforms with arbitrary population maps F' and G
on the selected circle, assumes the selected contour identifies a real target ¥, and turns uniform
transform errors into a bound for the clipped contour statistic.

Lemma 13. [lem:selected-contour-perturbation-bound] (Selected contour perturbation)

Fiz a parameter record p as in Definition 1, the certified primitive and range records p, and cg , of

Definition 17 and Algorithm 1, a supplied treatment-regression code sequence, and observations

O1,...,0, with O = (X,T,Y) as in Definition 2. Let B be the contour bank generated by p

and Py, let a, be its dyadic lower-modulus certificate, let C; have radius p;, and write Ry =

searchRadius(p). Let F,G: C — C, let d,e,Cq,u,v € R, and let ¥ € R be the target value.
Assume:

e (Target range.) The target satisfies

[9| < Co.

51



e (Selector event.) The canonical represented input built from the clipped current code
and the sample satisfies

d>0, e >0, Cg >0, w >0, v >0,

_ 3la, _ 23a,

=6 "7 64

and there are a bank index j and an integer N; such that the certified selector of Algorithm 1

selects Cj, the pilot winding output on C; decodes to N;, N; > 1, the evaluation-fold
modulus enclosure on C; has lower endpoint at least a./4, and every z € C; satisfies

d<u—v,

n<IF@E), 1GRI<Ca |Fa() = F(2) <d |Gial2) = G()| <e,

where ﬁl,n and élm are the split-fold empirical transforms of Definition 15.

e (Contour integrability.) For every bank index j selected by the canonical selector, both
contour ratios

z @111(2) an Z G(Z)
"~ Fin(2) ! T FE)

are integrable on the circle C;.

e (Ezxact identification.) For every bank index j and every integer N, if the canonical
selector selects C; and the pilot winding output on C; decodes to N, then

9 =R [{N 2mi} L fc gzi dz] .

Then the total Borel contour statistic é\spec,n of Algorithm 1, computed on the same canonicalized
sample, satisfies

1
max{n, 1}’

é\spec,n - 19‘ <R max{u_l, CG(/U/)_I} (d+ 6) +

Proof of Lemma 13. On the selector event, choose the selected bank index j and the decoded
integer N > 1. Write C} for the selected circle and set

{N2mi}~ % illn j 2] , T, =% [{N 2mi} ! ji géj; dz] .

The exact-identification hypothesis for the selected decoded contour gives ¥ = T}.
For each z € Cj, the selector event gives

T R

n<IFE), GG <Ca |Fiaz) - FR)<d,  [Gialz) - G(x)| <e.

Together with d < p — v, the triangle inequality yields the empirical denominator margin

Fia(2)| 2 |F(2)| — [Fin(z) - F(2)| 2 p—d > v
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Since p > 0 and v > 0, both denominators are nonzero on C;. Hence
1,n _g: él,n_G_i_G(F_F\l,n)
Fl,n F Fl,n Fl,nF

-~

)

and the two terms have moduli bounded by e/v and Cgd/(uv), respectively. Thus, pointwise
on Cj,
Gin(z)  G(2)
Flyn(z) F(Z)

The contour-integrability hypothesis for the selected index permits integration of this point-
wise bound around the circle of radius p;. Therefore

Cad
< 2mp; <e + G) .
v

pv

(& ng

voopv

Cil’n(z) dz — 7{ G(z) dz
c; Fin(2) o, F(2)
Multiplication by {N2mi}~! and taking real parts give
~ pj (e  Cgd
T, —9| < B (4260
T — 9] < N <y + L )

It remains to relate this contour value to the returned statistic. For the same selected j and
decoded N, the construction of Ogpec,, in Algorithm 1 uses the rational midpoint y of the real
coordinate of the certified evaluation rectangle. That rectangle contains the normalized empirical
contour value whose real part is Tj, and its real-coordinate width is at most 2/ max{n, 1}. Hence

1
max{n, 1}

ly —Tj| <

The statistic is the clipping of this rational value to [—Cy, Cy]. Since || < Cy, projection onto
this interval is contractive relative to v, so

yespecm _19| < ‘y - 19‘ < |y _Tj’ + |Y} _19’

By the bank construction in Definition 17, the selected radius satisfies p; < Ri, and the
decoded count satisfies N > 1. Using d,e,Cg > 0 and pu,v > 0,

pi (e Cady _ ! -
N<yJr Ml/)—leaX{V » Calpr) ™ }(d +e).

Combining the preceding displays proves the asserted bound. O

Lemma 13 is the deterministic bridge between certified execution and the risk calculation
in Theorem 3. The selector event supplies a lower bound for the population denominator and
an evaluation-fold lower-modulus check; the exact-identification clause supplies the population
target represented by the same selected contour. The conclusion then bounds the statistic by
the uniform denominator and numerator errors on the selected circle, with the final 1/ max{n, 1}
term coming from the certified interval radius used when the real contour moment is converted
into the clipped rational midpoint.

Combining Definitions 16 and 17 and Lemma 13 gives the executable correspondence needed
by the main contour theorem. The arithmetic substrate provides sound finite enclosures, the
bank handle supplies the fixed finite search geometry, and the perturbation lemma states the de-
terministic accuracy of the selected represented statistic on the good event used in the statistical
argument.
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D Verification scope and crosswalk

This appendix records how the reader-facing statistical claims in the paper align with the formal
statements displayed in the main text and technical appendices. The crosswalk is organized by
mathematical role: model primitives and law classes, analytic identification, fixed-separation
estimation, comparison results, local benchmarks, and certified execution.

The model primitives are fixed by Definitions 1 and 2. Sampling and structural restrictions
are the assumptions in Assumptions 1 to 16. The law classes and risk criteria used in the
statistical comparisons are the objects in Definitions 3 to 11.

The analytic identification chain is the sequence Definitions 12 and 13, Theorems 1 and 2,
and Lemma 1. These statements fix the treatment-innovation transform, the observable residual
transforms, and the contour ratio that identifies the partially linear coefficient under the stated
zero-free and positive-count conditions.

The fixed-separation estimation result is anchored by Lemma 3 and Theorems 3 and 4.
These statements provide the zero-localization radius, the finite-bank contour statistic, the
n~! minimax mean-squared-error scale on the fixed-code non-Gaussian class, the corresponding
generalized-quantile bound, and the Gaussian-class diagnostic.

The comparison with ACE is recorded in Propositions 1 and 2 and Lemma 5. The pub-
lished order-r ACE guarantee enters through the cited Jin-Mackey—Syrgkanis result [Jin et al.,
2025]; the displayed proposition states the exact imported bound and the class relations used to
compare it with the contour guarantee.

The explicit mixture and local benchmark statements are Definition 14, Proposition 3,
Lemma 7, and Theorem 5. The future-work formulation in Definition 15 and Remark 1 records
the sample-level contour information and the triangular local-to-Gaussian adaptation target.

The certified execution layer is specified by Definitions 16 and 17 and Algorithm 1. These
statements connect the ordinary Borel statistic used in the statistical risk bounds with the finite
represented-data construction based on the same primitive records.

Verification scope. The theorem statements and proofs corresponding to the displayed for-
mal environments are machine-checked in Lean 4 under their stated assumptions and citation
interfaces. The ACE-alignment theorem in Proposition 1 verifies the class reduction, the ap-
plication of the imported bound, and the comparison algebra conditional on the Jin—Mackey—
Syrgkanis conclusion cited in its theorem-local footnote.
E Proofs of the main results
Proof of Theorem 1. Put

Dn(X) = g0(X) = gn(X),  ba(X) = qo(X) — 6o Dn(X),
as in Definition 7, and write

J(w) = Jyo(w) = whlerow, w € C,

as in Definition 12. From the definitions of n and Z, in Definitions 2 and 13,

Zp = T_gn(X) = 77+Dn(X)'
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The definitions of £ in Definition 2 and b,, above also give, by algebra,
Y =002, + b, (X) +£.

Membership in Png,n, together with the clipping convention in Definition 2, supplies the in-
tegrability and boundedness used below. Pulled back to the observation space, Definition 3
gives

190(X)| < Cy,  eo(X)| <Cy  [0] <Cy  P-as,

and the clipping gives |g,(X)| < C,. Hence
|Dp(X)| < 2C4, b (X)| < Cq+ Cy(2C,) P-a.s.

The treatment and outcome sub-Gaussian clauses in Definition 3 imply real exponential mo-
ments of every order for i and &; the displayed bound on D,, then gives the corresponding real
exponential moments for Z,, = n + D,(X). These facts justify the differentiated transforms,
conditional expectations, and products appearing below.

1. Since M is analytic at zg and has analytic order ¢ > 1 there,
M@ (z) =0 for every 0 < aw < /.

Moreover, for each such «,
M) (z9) = Ep[y*e™],

by differentiating the moment-generating function under the expectation. Hence, for any
d € R,

Ep[J(n+d)] = Ep [(77 + d)ffleZO(ner)]

This is the shifted annihilation identity.

2. We next show the conditional identity. Let Ax be any measurable covariate event. Since
Zn =1+ Dy(X), the binomial expansion gives

{—1
(-1
-2 ( « > [ e, (e P 0 () .
a=0

The treatment-noise independence in Definition 3 factors each summand as

{—1
(“ ) mebie B [pu(x) e 001 ()]

and the first factor is M (a)(zo) = (0. Thus the integral over every covariate event is zero,
which characterizes
Ep[J(Z,) | X]=0 P-as.
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3. Define, for z € C,
F,(z) = Ep[e*®].

Since Z,, = n+ D, (X), the same independence gives the factorization
Fo(2) = Eple”] EpleP"™)] = M(2)Hy (2),
with H,, as in Definition 13. Also,
EplZaJ(Z2)] = Ep[ZLe?] = F (z).
Differentiating F,, = M H,, { times at 2 yields
F{9(z9) = f: (£>M(a)(ZO)Hr(f_O‘)(Zo)-
a=0 \¢

All terms with v < ¢ vanish by the analytic-order calculation above, and the remaining
term is

F{(z0) = MY (20) Hn(20).

Therefore
Ep|ZnJ(Zy)] = MY (20)H, ().

4. Finally, using the algebraic decomposition Y = 09Z,, + b,(X) + &,
EP[YJ(ZTL)] = GOEP[ZTLJ(Z’R)] + EP[bn(X)J(Zn)] + EP[gj(Zn)]

The second term is zero because b, (X) is covariate-measurable and the conditional identity

above gives
EP[bn(X)J(Zn)] = EP[bn(X)EP[J(Zn) ’ XH =0.

The third term is zero because J(Z,) is measurable with respect to (X, T"), while Defini-
tion 3 gives Ep[¢ | X,T] = 0:

Ep[§J(Zn)] = Ep[J(Zn)EP[¢ | X, T]] = 0.

Thus
Ep|YJ(Z,)| = 6oEp[ZnJ(Zy)).

Whenever Ep|Z,J(Z,)] # 0, division gives

o EP[YJ(ZTL)]
- Ep|Z,J(Zn)]

6o
Proof of Lemma 1. Fix z € C. The definitions give
Zn =T = gn(X) =1+ {90(X) = gu(X)} = 1+ Dn(X).

Moreover, Definitions 2 and 3 give the pointwise clipping bound |g, (X)| < Cy and the treatment-
regression range bound |go(X)| < Cy almost surely, hence

[Dn(X)] = [90(X) = gn(X)| < [go(X)[ + |gn(X)| <2Cy  P-ass.
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Together with the Luxemburg treatment-tail condition for n, this bound gives every real expo-
nential moment of Z,, and hence the exponential integrability used below. Since D, (X) is a
function of X and 7 is independent of X under Definition 3,

Fu(2) = Epexp{z(n + Dn(X))}
=Fp [exp(zn) exp{an(X)}]
= Epexp(zn) Epexp{zD,(X)} = M(z)H,(2).
For the second identity, first note the pointwise residual decomposition
Y =002, + b (X) + &,

because Definition 7 gives by (X) = qo(X) — 09D, (X), while Z, = n+ Dp(X) and £ = Y —
qo(X) —6pn. The preceding exponential-moment envelope for Z,, also gives differentiation under
the expectation:

Fl(z) = Ep[Zye*?"].

Thus
Gn(z) =Fp [YGZZ"]

= 00Ep|Zne*?"] + Ep[bn(X)e*?"] + Ep[ce?r].
The contamination weight is bounded almost surely by
|bn(X)| = |QO(X) - QODn(X)|
< lgo(X)| + [bo] |IDn(X)|  P-as.
< Cq+ Cp(2Cy),

where the last line uses the outcome-regression and coefficient range bounds in Definition 3
together with the displayed bound on D,,. This boundedness and the same exponential envelope
for Z, give integrability of the contamination term.

The outcome-noise term is integrable as well. The £-tail condition in Definition 3 gives
Ep[|€|%] < oo, and the learned-residual envelope gives

EPUE'ZZ"F} = Ep |:62RG(Z)Z”:| < 0.

By Cauchy-Schwarz, Ep[|(e*?"|] < oo. Since Z, = T — §n(X), the real and imaginary parts
of e*%n are measurable with respect to (X,T). Applying Ep[¢ | X,T] = 0 from Definition 3
separately to these integrable real products yields

Epl¢e””r] = 0.
Finally, independence of  and X factors the contamination term:
Ep [bn(X)ezZn] — Ep [bn(X)eZD"(X)ezn}
— Epe™ Ep [bn(X)ezDMX)} = M(2)Ba(2).
Substituting the last three displays and the derivative identity gives
Gn(2) = 00F)(2) + M(2)By(2).

Since z was arbitrary, both identities hold for every z € C. O
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Proof of Theorem 2. Write p; for the radius of the selected positively oriented bank circle C; =
{z € C: |z| = p;}. The bank construction gives p; > 0. Put

Dn(X)ZQO(X)_gn(X)v bn(X) ZQO(X)_GO(P)Dn(X)a

and
B,(z)=Ep [bn(X)eZD”(X)] ) z € C.

By Lemma 10,
|Dp(X)| <20, P-a.s.
The clipping defining g,,, the range conditions in Png ,, and |6o(P)| < Cp give

[bn (X)] < [qo(X)[ + [00(P)[[Dn(X)] < Cy +2CpCy  P-as.

Consequently H, and B, are complex differentiable at every point. Indeed, on the unit neigh-
borhood of any zy € C,

1D, (X)e?PrX)| < 20, exp{(|z0| + 1)2C, },

and
b (X) D (X)e*PrX)| < (€ + 2C5Cy) (2C,) exp{(|20] + 1)2C, },

so dominated differentiation under the integral applies to the weighted transforms. Separately,
the sub-Gaussian exponential-moment condition for the treatment innovation 7, together with
Zn = n+ Dyp(X) and the almost-sure bound on D, gives Epet?n < o for every real t. The
standard moment-generating-function analyticity criterion therefore gives analyticity of F, on
a neighborhood of the closed disk {|z] < p;}.

On the closed disk {|z| < p;}, the nuisance zero-freeness assumption gives Hy(z) # 0.
Hence the quotient B,,/H,, is well-defined on the closed disk, differentiable in the open disk, and
continuous on the closed disk. Cauchy’s theorem on the circle gives

By (z) -
fcj T (2) dz = 0.

Fn(z) = M(2)Hn(2),  Gn(2) = 00(P)F,(2) + M(2)Bn(2),

For z € C}, Lemma 1 gives

where M (z) = Eple*]. Since Fy,(z) # 0 and H,(z) # 0 on C}, also M(z) # 0 on C}. Therefore,
pointwise for z € Cj,
Gn(2) F(2) | Ba(2)
= 0y(P)=2 .
F,(2) o )Fn(z) H,(z)

Integrating around C; and using the Cauchy identity for the quotient B,,/H,, yields

Gule) i)
7{@ e dz—HO(P)jij 2

The function F;, is analytic near the closed disk and zero-free on C}, so the argument principle
gives

1 FEl(2)

n

2mi Jo, Fu(z)

dz = N¢,;(Fp).
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Thus

Gn(Z) - T
e e = (e e 2

The positive-count assumption gives N¢; (Fy,) > 1, so N¢, (Fy,) 2mi # 0. Dividing by this nonzero
factor gives

N Gn(z)
P) = {N¢.(F,)2ni} ' ¢ 724z
0(P) = {Ne, (P 2miy ™ § T a:
J
By Definition 13, the right-hand side is ©¢; (F},, G). Therefore

Gn(2)
Fu(2) dz.

(00(P) : €) = Oc, (Fa, Gr) = {Ne, (Fa) 2} fc |

Proof of Lemma 2. Fix t € R and put

A =1y, v:?/j.

The square-exponential envelope first gives integrability of e!V: for every outcome point,

W2 22
tW < — + ——
S T
because (W/1p — t1/2)2 > 0. Hence ¢!V is dominated by et*¥*/4eW?*/¥?,
Consider first the case |\| < 1. For every real u,

e’ <14 u+ el

Indeed, when |u| < 1, the Taylor-remainder bound |e% —1—u| < u? gives e —1—u < u? < u?elVl.
When |u| > 1 and « > 0, one has u > 1, so e < u2el*l < 14 u + u?ell. When |u| > 1 and
u < 0, one has u < —1, whence e* <1 < 1+u+u2< 14+ u+u2eldl, With u = v,

A2 402 - 1+v2.
2 = 2

Also,
026(1+v2)/2 _ e1/20261;2/2 < 61/261;2 < 261;27

where the two inequalities use v? < e’/2 and el/2 < 2. Combining these estimates with
monotonicity of the exponential gives

(Aw)ZelMl < 222e"”.

Therefore
W =M <1+ tW + 20% exp(W?2/9?).

Integrating and using EpW = 0 and Ep exp(W?/4?) < 2,

EpetW <144X\ < exp(4X?) = exp(49%t?).
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It remains to treat |A\| > 1. Completing the square gives
¢ < exp(N?/4) exp(W?/9?).

After integration,
EpetV < Qexp()\2/4).

Since 2 < e and |A| > 1 implies 1 < A\?,
2exp(A?/4) < exp(1 + A\?/4) < exp(4A?) = exp(44%t?).
The two cases prove the asserted bound for every ¢t € R. O

Proof of Lemma 3. Let
M(z) = Epe*".

From £k =r+ 1 and r > 2, one has k > 3. The treatment-tail assumption gives
212

Epexp(n /1/}17) <2,

together with the corresponding integrability, and the conditional-mean identity for gy gives
Epn=Ep{T — go(X)} = 0.

Applying Lemma 2 to 7 gives, for every real ¢,

Epe! < exp(4¢%t2).
Consequently, for every z € C,

|M(2)| < EpeR® < exp{dy?2|2|*}.

The same exponential-integrability envelope gives analyticity of the complex MGF on all of C,
and normalization at the origin gives M (0) = 1.

Suppose, toward a contradiction, that M (z) # 0 for every |z| < Rp. Then log|M| is harmonic
on the open disk {|z| < Rp}. Choose an analytic function F' on this disk whose real part is
log | M|, and set

Then f(0) = 0 and, for |z| < Ry,
Re f(z) = log | M (2)| < 4¢; Rg.

The Borel-Carathéodory estimate on the disk of radius Ry, applied to the normalized func-
tion f, gives on the sphere |z| = Ry/2

[£(2)] < 8 R5.
Cauchy’s estimate on the disk of radius Ry/2 therefore yields

k! 82 R2
(k) MOV ok+3p. 0,2 p2—k
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Near the origin, M (0) = 1, so M takes values in the slit plane on a small disk and the
principal logarithm log M is analytic there. The analytic function

z f(z) —log M(2)

has identically zero real part on that small connected disk and vanishes at 0; hence it is identically
zero there. Thus .
T dek

Since kg (n) is the real part of this derivative and | Rew| < |w|,

F®)(0) log M (%)

z=0

()| < 25F3K1 2 R2E,

By the definition

g2\ V2
Ry = (284 (E-2) (;) ,

we have 42
Ry =2 =1
0 4]
Substitution in the preceding bound gives
o\ —1
0
|k (n)] < 2MF3k1 2 (2“%! 7’?) =5 <o

This contradicts the cumulant separation condition |kx(n)| > 6. Therefore there exists zp € C
with |z9| < Ro and M (zp) = 0. O

Proof of Lemma 4. Put R = Ry, Z, =T — gn(X), and
A = 64{Cy + 4C, + ¢ } + 2exp{16RCy + 16R*Y7}.

The radius is nonnegative, since R = Ry + 1 and Ry > 0 by its displayed construction in
Definition 17.
First,
Ep|Y[* < 64{C; + 4Cyv; + )¢ }.

Indeed, Y = qo(X) + 6on + &; the range bounds give |go(X)| < C, and |6p| < Cp, while the
Luxemburg bounds give Ep|n|* < 41/1;47 and, after integrating the conditional bound, Ep|¢[* <
47/’?- Applying the elementary fourth-power bound to the three summands gives the display.
Next,
Epexp{8R|Z,|} < 2exp{16RC, + 16R2¢3]}.

This is the residual exponential envelope applied with radius 2R. In detail, Z,, = n+ D,,, where
D,, = go(X) — gn(X) satisfies |D,| < 2C, almost surely. Hence 8R|Z,| < 8R|n| + 16RCy, and
Young’s inequality at this radius gives

8R|n| < n?/i; + 16R*);.

The Luxemburg bound Ep exp(n?/ 1/)%) < 2 then yields the displayed exponential bound.
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Therefore
Ep [{IY] exp(2R|Za])}?] < A.

The pointwise inequality used here is
{IY1exp(2R|Z,)}* < |Y|* + exp(8R|Z)),

and the preceding two displays bound the two expectations.
Let

E(0) = Y (0)| exp{2R| Z,(0)|}.
Then E € L?(P) and ||E||s < V/A. For |z| < R,
|Y exp(2Z,)| = |Y | exp{Re(2Z,)} < |Y|exp{2R|Z,|} = E,
because Re(zZ,,) < |z||Z,| < 2R|Z,|. Hence
Gal2)] = |Ep{Y exp(:Z0)}| < EpE < |Ells < VA.

Since VA = Cg(p), the claimed bound follows. O
Proof of Theorem 3. 1. Define the primitive search radius
2 1/(r=1)
Rex = Ara (;) +1,

where A, is the numerical factor in Definition 17. Let K¢mp > 0 be the constant supplied
by Lemma 9 for (Cy, Cy, Cq, ¥y, V¢, Rax). For y € R, put
Uceil(y) = [max{l,y + 1} + 1] )

and define
qu = uceil(wn)v U}OQ = Uceil(Rﬁx),

Ncoert = 4(U7,(Z)1)2(UIO% + 2)37 m: = Ncoert + 3,
63 - 8U1%(U$)2(U]O:i + 1)27 :,den - S(QUI%L + 1)7
ug =26+ Nog (m + d gen), 0 =27
Thus a; > 0. Set

Cg = [64{C* + 4CH)L + 40} + 2exp{16 R Cy + 16RZ 0237

2302\ 7! 31a2 23a2\ !
L X = R X = 7CO = = y
f ﬁmax{(m) G<64 64) }
1536092Kemp
(ag)?
Since Rax > 0, Kemp > 0, and af > 0, one has Cgsyx > 0. The two fixed-code converse argu-
ments below give positive constants cyg and cjyvg, depending only on the same primitive

tuple: ¢ng comes from the fixed-code non-Gaussian converse, and cjys comes from the
separate fixed-code JMS ACE converse. We take

and

Chix = 1212, Kemp + +2.

¢ = min{cNg, ¢yms ), C = Cix.

Then ¢ > 0 and C > 0.
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2. Fix the covariate measurable space, pg, the fixed records, p, and the base model as in the
statement. The transported-record hypothesis gives

p.Co=Cy, p.Cy=0Cy, p.Cy=Cq, paby=1y, pie=1, searchRadius(p)= Rpx.

Let p,, and cg 4, denote the transported bank and range records. If a,, is the lower-
modulus certificate of the actual contour bank, then the width-one certified refinement
containing v, and Rgy gives

— o p—
Uy p < ug, a; =2"" <27 =q, ).

Consequently the actual selector constant

1536p.C2 K.
Csel(pa P*,p) = 12L12;Kemp -+ % + 27
a*’p
with 1 |
23a,p ) 31a,, 230,
L, = searchRadius(p) max { <;l*7p> ,Ca(p) (é:,pélw;) } 7
satisfies

Csel(pvp*,p) < C.

The monotonicity is exactly the monotonicity of the bank exponent, the map v — 274,
and positive reciprocals.

3. The statistic is measurable. Indeed, @\Specm is obtained by running the finite rational
contour program of Algorithm 1 and then clipping its raw real output:

-~

Ospeen (01, ..., Op) = min {max {Yiaw(O1,...,0,),—Cy},Ch}.

On each finite branch trace, the queried observation endpoints are floor-dyadic functions
of the sample coordinates, and the remaining operations are rational arithmetic and fi-
nite comparisons. The terminal traces are countable and exhaustive, so Y;.w is Borel
measurable; clipping by constants preserves measurability.

4. The represented execution clause follows from the canonical compilation contract. For
every sample,

Repcompiled (canomcallnputp’p*’pJGmp) = Ordpp, ,coeps

the represented trace equals the ordinary trace, and the represented output record certifies
min{max{Yiaw, —Cy}, Cp}.
The last identity is the elementary three-case equality

[y + Co| — |y — Co

5 = min{max{y, —09}7 CG}?

used with the positive range record for Cpy.
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5. The class relations are those of Lemma 5: for every model m,

JMS
m € PACE,n — m PNG,na

and, if s = r,

m e Pathn < mE PG

The proof uses monotonicity of LP(Px)-norms on a probability space to pass from the
published L"(Py) treatment-code condition to the L'(Px) treatment-code condition, and
when s = r the comparison subclass imposes the same code-radius requirement.

6. We record the pointwise risk bound used in both fixed-code classes. Let m € Pnagn,
assume n > 2, and assume

61’n S {4R1 eXp(2CgR1)}_1,
where R; = searchRadius(p). For a € {0,1} and every sample define

do = sup |Fan(2) = Fu(2)],  ea= sup |Gan(z)— Gn(2)].
|z|[<R: [z|<Ry

Set
.A = {do S a*,p/& d1 S a*,p/8}.

On A, the canonical selector packet supplies exactly the hypotheses of Lemma 13. The
packet is obtained as follows. First, Lemma 8 gives a bank contour C}, for the treatment-
innovation transform with positive zero count and boundary modulus at least a,,. By
Lemma 10, the smallness condition gives |H,(z)| > 3/4 on the search disk and preserves
the zero count from the treatment-innovation transform to F,, = M H,; hence C}, has
positive F),-zero count, H, is zero-free on and inside the contour, and |F,(z)| > 3a,,/4
on its boundary.

The pilot-fold inequality dy < a4 /8, together with the certified modulus width a, /64 and
the certified winding enclosure in Algorithm 1, makes this population contour admissible:
its pilot lower endpoint is at least 39a, /64, and its decoded pilot integer is the positive
population zero count. The selected contour maximizes the pilot lower endpoint among
admissible contours, so for the selected contour C; and decoded integer N,

_ 3laxy

L2 < |Fu) (e,

Hp -
while the evaluation-fold inequality di < ayp/8 gives the evaluation modulus margin re-

quired by the selector and

_ 230
64

Up >0, dv < pp — Vp.

The same certified node specifications give
Fin(2) = Fa(2)| < di, [Gra(e) = Gu()| Ser (2 €C),

and Lemma 4 gives |Gy (2)| < Cg(p) on |z| < R;. Continuity and the positive denominator
margins give the two contour-integrability hypotheses for the empirical and population
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ratios. Finally, Theorem 2 applies to the selected contour, because F, is zero-free on Cj,
H,, is zero-free on and inside C}, and the decoded integer N is the positive population zero
count; therefore the selected population contour ratio has real part 6g(m).

Applying Lemma 13 with
o 310/*71) _ 230/*,p

=" T Tw
gives, on A,
e — o) < Lyl 1) +
Hence, on A,
(Bupecsn — Bo(m))? < ALA(d2 + €3) + %

The folds have cardinality at least n/3, and Lemma 9 gives

3Kem
E(d* +¢2) < =22 (a=0,1).
n
Markov’s inequality therefore yields
) < Bk
az ,n

Since the estimator and the target both lie in [—Cy, Cy],

(Gspec,n - HO(m))Q < 4092

on A°. Integrating the two displays gives

~

Cse s Px
Em [(HSpeC,n — fo(m))?| < Csel (P, Prp)

n

<

C
n
. The quantile bound is the Markov consequence of the preceding mean-square bound. For

W(O1,...,00) = [bspecn(O1, . .., 0n) — Bo(m)], t= ot

the risk bound gives
C
P(W >1t) < 75/2” = .

Equivalently,

and the defining property of the generalized lower quantile in Definition 6 gives

C
Qpri—(W) < g
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8. It remains to identify the two lower constants. Put

1692
b9 = min{cea 1}7 VKL = max {17 QIZ)?? } y To — g

vE 4
For a nonempty fixed-code non-Gaussian class, choose m° in that class. For n > 2, define
b b
0 — 0 0

NN

The affine Gaussian perturbations m_ and m4 keep the law of (X,T), go,qo, and the
supplied clipped codes from m°, and use the outcome equation

YZQO(X)"_Hin"’_fﬁ fTNN(OvTI%)’

with & independent of (X,T). Since |[0+] < by < Cy, and since Lemma 11 gives the
required outcome-innovation Luxemburg envelope at scale v¢, both m_ and m/ remain
in the same fixed-code non-Gaussian class. Their target separation is

bo

v

The pair {m_, m4} is a one-dimensional fixed-code path of the kind supplied by Lemma 12:
the observed treatment law, the regression functions, and the clipped supplied codes are
held fixed while the target moves by h/+/n, and the divergence along such a path is

quadratic in h. Carrying out that Gaussian likelihood ratio calculation here, with h = by,
gives

|64 —0_| =

(04 —0-)2 202 1642
Dy (m2" H m{") <n 2 1= 27]
27 wg
Le Cam’s two-point MSE inequality therefore supplies a constant Ar,c > 0, depending only
on VKng, such that every measurable estimator 6 satisfies

bg < ViLbz.

b2

max FE,, [(5— «90(mv))2} > )\ch

ve{—,+}

Thus the fixed-code non-Gaussian minimax risk is at least

(NG
= cNg = ALcbg > 0.

This is the fixed-code non-Gaussian converse.

For a nonempty fixed-code JMS ACE class, the separate fixed-code ACE converse applies
the same two-point argument starting from a law in that JMS ACE class. The affine
perturbations preserve JMS ACE membership, the target values _ and 6., the law of
(X, T), the nuisance functions go, qo, the treatment innovation 7, and both clipped supplied
codes; this is the JMS ACE branch of Lemma 12. The same product relative-entropy
calculation and Le Cam inequality give a constant cjg > 0, depending only on the
primitive tuple, such that

c ~
SIS g sup Ep|(6 —00(P))?] .
n 0 PEPiI\éI%n(p;base)
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9. For the fixed-code non-Gaussian class, assume the hypotheses in the theorem. The lower
bound from the preceding step and ¢ < ¢y give

C
— <mNe

3

The statistic gspec,n is measurable by Step 3, so it is an admissible rule in the minimax
infimum, and therefore

%EIG < sup Ep [(é\spec,n - QO(P))2:| :
PEPNG,n(p;base)

For every P in this fixed-code class, the current clipped treatment code agrees with the
base clipped treatment code. Since the canonical inputs in Algorithm 1 use the current
clipped treatment code, the statistic assembled from the base treatment-code sequence
agrees pointwise with the statistic assembled from the class member’s treatment-code
sequence. Applying Step 6 to the latter statistic and then using this pointwise equality
gives
~ 9 C
sup EP (espec,n - QO(P)) < —.
PePna,n(p;base) n
The same pointwise equality reduces the absolute-error statistic in the generalized-quantile
display to the statistic covered by Step 7, giving the displayed generalized-quantile bound
over the same supremum.

10. For the fixed-code JMS ACE class, assume its nonemptiness, n > 2, and the same smallness
condition on €1,,. The ACE lower bound from Step 8 and ¢ < ¢jvgs give

£ <inf sup Ep [(5— HO(P))ﬂ :

n [% Pepgl\é[%’n(p;base)
The estimator is measurable, hence admissible, so the infimum is bounded above by its
worst-case risk. By Step 5, every JMS ACE law lies in Png,n. The fixed-code restriction
gives the same current clipped treatment code as the base model, so the pointwise congru-
ence from Algorithm 1 identifies the statistic built from the base treatment-code sequence
with the statistic built from the class member’s treatment-code sequence. Step 6 therefore
yields

~ C
sup EP (espec,n - GO(P))2 < —.
Pepihélgm(p;base) n
The same pointwise equality and Step 7 give the asserted generalized-quantile bound on
this class as well.

O]

Proof of Proposition 1. Fix the displayed constants and choose the constants ¢ and C' supplied
by Theorem 3. Set
Cspec =C.

Then Cypec > 0, and its dependence is only through r,d, Cy, Cy, Cy, ¥y, .
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1. For the class relations, apply Lemma 5 at the displayed parameter record and the displayed
sample size n. It gives, law by law,

Pe Pil\é[]%,n > P e pNG,n

and
P e PRGS = P e PGk,

Since these pointwise implications are exactly the membership predicates for the displayed
law classes, they yield

JMS ACE JMS
PACEn € PNG,ns PrGn © PACEn-
The same result also gives, when s = r,
JMS ACE
P e PACE,n <— P e PNGJN
hence the asserted equality of the two classes under the common clipped-code convention.

2. Fix a model m with observed-data law P € Pg%%n using the clipped supplied codes
Gn, Qn, and suppose E%MS, e1n > 0, and €2, > 0. If £2,, > 0, the positive-radius part
of the assumed published order-r ACE generalized-quantile guarantee, with the objects
and gates stated in Proposition 1, applied with the supplied handle and the same clipped

codes, gives R
QP,I—W(WACE,T,n - HO(P)D < BACE,n,'y-

It remains to treat the boundary case €2, = 0. For any x > 0, let pX) be the parameter
record obtained from p by replacing the whole second radius sequence by
55)2) = max{ea j, x } j>1,

and leaving every other coordinate unchanged. This sequence is again nonnegative and
nonincreasing. Read the same observed-data law, regressions, and supplied code sequences
as a model m®) over p™); its observed-data law is still P. If 0 < X < €1,n, then the class
membership is preserved: every condition in Pil\élgm is unchanged except the outcome-code
radius, and at index n

egx,z =x with 0<ey, <x.

Moreover, with
wa = (y0) T2 (e + Cothy),
the denominator entering the second JMS eligibility quantity is unchanged:

max{e1 p, max{sé’"}z, wn}} = max{eq n, max{ea ,, wn}},

because €3, = 0 and 0 < x < €1,. All other eligibility quantities are unchanged by
construction, so E?MS holds for p®) at the same index.

Let
Ap = Cyrl1676 el

7n.
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The assumed ACE guarantee includes Cy > 0, and the displayed hypotheses give A, > 0.
For any real 8 > BAcEn,y, set

— min €1,n ﬁ_BACE,n,'y
X8 2 ' 24, '

Then 0 < xg < €1,», and the positive-radius result applied to p(X8) gives

QP,I—W(’é\ACE,r,n —0o(P)|) < BacEny + Anxs.

By the definition of xg,
B - BACE,n,'y
2 9
so the same quantile is at most 3. Since this holds for every 8 > Bacgn,y, the desired
boundary inequality follows:

AnX,B <

QP,].*’}/(|§ACE,T‘,H - QO(P)D < BACE,n,'y-

. For the spectral guarantee, assume the displayed nonemptiness condition and choose a
model m° with observed-data law P° € 73;11\(/3[}% ,, using the clipped supplied codes gy, @y.
Define the fixed-code ACE class

A:L = {P € ,Pi%[]%,n : gn(P) = On; Qn(P) = (jn} .

This is the ACE-class set associated with the base model m® in Theorem 3. The statistic
computed from the supplied treatment-code sequence agrees pointwise with the statistic
computed from the base model’s supplied treatment-code sequence, because both con-
structions use the current treatment code only through the residuals

T‘Z_gn(X’L)a Z:L)n

The ACE-class part of Theorem 3, applied with the fixed primitive and range records,
n > 2, and
61’n S {4R1 eXp(ZCgRl)}_l,

n Cs ec
(16 —0o(P)]) <] —==.
Psélﬁ’z Qpa '7(| spec,n o( )|) = n

Since A7 is exactly the class of laws in the statement with the clipped supplied codes
Gn, Qn, this is the asserted spectral upper guarantee.

therefore yields

. Finally consider a sequence (p,,) satisfying the hypotheses in the last item of the proposi-

tion. Define

r+1

'
Ly = e pe2n + Coey,

and
AACE = C,y?”!16r(5_1.
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The assumed ACE guarantee includes Cy > 0, so Aacg > 0. Along the sequence, the
fixed-constant identities in the hypotheses rewrite the ACE bound as

BAcEny = AACE L, + 64(Cg + wn)r{TQ(Cg + wn) + 7/’5 + 091/’77}(7”)71/2] :
The second summand in brackets is nonnegative, hence eventually
ACELn < BACEn -
The assumed divergence is

Ln
n—1/2

Cspec _ C’spec ’I’L_l/2.
n ¥

Once £, > 0 and AceLyn < BACE,ny, We have

0< v/ Cpec/(1m) _ v/ Copec/ < c, >_1.

BACEny T AACE n—1/2

— OQ.

Forn > 1,

The right-hand side tends to 0, so the squeeze theorem gives

Cspee/ (Y1)

— 0.
BACE,n,'y

Proof of Theorem 4. 1. Apply Theorem 3 with the fixed constants

r, 57 097 Cga Cqﬂbnﬂb&

It gives constants ¢, C' > 0, depending only on these displayed constants, with the fixed-
code non-Gaussian lower and upper bounds stated there. Also apply Proposition 2 on the
chosen measurable covariate space. It gives, for every parameter record p, writing n for

the sample size of p, and every m € Pé“ﬁs,

90 (m) = O,

and it gives the two zero Gaussian minimax conclusions for every nonempty clipped-code
intersection at that same sample size.

2. Fix po, the fixed primitive records, the sequence (p;), the supplied measurable deterministic
codes (g,q), and the displayed eventual non-Gaussian event. Write n; for the sample size
of pj, and put

P := the transport of p, from pgy to p;, ¢o,x,; := the transport of ¢g . from pg to p;.

For every sufficiently large j, the displayed event in the theorem supplies a base model

m;-mc such that

anc — = _ -
m] S PNG,TL]' (pj)7 gm?“c,nj - gnj7 Qm‘;"c,nj — an,
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together with

nj>2,  e1n; < (4R1(pj) exp{2Cy Ry (pj)})

Let gj™ and q;" be the supplied code sequences carried by maie. The two clipped-code
equalities above imply equality of the two fixed-code law sets,

{m Pme PNG,nj (pj)7 gm,nj = gnja Qm,nj = (jn]}

= {m T me 7DNG,nj (pj)a gm,nj = gm;"%nc,njv Qm,nj = Qm;mc,nj}'

The statistic also agrees pointwise when the supplied treatment code is replaced by g?ncz

~

7 — n . ~anc
Ospecn; (D5 Pr,js €0, G) = Ospecn; (s Bujs €055 95 )

because Algorithm 1 forms the represented observation record with the current clipped
values gn;(X;). Applying Theorem 3 to p; with base model mi", and using the i.i.d.
product sampling law of that base model, yields the minimax bounds

C NG PP C

— <R, iv 95 < )

ny < Ty (pj QQ)_nj
and, after the preceding law-set and statistic equalities, the estimator upper bound
sup EP[(HSPQC,TZ]' - HO(P)) } < —.

PEPNG,n]- (pﬁg’ﬂj 7‘jnj) n]

The measurability of §spec,nj follows from the same pointwise equality and the measura-
bility conclusion of Theorem 3. The transported primitive bank record reuses the same
certified names for k,d,,, Ry, and Ry. By Definition 17, the translated-dyadic contour-
bank data are a deterministic function of those names and their error-one refinements.
Thus, writing B for the bank generated from pg and p,, the bank generated from p; and
pj is also B.

For the compiled statement, fix a compiled bounded spectral adapter satisfying the full
canonical build-and-compilation specification for (pj, 9. j, 9« j,9). The represented-data
soundness implication for compiled bounded spectral adapters states that this full canon-
ical build-and-compilation specification entails the represented-execution contract for the
same parameter record, primitive bank record, range record, and treatment-code sequence.
Its proof rewrites the pilot-boundary, winding-quadrature, and evaluation-quadrature en-
try points to the reference finite programs, identifies the compiled represented program
with the ordinary finite-rational program on canonical represented inputs, and then ap-
plies the clipping certificate for ¢y, ;. Therefore the compiled represented-data execution
realizes

(Pjs P €0,5,55 9)

with the same ordinary finite-rational result, trace, and certified clipped output required
by the represented-execution clause of the theorem.

. For the Gaussian part, fix a parameter record p, write n for its sample size, and fix
P e Pél\fls. The first conclusion of Proposition 2 gives

0o(P) = 0.
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Now fix measurable deterministic codes (g, q) whose clipped-code Gaussian intersection at
this sample size is nonempty. The second conclusion of Proposition 2, applied to this same
code pair, gives

Ry (p:9.9) =0, My (1:5.9) =0.

These are precisely the two Gaussian assertions.

T 2
t= 5 Asin:exp<—8) ,

Proof of Proposition 3. Set

and
Kin = 4(Cq 4 2C5Cy)* + 47 + CF(8 + 16C7).
Choose 16
C == 1 + EKsin.

Since Agn > 0 and K, > 0, this constant is positive and depends only on Cy, Cy, Cy, 1. Fix
p, P, and the model objects satisfying the hypotheses. Define, on the observation space,

Zn:T_gn(X)a Dn(X):g()(X)_gn(X)7
so that Z, = n+ Dp(X).

1. The stipulated law gives the treatment-innovation transform explicitly. Indeed, for every

z € C,
1 22 1 22
M) =-exp( -2+ 2 ) += z
(2) 2exp( z—|—2>+2exp<z+2>
52
= exp( = | coshz.
exp( 5 ) cosh z
Therefore )
M(it) = exp(—tg) COS(%) =0.
Near zero,

diz log M(z) = z + tanh z.

The third derivative at zero of z is zero, while
(tanh z)’ = sech? z, (tanh 2)” = —2tanh z sech? z, (tanh 2)"(0) = —2.

Hence the fourth logarithmic derivative of M at zero is —2, which is the asserted fourth
cumulant:

ra(n) = —2.

All differentiations are justified by the Gaussian mixture’s finite exponential moments.
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2. The same transform computation gives the weighted characteristic moment used for the
denominator. Since

M'(z) = exp(2%/2) z cosh z 4 exp(2?/2) sinh z,

evaluating at z = it yields ‘
Ep [77 elt”] = M'(it) = i Agin.

Using Z,, = n + D, (X), the independence of n and X, and the identity M (it) = 0,
Ep[Znet?n] = Ep[neit™ Ep[eitDn(X)] + Epleitn) EP[Dn(X)eitDn(X)]
= i Agn EplePn(X)],
Taking imaginary parts gives
Ep|Z,sin(tZ,)] = AsnEp[cos(tDy(X))],
which is the displayed identity after substituting ¢t = 7/2.
3. The L'(Px) treatment-code condition gives
Ep|Dp(X)| = [|gn — 90l L1 (Py) < €1n-

Since €1, < 1/,

tgl,n <

N |

Using |1 — cosu| < |ul,
1
Eplcos(tDp(X))] > 1 —tEp|Dp(X)| > 1 —ter > 7

Combining this with the denominator identity gives

Asin
2

< Ep|Z,sin(tZ,)].

4. Define the residual sine score
Rem,,(O) ={Y — 0o(P)Z,} sin(tZ,)
and the denominator sine score
Den, (0) = Z, sin(tZy).

With
bn(X) = qo(X) — 00(P) Dp(X),

the outcome equation gives
Y —00(P)Z, =b,(X) +E&.
The zero M (it) = 0 implies

Ep[sin(tn)] = 0, Ep[cos(tn)] = 0.
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By independence of  and X,
Bplba(X) sin{t(n + Da(X))}] = 0.
The conditional mean restriction for the outcome innovation gives
Ep[¢sin(tZ,)] = EplEp(& | X, T)sin(tZ,)] = 0.

Thus
Ep[Rem,(0)] = 0.

. The mixture second moment is bounded by
Ep[n?] < 4.
The range condition for gg, together with clipping of gy, gives
|Dn(X)| <20, P-as.
Since |sinu| < 1,
Ep[Den,(0)?] < Ep[Z]] < 2Ep[n°] + 2Ep[Dp(X)?*] < 8+ 16C5.

Also,
b (X)| < Cq +2CyC4,.

The Luxemburg sub-Gaussian condition in Assumption 9 gives
Epl[¢?) < 2¢%.
Therefore
Ep[Rem,(0)?] < 4(Cq + 2CyCy)* + 407

. By Definition 14, the statistic eAsm,n is the clipped ratio with denominator score Den,,,
remainder score Rem,,, frequency t = 7/2, and threshold Ag;, /4, because

P, {Y sin(tZ,)} = 6o(P) P, Den,, +P,, Rem,, .
Let
HDen = EP[Denn(O)]

The preceding lower bound gives pipen > Asin/2. Applying Lemma 6 pathwise and then
averaging under the i.i.d. product law yields

Ep|(Bsinn —HO(P))Q] < A;G {Ep[Rem,(0)?] + CjEp[Den,(0)*} .

sin

Using the two score bounds,

Ep [(é\sin,n - 90(P))2} <

Together with the identities and denominator lower bound proved above, this proves all
claims.
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Proof of Lemma 6. Write

Since n > 1, B
Aw =W — uw.
Consider first the branch W > A/4. Then W > 0, and the unclipped ratio obeys
OWiR R
W W
The projection onto [—Cy, Cy] fixes €, because |0| < Cy, and is 1-Lipschitz. Hence

-6 < H 41R|

Squaring and adding the nonnegative term involving Ay gives

16

-0 <

SR < {32 +C3AY ).

It remains to handle the branch W < A/4, where 6 = 0. Since py > AJ2,
pw —W > A4, so A< 16(W — uw)? = 16AY,.
Also |0] < Cp, hence 62 < CZ. Therefore

B-02=0><Cj< iTGceA%V {R2 +C3A% ).

The two branches give the claimed pathwise bound. O

Proof of Theorem 5. 1. Fix Cy,Cy, Cy,0e. By Lemma 7, there is a constant C' > 0, depending
only on these four displayed constants, such that whenever an admissible parameter record has
primitive entries Cy, Cy, Cy, 1¢ equal to the displayed constants and cumulant order k = 4, every
a € (0,1] satisfying the Gaussian-Rademacher law assumption on 7, the sampling and model
restrictions, and the L!(Py) treatment-code radius satisfies the full Gaussian—Rademacher path
conclusion with constant C. Applying this rule to the theorem’s records with r = 3 and k = 4
gives the first assertion.

2. Now fix a published ACE handle, v € R, and C,, € R, and assume that the handle satisfies
the theorem’s published ACE interface at (v, Cy). Unpacking that hypothesis gives first

C, > 0.

It also gives the following specialization rule: for every parameter record p whose probability-
level coordinate is 7y, every real A > 0, and every pair of strictly positive current code radii

€1n > 0, €2.n > 0,
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every supplied code pair (g,q) and every model satisfying the clipped-code identities, the local
ACE class conditions at A, and the local JMS eligibility inequalities at A obey

QP,1—7<’§ACE,r,n - GO(P)D < BACEnA(A;C5).

For the theorem, take
A =6,.

The standing assumption §, > 0 supplies the required positivity of A. Together with the
displayed strict positivity conditions 1, > 0 and €2, > 0, the theorem’s clipped-code identities,
local ACE class conditions, and local JMS eligibility inequalities are exactly the premises of the
specialization rule at this A. Substitution therefore yields

QP,P«,(’gACE,r,n — 90(P)D < BACEny(0n: C5),
where
Backn (85 Cy) = Oy 11167 A (& e + Coet )+ 64(Cy + i) ((Cy + ) + v + Cony) (ym) 7).
]

Proof of Proposition 2. 1. Fix a model m in the displayed Gaussian class, and write P for
its observed-data law. Define

n="T- go(X), £=Y —qo(X) — 0o (P)n.
The conditional mean restrictions in Definitions 2 and 4 give
Ep[¢| X, T] =0,

and ¢o(X) and 6y(P)n are measurable with respect to (X,7). Hence conditional-
expectation linearity yields

EplY | X,T] = qo(X) + 6o(P)n  P-as.

The bounded-outcome condition gives —C; <Y < (C; P-a.s. Conditioning the two in-
equalities on (X,T") gives

-C, < EplY | X,T]| < C, P-as.,

and therefore
lq0(X) + 60(P)n| < Cy P-a.s.

Conditioning the same bounded-outcome inequalities on X, and using
Ep[Y | X] = qo(X),

gives
lgo(X)| < Cy P-as.

Combining the two displayed bounds,

100(P)n| = |(qo(X) + 80(P)n) — qo(X)| < |q0(X) + 60(P)n| + lqo(X)| < 2C;  P-as.
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2. Suppose, for contradiction, that 6y(P) # 0, and define

20,

b= 1.y

e R.

The previous step implies
‘77‘ S A9 P—a.s.,

SO
P{n> Ay} =0.

The Gaussian membership in Definition 4 gives n ~ N(0,0?), and the parameter record
in Definition 1 gives ¢ > 0. Thus the variance is nonzero and

N(0,02)((Ag, 00)) = 0.

For a Gaussian law with positive variance, Lebesgue measure is absolutely continuous with
respect to that Gaussian law. Hence the last display implies

)\((Ag,oo)) =0.
But
A(Ag,0)) = oc.
This contradiction proves
0o(P) = 0.

3. Now fix deterministic code sequences g, ¢ and assume the fixed-code Gaussian class in the
statement is inhabited. Consider the estimator

00(01,...,0n;Gn,qn) = 0.

For every model in that fixed-code class, the first part gives 6y(P) = 0, and hence
Epen |{00(01,- -, Oni Gn, @) — 00(P)}?| = 0.

Taking the supremum over the fixed-code class and then the infimum over all estimators
in Definition 9 gives
R (p;9.7) < 0.

Since this risk is nonnegative by definition,
RS (p;§,9) = 0.

4. It remains to evaluate the generalized-quantile criterion for the same zero estimator. Since

v € (1/2,1),
0<l—-vy<1.

For every model in the fixed-code Gaussian class,

100(O1, -+, On; Gy @) — 00(P)| =0 P-as.
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Thus the law of this loss is the point mass at zero. Its distribution function is 0 for negative
thresholds and 1 at every nonnegative threshold, so the generalized lower (1 — «)-quantile
of Definition 6 is

Qp1-~(0) =0.

Consequently the supremum of the fixed-code quantile loss for the zero estimator is 0, and
the minimax infimum is at most 0. Nonnegativity in Definition 9 gives

MY, (0:5,9) = 0.
Il

Proof of Lemma 5. Fix the parameter record, an index n, and a model m. For every code index
7, the clipped-code discrepancies

z— gj(x) = go(x), x> qj(x) = qo(@)

are Px-measurable, because the supplied codes and the regressions are measurable and clipping
preserves measurability. The covariate marginal Px is a probability law, since it is the image of
the observed-data probability law under the covariate map.

Assume first that m € PZ%IE »- The positive class-index condition and the structural, range,
tail, and cumulant requirementé of Pna,n are the corresponding member conditions in Defini-
tion 5. The treatment-code requirement in Definition 3 follows from the JMS ACE treatment
radius. Put

f(x) = gn(z) = go(z).
The JMS ACE radius bound gives a finite L"(Px) bound for f. Since Py is a probability law
and 2 < r, exponent monotonicity gives f € L!'(Py) and

£z (pyy < W FllLr Py

Together with || f||zr(py) < €1,n and the nonnegativity of 15, at the positive index n, this yields

/ 19n(2) — g0(2)| dPx (z) < €1,

with the displayed integrand integrable. Thus m € Pna,n-

Next assume m € 7?1{}8%. The inherited non-Gaussian member conditions supply the posi-

tive class-index condition and the common structural, range, tail, and cumulant requirements
appearing in Definition 5. The subclass restrictions in Definition 11 give

1Gn = gollLs(Py) < €1ms 1@n — qollLs(Py) < €2,n-

Because r < s and Px is a probability law, exponent monotonicity gives

19n — gollr(Py) < 11Gn — GollLs(Py)> 1@ — qollzr(Py) < 1@n — ol s (Py)-

These are the two JMS ACE code-radius requirements, so m € P}%% n-

Finally suppose s = r. The preceding paragraph gives

mePRG, = mEPon
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Conversely, if m € P;llgg’n, the first inclusion gives m € Png.n, and the two JMS ACE L"(Px)
code bounds become exactly the two L*(Px) subclass bounds in Definition 11. Hence

m e Pite, < mE PG

Proof of Lemma 7. Choose
K =4(Cq +2C4Cy)* + 47 + C5(8 +16C2),  C =1+ 64K +4Cj.

Then C' > 0. Fix p, a, m satisfying the assumptions, and write

1— 2\ -2
t:ta: 1’ A:Aa:aexp{_(8a2)7r}
a a

Since0<a<1,t>0and A > 0.
Independence of G, and S gives the product transform

1—a?

M,(z) = Eexp{zV1 — a?G,} Fexp{zaS} = exp< z2> cosh(az).
The fourth logarithmic derivative at zero of this transform is the Rademacher contribution,
hence

ka(ne) = —2a*.

On the imaginary axis,

2
1—a® ,

S ) cos(a).

M, (iu) = exp (-

The exponential factor is nonzero. Therefore the first positive zero occurs when au = 7/2,
namely
™ . .
te = — M, (ity) = 0, My(iu) 20 (0 <u <tg).

For any d € R,
Eplsin{ta(n + d)}] = § (" Eple™)) = § (0 (it,) ) = 0.

Let
Zn=T—=gn(X),  Dp=go(X)—gn(X),

so that
Zn =n+ Dp(X).

The derivative of the transform at the first zero is
M (ity) = iAq,
equivalently

Ep [77 eit‘m] =3A,.
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Using Z, =n+ D,(X), independence of n and X, and M,(it,) =0,

EP[Znez‘taZn] _ Ep[neitan] Ep[eitaDn(X)] —i—Ep[eit“n] Ep[Dn(X)eit“D"(X)]

= iA, Ep[ettaPn(X)),
Taking imaginary parts gives
Ep[Z,sin(tyZ,)] = AaEplcos(taDy)].
Assume now that t,e1, < 1/2. The L'(Px) condition gives
Ep|Dp(X)| < e1n.

Since 1 — cosu < |ul,

—_

Eplcos(teDy)] > 1 —t,Ep|Dp| > 1 —tee1n > =.

\V)

Together with the preceding identity and A, > 0, this yields
Ep|Z,sin(teZy)] > Aa/2.
Define the two scores
W = Z,sin(t,Z,), R=(Y —0pZ,)sin(t,Z,).
The zero-shift identity and the conditional mean condition imply
Ep[R] =0.

Indeed, writing
Y —00Zn = qo(X) — 6o Dp(X) + &,

the covariate term is killed by the sine-shift identity after conditioning on X, while
EP[& Sin(taZn)] = EP[Sin(taZn)EP(g | X, T)] =0.

Thus
Ep[Y sin(t,Zy,)] = 0o Ep[Z, sin(toZy))].

The Gaussian—Rademacher path has the second-moment envelope
Ep[n?] < 4.
With |go] < Cy and |g,| < Cy, we have
|Dy| < 2Cy,

and therefore
Ep[W?] < 8+ 16C;.

Similarly, the range conditions give

lqo(X) — 00D (X)| < Cy +2CyCy,
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and the conditional Luxemburg bound for £ gives
Epl€’] < 2¢%.

Consequently
Ep[R?] < 4(Cy + 2CyCy)* + 497

The two displayed square-moment bounds are exactly the components entering K.
Let o o
W =P,W, R =P,R, pww = EpW.

The estimator in the statement is the clipped ratio based on
P,[Y sin(taZ,)] = 06W + R
with threshold A, /4. Since uw > A,/2, Lemma 6 gives the pathwise inequality

16
< =

~ 72 J—
Oun = 00)° < 5 { B+ C3W — )’}

Taking expectation under the i.i.d. product law and using EpR = 0 gives

16K
(Ep[R*] + CFEp[W?]) < —

n 2
EP[(Ha,n - 90) ] < TLA(%

The clipping range also gives the deterministic bound
(Bam — 00)% < 4C3.
Combining this with the preceding display and using

(1-— a2)7r2>

A2 =a"? exp< 10

yields

~ ) 1 _ (1—a?)r?
2 2
Ep[(0qn —00)°] < C’mln{l, 0 exp( 102 )} .

The smallness condition is equivalent to the stated radius bound. Since

1 a
tagl,n < - <~ €1n < -,
2 T
and
A, =24,  AVA =24
we obtain s
a/
fln = orja
Finally,

A;1/2 — (20]4)71/2 — (\/ia2)71'

The first risk factor is bounded by the cumulant-parametrized factor:

— a2 2
a2 eXp((l(Z)?T) < A;l/Q exp (TA(;lﬂ) )

4a?
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Substituting this inequality into the previous risk display gives

~ 2
Ep[(fan — 90)2] < Cmin{l, lAgl/Q exp (TA;1/2> } ‘
n
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