
Econometrica Supplementary Material

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

ONLINE APPENDIX TO “PARTIAL IDENTIFICATION OF POLICY-RELEVANT

TREATMENT EFFECTS WITH INSTRUMENTAL VARIABLES VIA OPTIMAL

TRANSPORT”

JIYUAN TAN

Department of Management Science and Engineering, Stanford University

JOSE BLANCHET

Department of Management Science and Engineering, Stanford University

VASILIS SYRGKANIS

Department of Management Science and Engineering, Stanford University

O1. NOTATION

TABLE O1: Important Variables and Mathematical Symbols

Symbol Description
W Treatment variable (binary, discrete, or continuous), taking

values in W
Z Instrumental variable, taking values in Z
X Covariates, taking values in X
Y Observed outcome variable, taking values in Y
Y (w) Potential outcome under counterfactual treatment W =w

U Unobserved latent heterogeneity (resistance type), normal-

ized to U |X ∼ Unif(0,1)

p(Z,X) Baseline conditional propensity score or threshold func-

tion, P(W = 1 | Z,X)

q(Z,X) Counterfactual policy propensity score

ω(x,u) Policy-specific weight function for the target parameter

Continued on next page
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TABLE O1 – continued from previous page
Symbol Description
θω Target causal estimand (e.g., Policy-Relevant Treatment

Effect)

θω,1, θω,1 Sharp lower and upper bounds for the W = 1 component

of the target parameter

ymin, ymax Lower and upper logical/support bounds of the potential

outcome

πw Structural joint distribution (probability measure) of

(Y (w),U,X)

Rw(p) Latent region selected into armw at propensity p: R1(p) =

(0, p], R0(p) = (p,1]

Pobs The true observed joint distribution of the data

(Y,W,Z,X)

Hw,x(p, ·) Canonical observed sub-measure Pobs(Y ∈ · ,W = w |
P = p,X = x); written Hw without covariates

gc1(p,x) Canonical treated regression
∫
Y yH1,x(p,dy) =

Eobs[YW | P = p,X = x]; written g1 in Section 4

pk k-th smallest unique positive value in the range of p(z) or

p(z, x) for k ≥ 1; p0 := 0 is the structural boundary

Ii, Ii(x) A disjoint sub-interval (pi, pi+1] of the latent variable

space for U

µ1,i Identified conditional probability measure of Y (1) on the

interval Ii
QY,i(t) Quantile function of the identified conditional distribution

µ1,i

Qω,i(t) Quantile function of the random variable ω(U) when U ∼
Unif(pi, pi+1)

p(x), p(x) Conditional lower and upper endpoints of the connected

propensity-score support, infz p(z, x) and supz p(z, x)

Continued on next page
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TABLE O1 – continued from previous page
Symbol Description
qtr(z, x) Policy propensity truncated to the identified support,

min{p(x),max{p(x), q(z, x)}}
µ1,p|x,Q1,p|x Treated outcome law at the lower propensity boundary

p(x) and its quantile function

p
k
(x), pk(x) Endpoints of the k-th connected component of the condi-

tional propensity-score range

Lk(x),Gk(x) k-th identified LIV interval and adjacent OT gap in the

general continuous-IV decomposition

µ1,k|x Identified conditional probability measure of Y (1) on the

gap Gk(x)

qj,i(x) j-th smallest alternative-policy value in [pi(x), pi+1(x)),

with the final bin closed at 1

Sk Baseline instrument level set, {z ∈Z : p(z, x) = pk(x)}
Tj,k Alternative instrument level set, {z ∈ Z : q(z, x) =

qj,k(x)}
τj,k(x) Conditional probability P(Z ∈ Tj,k | X = x) of an

alternative-policy level set

aj,k(z, x) Conditional assignment share P(Z = z | Z ∈ Tj,k,X = x)

within an alternative-policy level set

cgap Minimal gap separating true propensity score levels

κj,i(x) Relative quantile position within the i-th baseline interval,
qj,i(x)−pi(x)
pi+1(x)−pi(x)

νj,i(x) Conditional quantile function of the outcome evaluated at

κj,i(x)

γfull,i(X), γj,i(X), γK(X) Weights attached to instruments spanning or terminating

within specific intervals; γj,i, γK ∈ [0,1] are conditional

probabilities, whereas γfull,i ∈ [−1,1] differences two of

them

Continued on next page
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TABLE O1 – continued from previous page
Symbol Description
Jfull,i(X), Jj,i(X) Conditional expectations/integrals of the outcome within

specific quantile bounds

ψ Neyman-orthogonal score function used for Double Ma-

chine Learning estimation

Rq,j,k Pooled influence residual for the common policy level qj,k
I1, I2 (samples) Auxiliary (nuisance) and main estimation samples for the

discrete-instrument DML split; the continuous-instrument

estimator adds a propensity sample I0. Not to be confused

with the latent sub-intervals Ii above

K(·), hn One-dimensional kernel function and bandwidth sequence

used for localized machine learning

Fn Machine learning hypothesis class

rp,n Sup-norm convergence rate for the estimated propensity

score

rg,n, rµ,n Targeted rates for the continuous-instrument regression

evaluations and treated boundary law

rg,loc,n, rQ,n Learner-level L1 rates for the localized evaluation of ĝ1
and for the boundary quantile grid fit

δn,Mg,MQ Boundary-localization bandwidth, regression grid size,

and quantile grid size

F−1
W |Z,X Conditional quantile function of the treatment W (struc-

tural equation for continuous W )

Uid(x,w) Identifiable region (union of supports of U ) for the

continuous/multi-valued treatment

Ix,w(z) Interval support of the latent variable for a multi-valued

treatment

Jx,w(z) Isolated, disjoint sub-region of Ix,w(z) derived from the

inclusion DAG

Continued on next page
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TABLE O1 – continued from previous page
Symbol Description
P1,k(X) Conditional expectation Eobs[YW | Z ∈ Sk,X] in the

discrete outcome case; in the binary case, Jfull,k(X) =

P1,k+1(X)− P1,k(X)

h−j,k(X), h+j,k(X) Binary-specialized integrals for the lower and upper

bounds in the discrete outcome case

O2. WORKED EXAMPLES

This section works through two examples that illustrate the identification results of

Section 3: a binary-instrument calculation that makes the three-part decomposition behind

Theorem 3.4 explicit, and a comparison quantifying how much wider the moment-relaxation

bounds can be.

O2.1. Illustrative Example for Theorem 3.4

Example O2.1. Consider a binary instrument with P(Z = 1) = 1/2 and a constant propen-

sity score p(0) = p(1) = 1/2. Let the target weight function be ω(u) = E[1(u ∈ (0, q1(Z)))],

where q1(0) = 1/4 and q1(1) = 3/4.

Simple calculation gives the explicit piecewise form of the weight function:

ω(u) =


1, if u ∈ (0,1/4]

1/2, if u ∈ (1/4,3/4]

0, if u ∈ (3/4,1]

Because the propensity score is constant 1/2, the data identifies a single constrained interval

I0 = (0,1/2] where Y (1) is observed (corresponding to W = 1), and an unconstrained

interval I1 = (1/2,1] where Y (1) is entirely unobserved.

Plugging this into our closed-form optimal transport solution, the sharp lower bound

elegantly decomposes into three distinct economic components. On I0, the optimal coupling

pairs the highest weights in ω(u) with the lowest quantiles of the observed outcome distri-

bution Y |W = 1. For the unconstrained interval I1, because ω(u)≥ 0 here, the optimal

solution trivially assigns the logical minimum ymin.
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Evaluating the integral exactly yields:

θω,1 =

∫ 1/2

0
QY |W=1(2u)ω(u) du+

∫ 1

1/2
yminω(u) du

=
1

4
E[Y |W = 1]︸ ︷︷ ︸

Identifiable Mean

+
1

8
CVaR0.5(Y |W = 1)︸ ︷︷ ︸
Optimal Transport (CVaR)

+
1

8
ymin︸ ︷︷ ︸

Trivial Lower Bound

(O2.1)

where CVaRα(Y ) = 1
α

∫ α
0 QY (s) ds is the lower-tail Conditional Value at Risk. The integral

allocates exactly probability α to the tail, including the appropriate fraction of any atom at

its cutoff.

This decomposition also makes precise what is lost under moment relaxation. Moment

relaxation enforces only the first moment over the entire observed interval: E[m1(U) | U ∈
(0,1/2)] = E[Y |W = 1].

To minimize the objective, their linear program evaluates:

min
m1

(
1

4
E[Y |W = 1] +

1

2

∫ 1/4

0
m1(u) du

)
+

1

8
ymin

subject to the moment constraint and the box restriction ymin ≤m1(u) ≤ ymax. Writing

E1 = E[Y |W = 1], these restrictions imply

min
m1

∫ 1/4

0
m1(u) du=max

{
1

4
ymin,

1

2
E1 −

1

4
ymax

}
.

Hence the moment-relaxation lower bound is

1

4
E1 +

1

2
max

{
1

4
ymin,

1

2
E1 −

1

4
ymax

}
+

1

8
ymin.

This is weakly below the CCOT lower bound because the lower-half average obeys

CVaR0.5(Y |W = 1) ≥ max{ymin,2E1 − ymax}. The inequality can be strict, but need

not be: if ymin = 0, ymax = 1, and Y |W = 1≡ 1, both methods give 3/8. CCOT tightens

the relaxation precisely when the observed distribution contains tail information not already

implied by the mean and support restrictions.

We further remark that a decomposition similar to (O2.1) exists in general (see Section 4

for details), and Figure 1 illustrates the three identification regions that compose the bound.



ONLINE APPENDIX: PARTIAL IDENTIFICATION VIA OPTIMAL TRANSPORT 7

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

O2.2. Comparison with Moment Relaxation Approach

Example O2.2—Comparison with Moment Relaxation Approach. Suppose there are no

covariates and the weight function is ω(u) = 1(u ∈ (1/4,1/2)). Our target parameter sim-

plifies to:

E[(Y (1)− Y (0))1(U ∈ (1/4,1/2))].

Consider a data-generating process with a binary instrument Z ∈ {0,1}, propensity scores

p(0) = 1/4 and p(1) = 3/4, and the observed outcome is constantly zero, Y (w) = 0 almost

surely for w ∈ {0,1}.

Under our CCOT formulation, this parameter is point-identified and its value is exactly 0.

Because the conditional distribution of the observed outcome is a Dirac measure at zero,

P(Y ∈ · |W = 1,Z = z) = δ0(·) for each z, the observational constraint forces π1(· | u) = δ0

for almost all u ∈ (0,3/4). Similarly, P(Y ∈ · |W = 0,Z = z) = δ0(·) forces π0(· | u) = δ0

for almost all u ∈ (1/4,1). Since ω is supported on (1/4,1/2)⊂ (0,3/4) ∩ (1/4,1), both

Y (1) and Y (0) are point-identified on the support of ω, and the target is sharply 0.

In contrast, Mogstad, Santos, and Torgovitsky (2018) relax the distributional constraints

into moment constraints on the MTR, defined as mw(u) = E[Y (w) | U = u]. Under their

framework, the data restrict the MTR only through its conditional expectation:

1

p(z)

∫ p(z)

0
m1(u) du= E[Y |W = 1,Z = z] = 0,

1

1− p(z)

∫ 1

p(z)
m0(u) du= E[Y |W = 0,Z = z] = 0.

Evaluating at z = 0 and z = 1 gives the four constraints

∫ 1/4

0
m1 =

∫ 3/4

0
m1 = 0,

∫ 1

1/4
m0 =

∫ 1

3/4
m0 = 0,

or equivalently, after differencing,

∫ 1/4

0
m1 = 0,

∫ 3/4

1/4
m1 = 0,

∫ 1

3/4
m0 = 0,

∫ 3/4

1/4
m0 = 0.
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FIGURE O1.—Bounds of the moment relaxation approach and the CCOT approach by different sample sizes.

Each data point is an average of 20 runs. In the experiment M = 1, i.e., ymax = 1, ymin =−1.

Their method bounds the target parameter by solving:

max
m0,m1∈M

/ min
m0,m1∈M

∫ 1/2

1/4
(m1(u)−m0(u)) du

s.t.
∫ 1/4

0
m1 =

∫ 3/4

1/4
m1 = 0,

∫ 1

3/4
m0 =

∫ 3/4

1/4
m0 = 0.

If the function class M is sufficiently rich, this relaxation discards the point-mass nature

of the outcome and yields unnecessarily wide bounds. The moment constraints only pin

the integral of each MTR over (1/4,3/4) to zero, but leave the shape within this interval

unrestricted. An adversarial optimizer exploits this by setting m1(u) =M on (1/4,1/2)

and m1(u) =−M on (1/2,3/4), leaving m1 ≡ 0 on (0,1/4); this satisfies every constraint

above yet contributes M/4 to the objective. Applying the symmetric construction to m0

yields a total upper bound of M/2 instead of 0. Across the family of known outcome

bounds [−M,M ], the resulting moment bounds [−M/2, M/2] grow with M , while the

distributional sharp value remains 0. By strictly enforcing the full distributional constraint,

the CCOT approach eliminates these mathematically feasible but structurally impossible

counterfactuals. Figure O1 illustrates this gap numerically.
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O3. PROOFS OF THE REDUCTION PROPOSITIONS

This section proves the three closed-form rewritings on which the estimation procedures

of Section 4 are built. Each is an algebraic reduction of an expression already displayed in

the main text, and none of the arguments below is used anywhere else.

O3.1. Proof of Proposition 4.3

The nuisance components γfull,k, γj,k, γK , Jfull,k, Jj,k,∆K and the relative threshold κj,k
are defined in Section 4 immediately preceding Proposition 4.3; we refer to those formulas

throughout this proof.

PROOF OF PROPOSITION 4.3: By Theorem 3.8 specialized to a finite instrument (ev-

ery conditional LIV interval degenerate), it suffices to rewrite the conditional integral∫ 1
0 QY,k|X(u)Qω,k|X(1 − u) du as an observable finite weighted sum. Fix X . On each

baseline interval (pk(X), pk+1(X)) the weight function ω(X,u) is a non-increasing step

function. On the sub-interval (qj−1,k(X), qj,k(X)), j = 1, . . . , lk, exactly the current-bin

instruments in
⋃lk

l=j Tl,k and all instruments whose alternative propensity lies in a strictly

higher bin contribute to the first probability in ω, whereas baseline propensities in strictly

higher bins contribute to the second. Thus, up to the irrelevant boundary values,

ω(X,u) = Pobs

Z ∈
lk⋃
l=j

Tl,k
∣∣X
+ Pobs

(
Z ∈

K⋃
i=k+1

li⋃
l=0

Tl,i
∣∣X)

− Pobs

(
Z ∈

K⋃
i=k+1

Si
∣∣X) , u ∈ (qj−1,k, qj,k).

Regrouping, the step-function value on the relevant slice is γfull,k(X) + γj,k(X): the first

term acts on the entire baseline interval and the second is the additional current-bin mass.

Multiplying by QY,k|X and summing the nested current-bin contributions over the normal-

ized sub-intervals yields

(pk+1(X)− pk(X))

∫ 1

0
QY,k|X(u)Qω,k|X(1− u) du



10

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

= γfull,k(X)Jfull,k(X) +

lk∑
j=1

γj,k(X)Jj−1,k(X),

where we used

Jfull,k(X) = (pk+1(X)− pk(X))Eµ1,k|X [Y ] = (pk+1(X)− pk(X))

∫ 1

0
QY,k|X(u) du

and the definition of Jj−1,k.

The trivial-bound term on the tail (pK(X),1] simplifies for the PRTE weight: since

ω(X,u) = Pobs(u < q(Z,X) |X)≥ 0 for u > pK(X), we have
∫ 1
pK(X)(yminmax{0, ω}+

ymaxmin{0, ω}) du= ymin

∫ 1
pK(X)ω(X,u) du, which equals ∆K(X) by Fubini. Taking the

outer expectation over X and summing over k yields (4.1).

The corresponding representation for the upper bound is obtained by the symmetric

argument with Qω,k|X(1− t) replaced by Qω,k|X(t) in the OT term and ymin, ymax swapped

in the tail. Q.E.D.

O3.2. Proof of Proposition 4.4

PROOF OF PART (I). Fix k and j ∈ {0, . . . , lk − 1}. By the change of variables u =

Fµ1,k|X (y), continuity of µ1,k|X at νj,k(X) and νj+1,k(X) gives Fµ1,k|X (νj,k(X)) = κj,k(X)

and Fµ1,k|X (νj+1,k(X)) = κj+1,k(X) almost surely. Therefore,

∫ κj+1,k(X)

κj,k(X)
QY,k|X(u) du=

∫ νj+1,k(X)

νj,k(X)
y dFµ1,k|X (y)

= Eµ1,k|X

[
Y 1
(
νj,k(X)< Y ≤ νj+1,k(X)

)]
,

where the second equality uses the continuity of µ1,k|X at the two boundary points to

include/exclude boundary atoms without ambiguity. Multiplying by pk+1(X) − pk(X)

yields (4.2). Q.E.D.

PROOF OF PART (II). Suppose Y ∈ {0,1}. Let θk(X) := Eµ1,k|X [Y ] denote the complier

success probability on the k-th interval. By the definition of the identified complier measure

(cf. Angrist and Imbens, 1995), (pk+1(X)− pk(X)) θk(X) = Eobs[YW | Z ∈ Sk+1,X]−
Eobs[YW | Z ∈ Sk,X] = P1,k+1(X)− P1,k(X), so Jfull,k(X) = P1,k+1(X)− P1,k(X).
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Since Y ∈ {0,1}, the conditional quantile function is the step function QY,k|X(u) =

1(u ≥ 1 − θk(X)). Equivalently, QY,k|X(u) = 1 iff u(pk+1(X) − pk(X)) + pk(X) ≥
pk+1(X)− Jfull,k(X), i.e., the corresponding propensity value v = pk(X) + u(pk+1(X)−
pk(X)) lies in the interval [pk+1(X)−Jfull,k(X), pk+1(X)]. Writing Jj−1,k(X) as a length

in the original propensity scale, it equals the length of the intersection of [qj−1,k(X), qj,k(X)]

with [pk+1(X)− Jfull,k(X), pk+1(X)]:

Jj−1,k(X) = max
(
0, qj,k(X)−max

(
qj−1,k(X), pk+1(X)− Jfull,k(X)

))
= h−j,k(X).

Substituting into (4.1) yields (4.4). Q.E.D.

O3.3. Proof of Proposition 4.8

PROOF OF PROPOSITION 4.8: Because Z is compact and connected and z 7→ p(z,X)

is continuous by Assumption 3.6, its image is a closed interval for almost every X , so

Theorem 3.8 specializes with KX = 1 and conditional LIV interval [p(X), p(X)]. We derive

the three terms of (4.7) in turn. Substituting the explicit form of the weight function,

ω(x,u) = EZ|X [1(u≤ q(Z,X))− 1(u≤ p(Z,X)) |X = x],

and applying Fubini’s theorem to swap the order of integration, we handle each term

separately.

First term (quantile integral on the gap (0, p(X))). For p(X)> 0, substitute the weight

function, swap expectations, and use the change of variables v = p(X)u. Because P ≥ p(X)

conditional on X , the baseline indicator equals one throughout this gap. Thus

EX

[
p(X)

∫ 1

0
Q1,p|X(u)ω(X,p(X)u) du

]
= EZ,X

[
p(X)

∫ 1

0
Q1,p|X(u)

(
1(p(X)u≤ q(Z,X))− 1

)
du

]

=−EZ,X

[∫ p(X)

min{p(X), q(Z,X)}
Q1,p|X

(
v/p(X)

)
dv

]
.

Both sides are zero when p(X) = 0, which justifies the convention in the proposition.

Second term (g1 difference on the LIV interval). The structural integral representation

gives g1(u,x) =
∫ u
0 E[Y (1) | U = s,X = x] ds, so g1(·, x) is absolutely continuous. Hence,
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for any r ∈ [0,1],∫ p(X)

p(X)
∂ug1(u,X)1(u≤ r) du= g1

(
min{p(X),max{p(X), r}},X

)
− g1(p(X),X).

Applying this identity first with r = q(Z,X) and then with r = P is essential when

q(Z,X)< p(X). Since P ∈ [p(X), p(X)], the two lower-endpoint terms cancel and give

EX

[∫ p(X)

p(X)

∂g1(u,X)

∂u
ω(X,u) du

]
= EZ,X

[
g1
(
qtr(Z,X),X

)
− g1

(
P,X

)]
.

Third term (trivial bound on (p(X),1]). Since P ≤ p(X), the baseline indicator van-

ishes on this tail and ω(X,u) = P(u≤ q(Z,X) |X)≥ 0. Therefore

yminEX

[∫ 1

p(X)
ω(X,u) du

]
= yminEZ,X [(q(Z,X)− p(X))+] .

Aggregating the three components yields (4.7). The upper-bound representation replaces

the countermonotonic boundary coupling by the comonotonic coupling and swaps ymin for

ymax in the trivial tail. Q.E.D.

O4. MOMENT CONDITION AND NEYMAN ORTHOGONALITY OF THE DISCRETE-INSTRUMENT
SCORES

This section proves Lemma S4.1. Both parts are term-by-term calculations that repeatedly

apply the tower property to inverse-probability-weighted residuals with zero conditional

mean.

Throughout, η0 denotes the vector of true nuisance parameter values and θ0 = θω,1 the true

parameter value. For a functional Φ(η) and a perturbation direction δ in the same function

space as η, we write ∂δΦ(η) := d
dtΦ(η + t δ)

∣∣
t=0

for the Gateaux (directional) derivative;

when the perturbation is along a single nuisance component ηα, we write ∂ηα for brevity.

O4.1. Continuous Outcome

Recall the target functional:

θ0 = E

[
K−1∑
k=0

(
γfull,k(X)Jfull,k(X) +

lk∑
j=1

γj,k(X)Jj−1,k(X)

)
+∆K(X)

]
, (O4.1)
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and the total Neyman-orthogonal score assembled from the components of Section S3.1:

ψ(O;η) =
K−1∑
k=0

(
ψprod
full,k(O;η) +

lk∑
j=1

ψprod
j,k (O;η)

)
+ ψ∆K

(O;η), (O4.2)

where each product score debiases the corresponding term in the target. Specifically,

ψJ
j,k(O;η) is the uncentered orthogonal score for the conditional integral component

E[Jj,k(X)], and the product score for E[γj,k(X)Jj−1,k(X)] is:

ψprod
j,k (O;η) = γj,k(X)ψJ

j−1,k(O;η) + Jj−1,k(X)
(
1
(
Z ∈

⋃lk
l=jTl,k

)
− γj,k(X)

)
, (O4.3)

and symmetrically for ψprod
full,k(O;η).

PROOF OF LEMMA S4.1(i): Moment condition. We show E[ψ(O;η0)] = θ0. All influ-

ence function correction terms in the score are inverse-probability-weighted residuals of the

general form

1(Z ∈ Sk)
πk(X)

W
(
g(Y,X)−E[g(Y,X) |X,Z ∈ Sk,W=1]

)
.

By the tower property, conditioning first on (X,Z): when Z ∈ Sk, we have p(Z,X) =

pk(X), so E[W |X,Z ∈ Sk] = pk(X). It follows that

E
[1(Z ∈ Sk)

πk(X)
W
(
g−E[g |X,Sk,W=1]

)]
= E

[1(Z ∈ Sk)
πk(X)

pk(X) · 0
]
= 0.

Applying this identity to each correction term, E[IFJ±(O)] = 0 and E[IFM±
j,k
(O)] = 0

at η0. The quantile correction term in ψJ
j,k contains the factor pk+1(X)M+

j,k(X) −
pk(X)M−

j,k(X) − (qj,k(X) − pk(X)), which vanishes at η0 by the conditional moment

equation

pk+1(X)E[1(Y ≤ νj,k(X)) |X,Sk+1,W=1]

− pk(X)E[1(Y ≤ νj,k(X)) |X,Sk,W=1]− (qj,k(X)− pk(X)) = 0
(O4.4)

which defines νj,k for j ≥ 1; the boundary value ν0,k = ymin is fixed. The propensity score

correction terms 1(Z∈Sk)
πk(X) (W − pk(X)) and the pooled policy-level residuals Rq,j,k likewise
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have zero mean by the same tower-property argument. Consequently,

E[ψJ
j,k(O;η0)] = E[Jj,k(X)], E[ψJ

full,k(O;η0)] = E[Jfull,k(X)].

For the product scores, substituting (O4.3) and using E[1(Z ∈
⋃lk

l=j Tl,k)− γj,k(X)] = 0:

E[ψprod
j,k (O;η0)] = E

[
γj,k(X) E[ψJ

j−1,k(O;η0) |X]︸ ︷︷ ︸
=Jj−1,k(X)

]
+E

[
Jj−1,k(X) E[1(· · · )− γj,k(X) |X]︸ ︷︷ ︸

=0

]
= E[γj,k(X)Jj−1,k(X)],

and symmetrically E[ψprod
full,k(O;η0)] = E[γfull,k(X)Jfull,k(X)]. The same reasoning yields

E[ψ∆K
(O;η0)] = E[∆K(X)]. Summing over all components and comparing with (O4.1)

gives E[ψ(O;η0)] = θ0.

Neyman orthogonality of ψJ
j,k. We show that the Gateaux derivative ∂tE[ψJ

j,k(O;η0 +

t δ)]|t=0 vanishes for all perturbation directions δ. We group the nuisance parameters by

type and check orthogonality with respect to each group.

Conditional expectations (J±
j,k,M

±
j,k). Consider a perturbation J+

j,k(X)→ J+
j,k(X) +

t δJ+(X). The plug-in term Jj,k = pk+1 J
+
j,k − pk J

−
j,k contributes +E[pk+1(X) δJ+(X)],

while the IPW correction IFJ+ contributes −E
[1(Z∈Sk+1)

πk+1(X) pk+1(X) δJ+(X)
]
. These cancel

because

E
[
1(Z ∈ Sk+1)

πk+1(X)

∣∣∣∣X]= P(Z ∈ Sk+1 |X)

πk+1(X)
= 1.

For J−
j,k the plug-in derivative is −pkδJ−, while differentiating −IFJ− gives +pkδJ

−.

For M+
j,k, the plug-in part of the quantile moment gives νj,kpk+1δM

+ and differentiating

νj,kIFM+
j,k

gives its negative; the minus-side and j + 1 terms cancel in the same way, with

their displayed signs. Thus every conditional-expectation direction cancels explicitly.

Instrument assignment probabilities (πk, πk+1). Perturbing πk+1(X)→ πk+1(X) +

t δπ(X) introduces a factor −δπ(X)/πk+1(X)2 in the IPW terms. For any such IPW term

1(Z ∈ Sk+1)πk+1(X)−1W (g(O)− ḡ(X)), the first-order contribution is

−E
[
1(Z ∈ Sk+1)

πk+1(X)2
δπ(X)W (g(O)− ḡ(X))

]
.
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Conditioning on (X,Z) with Z ∈ Sk+1, we have E[W (g(O) − ḡ(X)) | X,Z ∈ Sk+1] =

pk+1(X) · 0 = 0 at η0, so the Gateaux derivative vanishes. The argument for δπk is identical

when k ≥ 1; there is no π0 direction.

Propensity scores (pk, pk+1). For k ≥ 1, a perturbation pk(X) → pk(X) + t δpk(X)

generates first-order contributions from three sources (all multiplied by δpk(X) inside E[·]).
There is no such direction at k = 0 because p0 ≡ 0 is fixed:

(i) The plug-in term Jj,k = pk+1 J
+
j,k − pk J

−
j,k, contributing −J−

j,k(X);

(ii) The quantile correction terms νj,k(· · · ) − νj+1,k(· · · ), contributing νj,k(X)(1(j ≥
1) −M−

j,k(X)) − νj+1,k(X)(1 −M−
j+1,k(X)). At j = 0, the first constant is absent

because q0,k − pk ≡ 0;

(iii) The Riesz representer correction αpk(X)1(Z∈Sk)
πk(X) (W −pk(X)), contributing −αpk(X).

Substituting the definition

αpk =−J−
j,k − νj,kM

−
j,k + νj+1,kM

−
j+1,k + 1(j ≥ 1)νj,k − νj+1,k

and collecting terms:

(
−J−

j,k

)
+
(
1(j ≥ 1)νj,k − νj,kM

−
j,k − νj+1,k + νj+1,kM

−
j+1,k

)
−
(
−J−

j,k − νj,kM
−
j,k + νj+1,kM

−
j+1,k + 1(j ≥ 1)νj,k − νj+1,k

)
= 0.

The calculation for δpk+1, using αpk+1
= J+

j,k + νj,kM
+
j,k − νj+1,kM

+
j+1,k, is identical.

Quantile thresholds (νj,k, νj+1,k). A perturbation is considered only for estimated thresh-

olds. In particular, ν0,k = ymin is fixed and has no nuisance direction. A perturbation

νj,k(X)→ νj,k(X) + t δν(X) affects the score through two channels.

Channel (a): indicator boundaries. The indicator 1(νj,k(X)≤ Y ) appears inside IFJ±

and IFM±
j,k

. For a generic relevant conditional law F and at = ν + t δν, the combined

boundary change from the truncated first-moment correction and its quantile-moment

correction is, up to its orientation, ∫ at

ν
(at − y) dF (y).
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If the density of F is bounded by C in the stated neighborhood, then∣∣∣∣∫ at

ν
(at − y) dF (y)

∣∣∣∣≤C|at − ν|2.

The oriented-integral convention covers at < ν. Applying this bound to the plus and minus

conditional laws shows that the combined boundary contribution is O(t2δν2) and therefore

has derivative zero at t= 0.

Channel (b): explicit multiplicative factor. The term νj,k(X)
(
pk+1M

+
j,k − pkM

−
j,k −

(qj,k − pk)
)

contributes δν(X) times the conditional moment equation (O4.4), which van-

ishes at η0. The dependence of αpk and αpk+1
on νj,k is absorbed by the zero-mean residuals:

for any L2 function h(X),

E
[
h(X)

1(Z ∈ Sk)
πk(X)

(
W − pk(X)

)]
= E

[
h(X)

πk(X)

πk(X)
· 0
]
= 0.

The local density bound gives the quadratic control above. The treatment of δνj+1,k is

symmetric.

Alternative policy propensity (qj,k). For j ≥ 1, use the pooled representation qj,k(X) =

E[q(Z,X) | Z ∈ Tj,k,X]. At the population law, all the instrument-specific policy propen-

sities in Tj,k equal this common value. Consequently, perturbations of the conditional

instrument probabilities have no first-order effect on the pooled value, while perturbing the

propensity functions induces

δqj,k(X) =
1

τj,k(X)

∑
z∈Tj,k

π(z,X)
∂ϕ

∂p
(z,X, p(z,X)) δp(z,X).

At j = 0, T0,k = ∅ and the boundary q0,k = pk is handled by the corrected pk representer

above. For j ≥ 1, the first-order contributions are:

from quantile correction : −E
[
νj,k(X) δqj,k(X)

]
,

from differentiating the policy residual : +E
[
νj,k(X) δqj,k(X)

]
.

The pooled correction itself has mean zero at the truth. Differentiating its residuals gives

∂tE[−νj,k(X)Rq,j,k(O)]
∣∣
t=0

= E[νj,k(X) δqj,k(X)],
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because E[1(Z = z) | X] = π(z,X). Derivatives of the coefficients multiply zero-mean

residuals and therefore vanish. The two displayed contributions cancel, and the treatment of

qj+1,k is symmetric.

The simplex restriction is essential for the preceding pooled representation. Along a

within-set share perturbation aj,k(z,X) 7→ aj,k(z,X) + t δaz(X), admissible directions

satisfy
∑

z∈Tj,k δaz(X) = 0. Since q(z,X) = qj,k(X) for every z ∈ Tj,k at the population

law,

∂t
∑

z∈Tj,k

(aj,k(z,X) + t δaz(X))q(z,X)
∣∣∣
t=0

= qj,k(X)
∑

z∈Tj,k

δaz(X) = 0.

With estimated instrument-specific policy values, the remaining share term is
∑

z(âz −
az)(q̂(z,X)− qj,k(X)), a product of two nuisance errors. A perturbation of τj,k affects only

the factor 1/τj,k in Rq,j,k; its derivative multiplies the conditionally mean-zero numerator∑
z∈Tj,k ϕp(z,X, p(z,X))1(Z = z)(W − p(z,X)) and is therefore zero at the truth.

This establishes orthogonality for ψJ
j,k.

Neyman orthogonality of the remaining components. For ψJ
full,k, a perturbation of J+

full,k

contributes pk+1δJ
+ through the plug-in and −pk+1δJ

+ through its outcome residual. A

perturbation of pk+1 contributes J+
full,kδpk+1 through the plug-in and its negative through

the propensity residual. The minus-side terms cancel identically when k ≥ 1, and denomina-

tor perturbations in πk, πk+1 multiply conditionally mean-zero residuals. Hence ψJ
full,k is

orthogonal in every nuisance direction.

For the product scores, we invoke the chain rule for influence functions. The preceding

cancellations hold conditionally on X : at η0, E[ψJ
j−1,k(O;η0) |X] = Jj−1,k(X), and the

Gateaux derivative of this conditional moment is zero in every nuisance direction already

considered. Moreover, 1(Z ∈
⋃lk

l=j Tl,k)− γj,k(X) is the conditional influence function for

γj,k(X) = P(Z ∈
⋃lk

l=j Tl,k |X). Therefore, the product score (O4.3)

ψprod
j,k = γj,k(X)ψJ

j−1,k(O;η) + Jj−1,k(X)
(
1(Z ∈

⋃lk
l=jTl,k)− γj,k(X)

)
is orthogonal for the product functional E[γj,k(X)Jj−1,k(X)]. We treat the two groups of

nuisance directions separately. First, let ηα be any component other than γj,k. Then γj,k and

the indicator residual do not vary, so
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∂ηαE[ψ
prod
j,k ] = E

[
γj,k(X) ∂ηαE[ψJ

j−1,k |X]︸ ︷︷ ︸
=0

]
+E

[
∂ηαJj−1,k(X) E[1(· · · )− γj,k(X) |X]︸ ︷︷ ︸

=0

]
= 0,

where the first expectation vanishes by the conditional orthogonality just established. Second,

for the direction γj,k 7→ γj,k + t δγ, the derivative contributions of the explicit prefactor and

the residual cancel:

∂tE
[
(γj,k+t δγ)ψ

J
j−1,k+Jj−1,k(1(· · · )−γj,k−t δγ)

]∣∣∣
t=0

= E[δγ Jj−1,k]−E[δγ Jj−1,k] = 0,

using E[ψJ
j−1,k |X] = Jj−1,k(X) at η0. For the full-interval product, the residual is

1

(
Z ∈

K⋃
m=k+1

lm⋃
l=0

Tl,m

)
− 1

(
Z ∈

K⋃
m=k+1

Sm

)
− γfull,k(X),

whose conditional mean is zero by the definition of γfull,k. Therefore its coefficient and

residual derivatives cancel exactly as in (O4.3), even though γfull,k is signed.

For ψ∆K
, write

AK =
{
Z ∈

⋃lK

j=1
Tj,K

}
.

A perturbation of pK contributes −yminE[γK(X) δpK(X)] through the plug-in term and

the opposite quantity through differentiation of the pK residual. For an instrument-specific

direction p(z,X) 7→ p(z,X) + t δp(z,X), the plug-in derivative is

yminE[1(AK)ϕp(Z,X,p(Z,X))δp(Z,X)] ,

and differentiation of the policy residual gives its negative. Perturbations of πK and of the

coefficient γK multiply the conditionally mean-zero pK residual, while derivatives of ϕp
multiply W − p(Z,X) and also have conditional mean zero. Thus every first-order direction

in ψ∆K
cancels.

Q.E.D.
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O4.2. Binary Outcome

PROOF OF LEMMA S4.1(ii): Recall the target functional (4.4) and the orthogonal

score (S2.1), which decomposes as ψ =
∑

k(ψ
prod
full,k +

∑
j ψ

prod
j,k ) + ψ∆K

. Moment con-

dition. We show E[ψ(O;η0)] = θ0. The residuals RP,k and Rp,k have conditional mean

zero because P1,k(X) = E[YW | Z ∈ Sk,X] and pk(X) = E[W | Z ∈ Sk,X]. The pooled

policy residual also satisfies

E[Rq,j,k(O) |X]

=
1

τj,k(X)

∑
z∈Tj,k

ϕp(z,X, p(z,X))P(Z = z |X)E[W − p(z,X) | Z = z,X] = 0.

Thus every correction in ψh
j,k and ψJ

full,k has conditional mean zero, so E[ψh
j,k(O;η0) |X] =

h−j,k(X) and E[ψJ
full,k(O;η0) | X] = Jfull,k(X). Writing Aj,k = {Z ∈

⋃lk
l=j Tl,k}, another

application of the tower property gives

E[ψprod
j,k (O;η0)] = E

[
γj,k(X)E[ψh

j,k(O;η0) |X] + h−j,k(X)E[1(Aj,k)− γj,k(X) |X]
]

= E[γj,k(X)h−j,k(X)].

The same conditional calculation applies to the full-interval product score. Summing all

components therefore gives E[ψ(O;η0)] = E[m(X;η0)] = θ0.

Neyman orthogonality. We must show ∂ηαE[ψ(O;η)]
∣∣
η=η0

= 0 for each nuisance com-

ponent ηα. By the product score structure, it suffices to establish orthogonality of the

component scores ψh
j,k and ψJ

full,k with respect to (P1,m, pm, p(z,X), πm, τj,k, aj,k), and

then show that the product scores inherit orthogonality with respect to the γ terms.

Orthogonality of ψh
j,k with respect to P1,m. Consider a perturbation P1,m → P1,m +

t δP1,m(X). Since h−j,k depends on P1,m only through Jfull,k = P1,k+1 − P1,k, the pathwise

derivative is

∂tE[h−j,k]
∣∣
t=0

= E
[
α
(j,k)
P,m (X) δP1,m(X)

]
,

where α(j,k)
P,k+1 =D−

j,k, α(j,k)
P,k = −D−

j,k, and α(j,k)
P,m = 0 for m /∈ {k, k+1}. Under Assump-

tion 4.6, D−
j,k = 1(qj−1,k < pk+1 − Jfull,k < qj,k) is well-defined. The IPW correction
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D−
j,k(RP,k+1 −RP,k) in ψh

j,k contributes

∂tE
[
D−

j,k

(
1(Z ∈ Sk+1)

πk+1

(
YW − P1,k+1

)
− 1(Z ∈ Sk)

πk

(
YW − P1,k

))] ∣∣∣∣
t=0

=−E
[
α
(j,k)
P,m δP1,m

]
,

using E[1(Z∈Sm)
πm

| X] = 1, so the two contributions cancel. The same argument gives

∂P1,mE[ψJ
full,k] = 0 (with α(full,k)

P,k+1 = 1 and α(full,k)
P,k =−1).

Orthogonality of ψh
j,k with respect to pm and p(z,X). The propensity scores enter h−j,k

through three channels:

(a) the integration boundary pk+1 − Jfull,k, corrected by α(j,k)
p,k+1Rp,k+1;

(b) the lower level-set boundary q0,k = pk when j = 1, corrected by α(1,k)
p,k Rp,k;

(c) the alternative policy values qj,k and qj−1,k through the mapping ϕ(z,X,p(z,X)),

corrected by the policy terms involving Tj,k and Tj−1,k.

For channel (a), a perturbation pk+1 → pk+1 + t δpk+1(X) shifts the boundary by δpk+1,

giving ∂th−j,k =−D−
j,k δpk+1. The correction α(j,k)

p,k+1Rp,k+1 =−D−
j,k ·

1(Z∈Sk+1)
πk+1

(W−pk+1)

contributes ∂tE[α
(j,k)
p,k+1Rp,k+1] =D−

j,k δpk+1, canceling the plug-in derivative.

For channel (b), when j = 1 and E−
1,k = 1 (i.e., pk > pk+1 − Jfull,k), a perturbation of pk

shifts q0,k = pk, giving ∂th−1,k =−E−
1,kI

−
1,k δpk. The correction α(1,k)

p,k Rp,k contributes the

matching cancellation.

For channel (c), the pooled derivative displayed in the continuous-outcome proof gives

∂th
−
j,k = I−j,k δqj,k for the upper boundary. The derivative of I−j,kRq,j,k is −I−j,k δqj,k and

therefore cancels it. Symmetrically, when E−
j,k = 1, the correction through Rq,j−1,k cancels

the derivative through the lower boundary qj−1,k.

Denominators and within-set shares. A perturbation of πm differentiates only denom-

inators in RP,m and Rp,m; each resulting term is a function of X times a conditionally

mean-zero residual, so its expectation is zero. The same argument applies to a perturbation

of τj,k in Rq,j,k. Finally, admissible share directions satisfy
∑

z∈Tj,k δaz(X) = 0. At the

truth, all q(z,X) in Tj,k equal qj,k(X), and hence

∂t
∑

z∈Tj,k

(aj,k(z,X) + tδaz(X))q(z,X)
∣∣∣
t=0

= qj,k(X)
∑

z∈Tj,k

δaz(X) = 0.
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Thus the simplex-share direction has no first-order effect; with estimated q(z,X) it con-

tributes only the product
∑

z(âz − az)(q̂z − qj,k).

Inheritance by product scores. Recall that

ψprod
j,k = γj,k ψ

h
j,k + h−j,k(1(· · · )− γj,k), E[1(· · · )− γj,k |X] = 0 at η0,

while the preceding component-score cancellations hold conditionally on X . Hence any

perturbation of a component-score nuisance (P1,m, pm, p(z,X), πm, τj,k, aj,k) yields

∂ηE[ψprod
j,k ] = E

γj,k(X) ∂ηE[ψh
j,k |X]︸ ︷︷ ︸

=0

+∂ηh
−
j,k(X) E[1(· · · )− γj,k(X) |X]︸ ︷︷ ︸

=0

= 0.

For ψprod
full,k, the same calculation uses the signed residual

1

(
Z ∈

K⋃
m=k+1

lm⋃
l=0

Tl,m

)
− 1

(
Z ∈

K⋃
m=k+1

Sm

)
− γfull,k(X),

whose conditional mean is zero. For ψ∆K
, the pK plug-in derivative cancels the deriva-

tive of its Rp,K correction, while each instrument-specific derivative through q(z,X) =

ϕ(z,X, p(z,X)) cancels the corresponding policy residual. Perturbations of πK , γK , and

the policy-derivative coefficient multiply conditionally mean-zero residuals. Hence ψ∆K
is

also orthogonal in every nuisance direction.

Perturbation of γj,k and γfull,k. The derivative contributions of the two product-score

terms cancel. Along γj,k 7→ γj,k + t δγ,

∂tE
[
(γj,k+t δγ)ψ

h
j,k+h

−
j,k

(
1(· · · )−γj,k−t δγ

)]∣∣∣
t=0

= E
[
δγE[ψh

j,k |X]
]
−E
[
δγ h−j,k

]
= 0,

because E[ψh
j,k | X] = h−j,k(X) at η0. Replacing the set-indicator residual by the signed

residual displayed above gives the identical cancellation for γfull,k.

Q.E.D.
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O5. RATE AND LEARNER CONDITIONS FOR THE CONCRETE CONTINUOUS-INSTRUMENT
ESTIMATOR

Theorem 4.10 accepts any nuisance construction satisfying its three target losses. We now

express those losses in terms of the learner prediction errors for Algorithm S3, stated in

Section S2.3.1 of the Online Supplement. Assumption O5.2 uses the following quantities:

– rp,n, a sup-norm first-stage rate, ∥p̂− p∥∞ =OP (rp,n);

– rg,loc,n, an L1 prediction rate for ĝ1, required only at the two arguments q̂tr(Z,X) and

P̂ at which the target evaluates it;

– rQ,n, a p(X)-weighted L1 rate for the conditional quantile fit relative to the law

generated by the estimated boundary window, and εn, the width of the two analytically

trimmed quantile tails;

– δn + rp,n, the structural distance between that selected law and the canonical treated

boundary law.

The first stage remains uniform because p̂ determines conditional support extrema and

membership in the shrinking boundary sample in addition to serving as a generated regressor.

The same uniform first-stage requirement arises in nonparametric problems with generated

covariates; see, for example, Mammen, Rothe, and Schienle (2012, Assumption 2) and Lee

(2018, Assumption 7).

COROLLARY O5.1—Rate for the Concrete Estimator: Suppose Assumption 2.1 and

Assumption 3.6 hold. Suppose additionally that ϕ is uniformly Lipschitz in its last argument:

for some Lϕ <∞,

|ϕ(z, x, p′)− ϕ(z, x, p)| ≤ Lϕ|p′ − p|

for all (z, x, p, p′) ∈Z ×X × [0,1]2. Suppose that Assumption O5.2 holds with rates rp,n,

rg,loc,n, rQ,n and trimming sequence εn, that |Ij |/n→ ρj ∈ (0,1) for j = 0,1,2, and that

rp,n, rg,loc,n, rQ,n, δn, εn, M
−1
Q −→ 0.
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Then the nuisance estimators produced by Algorithm S3 satisfy Assumption 4.9 with

re,n =O(rp,n),

rg,n =O
(
rg,loc,n + rp,n

)
,

rµ,n =O
(
rQ,n + δn + rp,n + εn +M−1

Q

)
.

and consequently

|θ̂ω,1 − θω,1|=OP

(
n−1/2 + rp,n + rg,loc,n + rQ,n + δn + εn +M−1

Q

)
.

The rate separates into three sources. The learner errors rg,loc,n and rQ,n are the statistical

cost of the outcome and interior boundary-quantile regressions. The first-stage error rp,n
enters through the generated regressor, the support estimates, the two evaluation arguments,

and the width of the selected boundary region on the true propensity scale. The threshold-

crossing structure bounds the last contribution by O(δn + rp,n). The terms εn and M−1
Q

bound the two extreme quantile tails and quantile-grid interpolation.

The rest of this section states Assumption O5.2 and proves Corollary O5.1. Remarks O5.3

and O5.4 then comment informally on series constructions that plausibly deliver (L2)

and (L3), drawing on least-squares series prediction bounds from Belloni, Chernozhukov,

Chetverikov, and Kato (2015), generated-covariate expansions from Mammen, Rothe, and

Schienle (2012), Lee (2018), and the interior-quantile process theory of Belloni, Cher-

nozhukov, Chetverikov, and Fernández-Val (2019).

Set U1 = qtr(Z,X), U2 = P , Û1 = q̂tr(Z,X), and Û2 = P̂ , and define

Sx = [p(x), p(x)], Πx(u) = min{p(x),max{p(x), u}}.

At a grid point um, ĝ1(um, ·) denotes the fitted local-linear intercept in Algorithm S3;

between grid points, ĝ1 denotes its clipped linear interpolant. All stochastic learner rates

below are conditional on the training samples I0 ∪ I1.

ASSUMPTION O5.2—Continuous-Instrument Learner Conditions: (L1) First stage.
∥p̂− p∥∞ =OP (rp,n).
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(L2) Outcome learner. The fitted learner satisfies the target prediction rate

max
ℓ∈{1,2}

EZ,X

[∣∣∣ĝ1(Ûℓ,X)− g1

(
ΠX(Ûℓ),X

)∣∣∣ ∣∣∣ I0, I1]=OP (rg,loc,n).

(L3) Boundary learner. Conditional on I0, define the selected-law target

µsel1,n|x = L
(
Y |W = 1, P̂ ≤ p̂(x) + δn,X = x, I0

)
.

At any x for which P(W = 1, P̂ ≤ p̂(x) + δn | X = x, I0) = 0, set µsel1,n|x = µ1,p|x.

Let Qsel
1,n|x be its quantile function. Let

Q̃c
m(x) = min{ymax,max{ymin, Q̃(τm | x)}}

be the clipped grid fit before rearrangement. For a sequence M−1
Q ≤ εn < 1/2 with

εn → 0, define JQ,n = {m : εn ≤ τm ≤ 1− εn} and suppose

1

MQ

∑
m∈JQ,n

EX

[
p(X)|Q̃c

m(X)−Qsel
1,n|X(τm)|

∣∣∣ I0, I1]=OP (rQ,n).

Condition (L2) uses the two random arguments that appear in the estimand. The learner

is trained under the generated design (P̂ ,X), whereas (L2) measures prediction under the

evaluation laws induced by (Ûℓ,X). For ℓ= 2, Û2 = P̂ , so the training and evaluation index

distributions agree up to sample splitting. For ℓ= 1, Û1 = q̂tr(Z,X) may have a different

distribution and may place mass at a support endpoint after truncation, so a learner meeting

(L2) must predict well under both evaluation laws, including one-sidedly at such an endpoint;

see Remark O5.3. Projection keeps the population comparison inside its identified support.

The structural representation makes g1(·, x) automatically Lipschitz, which controls the

difference between ΠX(Ûℓ) and Uℓ.

In (L3), the weight p(X) comes from the boundary term in (4.7), which weights the

conditional law at X = x by p(x). Condition (L3) compares the grid fit to Qsel
1,n|x, the law

generated by the selection rule actually applied to I1. The structural localization inequality

derived below transfers this selected law to the canonical boundary law at cost O(δn + rp,n).

The interior set JQ,n confines the quantile regression analysis to intermediate quantiles.

Because both quantile functions lie in [ymin, ymax], the excluded tails have total Lebesgue

measure at most 2εn +O(M−1
Q ). This analytical trimming leaves the estimator unchanged

and costs O(εn +M−1
Q ) in the target.
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PROOF OF COROLLARY O5.1: Condition (L1) implies Part (1) of Assumption 4.9. In-

deed, the policy-map Lipschitz condition in Corollary O5.1 gives ∥q̂− q∥∞ ≤ Lϕ∥p̂− p∥∞,

while infimum, supremum, minimum, projection, and positive part are Lipschitz in their

arguments. Hence re,n =O(rp,n) and, with Û1 = q̂tr(Z,X) and Û2 = P̂ ,

max
ℓ∈{1,2}

∥Ûℓ −Uℓ∥∞ =OP (rp,n).

Let CY =max{|ymin|, |ymax|}. The structural representation

g1(v,x)− g1(u,x) =

∫ v

u
E[Y (1) | U = s,X = x] ds

gives |g1(v,x)−g1(u,x)| ≤CY |v−u|. Thus g1 is uniformly Lipschitz because the outcome

domain is compact. Fix ℓ ∈ {1,2}. Because projection onto SX is nonexpansive and Uℓ ∈
SX ,

|ΠX(Ûℓ)−Uℓ| ≤ |Ûℓ −Uℓ|.

The structural Lipschitz bound therefore gives

|ĝ1(Ûℓ,X)− g1(Uℓ,X)| ≤ |ĝ1(Ûℓ,X)− g1(ΠX(Ûℓ),X)|+CY |Ûℓ −Uℓ|.

Condition (L2) and the first-stage bound thus imply Part (2) of Assumption 4.9 with rate

OP (rg,loc,n + rp,n).

For the boundary term, fix x and write a = p(x). For a > 0 and p > a, the threshold-

crossing representation gives

νp,x =
a

p
νa,x +

p− a

p
ν̄a,p,x, ν̄a,p,x =

1

p− a

∫ p

a
K1,x(· | u) du.

Both component laws are supported on [ymin, ymax]. Coupling the common a/p share

identically and coupling the remaining share arbitrarily yields

W1(νp,x, νa,x)≤
p− a

p
BY , aW1(νp,x, νa,x)≤BY (p− a),

which establishes the structural localization inequality; its weighted statement is immediate

at a= 0.
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Set en = ∥p̂− p∥∞. At every x where the selection event has positive probability, the

selected outcome law in (L3), conditional on I0, is a mixture of the laws νP,x. Indeed, the

selection event is a fixed function of (W,Z,X), and conditional instrumental exogeneity

makes the treated outcome law at any selected Z = z equal to νp(z,x),x. Every selected

instrument value satisfies

a≤ P ≤ P̂ + en ≤ p̂(x) + δn + en ≤ a+ δn + 2en.

Convexity of W1 and the structural localization inequality now give, pointwise in x,

aW1

(
µsel1,n|x, µ1,p|x

)
≤BY (δn + 2en).

The same bound holds at the remaining x values by the version convention in (L3). After

averaging over X , (L1) makes this term OP (δn + rp,n).

For each x, sorting the clipped fitted vector is an L1 contraction toward the selected-law

population quantile vector, which is monotone. Hence condition (L3), clipping, and the

bound BY on each excluded-grid error give

1

MQ

MQ−1∑
m=1

EX

[
p(X)|Q̂m(X)−Qsel

1,n|X(τm)| | I0, I1
]
=OP (rQ,n + εn +M−1

Q ).

Both Qsel
1,n|x and the rearranged fitted quantile curve are nondecreasing and take values in

[ymin, ymax]. Let hQ =M−1
Q and write em(x) = |Q̂m(x)−Qsel

1,n|x(τm)|. On an interior cell

[τm, τm+1], linear interpolation and monotonicity give∫ τm+1

τm

|Q̂(τ, x)−Qsel
1,n|x(τ)|dτ

≤
hQ
2
{em(x) + em+1(x)}+ hQ{Qsel

1,n|x(τm+1)−Qsel
1,n|x(τm)}.

Summing the first term averages the grid-point errors, while the second telescopes and is at

most BY hQ. Together with the excluded tails, this gives

EX

[
p(X)W1(µ̂1,p|X , µ

sel
1,n|X) | I0, I1

]
=OP (rQ,n + εn +M−1

Q ).

The triangle inequality thus implies Part (3) with

rµ,n =O(rQ,n + δn + rp,n + εn +M−1
Q ).
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Substitution into Theorem 4.10 proves the result. Q.E.D.

REMARK O5.3—Series construction for the outcome learner: Condition (L2) restricts

prediction accuracy rather than the choice of learner, and series methods are a natural

candidate for meeting it. Take Fn to be a Kg,n-dimensional series class in x, so that the

local-linear step at grid point um regresses YW on the augmented regressor

(
bKg,n(X),

P̂ − um
hn

bKg,n(X)

)

under kernel weights of bandwidth hn. Suppose that g1 has the smoothness in u needed

for the usual local-linear bias bound, the series approximates g1(u, ·) and ∂ug1(u, ·) with

error ag,n under the relevant localized and evaluation laws, and the corresponding designs

are uniformly well conditioned—including one-sidedly at a support endpoint, where Û1

may place mass after truncation. If also hn → 0 and (rp,n +M−1
g )/hn → 0, the series

prediction bounds of Belloni, Chernozhukov, Chetverikov, and Kato (2015) and the local-

linear generated-covariate expansions of Mammen, Rothe, and Schienle (2012), Lee (2018)

suggest that one may take

rg,loc,n ≲ ag,n + h2n +

√
Kg,n

nhn
+
rp,n
hn

+M−1
g .

Here nhn is the effective local sample size, h2n the local-linear bias, rp,n/hn the generated-

regressor contribution, and M−1
g the grid interpolation error. The scale separation (rp,n +

M−1
g )/hn → 0 keeps both the generated-regressor displacement and the bracketing grid

points inside the O(hn) neighborhood on which the localized design is controlled, and the

L1 requirement in (L2) follows from an L2 bound by Cauchy–Schwarz.

REMARK O5.4—Series construction for the boundary learner: For (L3), the analogous

candidate is series conditional quantile regression, with FQ a KQ,n-dimensional series

class, run on the treated observations that the estimated boundary window selects. To see

the effective sample size, first ignore first-stage error and write a(x) = p(x). If fP |X(· | x)
is uniformly bounded above and away from zero in a right neighborhood of a(x), the
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oracle-window selection probability satisfies

sδn(x) = P(W = 1, P ≤ a(x) + δn |X = x)

=

∫ a(x)+δn

a(x)
pfP |X(p | x) dp≍ δn{a(x) + δn}.

Thus the unconditional selection probability is of order δnE[p(X)]+ δ2n. When E[p(X)]> 0,

the effective sample size is therefore nδn, and the normalized selected-X density, which is

proportional to sδn(x), dominates the target weight p(x) up to a constant. An unweighted

prediction bound on the localized sample then transfers to the p(X)-weighted loss in (L3).

If E[p(X)] = 0, the boundary term has zero target weight and no boundary learner is

needed. Under rp,n = o(δn), the estimated window inherits these sample-size and design

comparisons with probability approaching one.

Conditional on I0, the quantile regression directly targets Qsel
1,n|x, the selected-law quantile

in (L3). Under the usual QR-series approximation and design conditions, the interior quantile-

process bounds of Belloni, Chernozhukov, Chetverikov, and Fernández-Val (2019), applied

on τ ∈ [εn,1− εn], therefore suggest that one may take

rQ,n ≲ aQ,n(εn) +

√
KQ,n logMQ

nδn
,

where aQ,n(εn) is the series approximation error for the selected law over the trimmed

quantile range. Alternatively, one may verify these conditions by comparison with the

oracle window. The estimated window then changes probability content by OP (rp,n) and

its normalized law by OP (rp,n/δn). If, in addition, the conditional outcome density is

uniformly bounded away from zero at the relevant interior quantiles, this comparison gives

the conservative bound

rQ,n ≲ aQ,n(εn) +

√
KQ,n logMQ

nδn
+
rp,n
δn

.

In either formulation, a narrower window brings the selected law closer to the boundary

law at the cost of a slower quantile fit and a more demanding first stage. The sampling term

vanishes when KQ,n logMQ = o(nδn).
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O6. ADDITIONAL SIMULATION DETAILS

This section presents the experimental designs, estimands, and supporting numerical

results. The replication package gives the random seeds, learner tuning, numerical grids,

solver options, and run instructions used to produce every exhibit.

O6.1. Synthetic Experiment: Data-Generating Process

Continuous instrument. The DGP has the following components:

• Instrument and latent resistance. Z ∼ Unif(0,1), independent of everything else,

and U ∼ Unif(0,1).

• Propensity score and treatment. The propensity score is p(Z) = logistic(β0 + β1Z)

with β0 =−1 and β1 = 2, so p(Z) ranges from logistic(−1)≈ 0.27 to logistic(1)≈
0.73. Treatment follows the threshold-crossing rule W = 1(U ≤ p(Z)).

• Potential outcomes. With ε ∼ Unif(−0.5,0.5), define Y (1) = aU + θ + ε and

Y (0) = aU + ε, where a = 0.5 and θ = 0.5. The common shock is therefore part

of both potential outcomes, so consistency gives Y =WY (1) + (1−W )Y (0). Thus

Y (0) ranges over [−0.5,1] and Y (1) over [0,1.5], so the tightest common bound is

[ymin, ymax] = [−0.5,1.5], and both endpoints are attained.

The MTE is constant: MTE(u) = E[Y (1)− Y (0) | U = u] = θ = 0.5 for all u. The policy

of interest is qα(Z) = clip(p(Z) + α,0,1), and the target parameter is

θα = E[Y qα − Y ] = θ ·E[1(U ≤ qα(Z))− 1(U ≤ p(Z))].

Over the reported range |α| ≤ 0.12 we have p(Z) + α ∈ [0.15,0.85]⊂ [0,1], so clipping is

inactive and E[1(U ≤ qα(Z))− 1(U ≤ p(Z))] = α. The ground truth is therefore exact:

θα = θ · α = 0.5α.

Discrete instrument. The DGP has the following components, with a propensity score

that takes only two values:

• Instrument and latent resistance. Z ∼ Bernoulli(0.5) (binary) and U ∼ Unif(0,1),

independent of each other.



30

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

• Propensity score and treatment. The propensity score is piecewise constant with two

levels:

p(Z) =

0.25 if Z = 0,

0.75 if Z = 1.

Treatment follows the threshold-crossing rule W = 1(U ≤ p(Z)).

• Potential outcomes. Let ε ∼ Unif(−0.1,0.1) be independent of (U,Z) and define

Y (0) = 0.1+0.22U +ε and Y (1) = 0.58+0.40U +ε. The common shock is therefore

part of both potential outcomes, so consistency gives Y =WY (1)+(1−W )Y (0). The

treatment effect remains τ(U) = Y (1)− Y (0) = 0.48 + 0.18U , and hence MTE(u) =

0.48 + 0.18u, ranging from 0.48 to 0.66. The resulting outcome support is contained

in [ymin, ymax] = [0,1.08].

The target parameter is θα = E[Y qα − Y ] under the same uniform policy shift qα(Z) =

clip(p(Z)+α,0,1). For the reported range |α| ≤ 0.12, clipping is inactive at both propensity

values. Thus the following ground truth is exact (with oriented integrals when α < 0):

θα = 1
2

∫ 0.25+α

0.25
(0.48 + 0.18u) du + 1

2

∫ 0.75+α

0.75
(0.48 + 0.18u) du = 0.57α+ 0.09α2.

Because the propensity score support consists of only two points {0.25,0.75}, the data

do not identify MTE(u) at any single rank u. What is identified is the aggregate over the

complier block: differencing the two instrument arms gives E[Y | Z = 1]−E[Y | Z = 0] =∫ 0.75
0.25 MTE(u) du, that is, the complier average LATE = 1

0.5

∫ 0.75
0.25 MTE(u) du, together with

the marginal laws of Y (1) and Y (0) for the block U ∈ (0.25,0.75] as a whole. The policy

shift qα moves mass over the sub-block (0.25,0.25 + α], which is strictly finer than the

identified block, and over (0.75,0.75+α], on which nothing beyond the outcome support is

known.

Discrete instrument with covariates. The DGP has the following components, with five

covariates and a three-valued instrument:

• Covariates and indices. X ∼ Unif(−1,1)5, and two scalar indices drive the de-

sign: ξ(X) = Λ(X ′β1) with β1 = (1.5,−1.2,0.9,−0.6,0.3) and Λ the logistic func-

tion, and ζ(X) = X ′β2 with β2 the β1-orthogonalized, unit-normalized version of

(−0.6,0.9,1.2,0.3,−1.5). Neither index is known to the estimator, which sees only the
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five raw covariates, so every nuisance function is a genuinely nonparametric object in

five dimensions.

• Instrument. Z = {0,1,2} with Pobs(Z = z | X = x) ∝ exp(dzζ(x)) and d =

(−0.35,0,0.35), so that every πk(x) lies in [0.16,0.54] and Assumption 4.5 holds

with room to spare, while πk remains a nondegenerate function of X .

• Propensity score and treatment. p(z, x) = az + 0.10 ξ(x) with a= (0.20,0.35,0.50),

and W = 1(U ≤ p(Z,X)) with U | X ∼ Unif(0,1). The covariate shift is common

across instrument values, so every pairwise difference among the values in Rx =

{p(z, x), q(z, x)}z∈Z does not depend on x. Part (i) of Assumption 4.2 therefore holds

exactly: the level sets Sk, Tj,k and their ordering are literally invariant in x, and the

separation constant can be read off a single calculation. We take cgap = 0.04.

• Potential outcomes. With ε∼ Unif(−0.05,0.05) independent of (U,Z,X), Y (0) =

0.30 + 0.20 ξ(X) + 0.15U + ε and Y (1) = 0.50 + 0.40 ξ(X) + 0.40U + ε, so that

MTE(u,x) = 0.30 + 0.25u + 0.20(ξ(x) − 1
2) varies in both arguments. We use the

known outcome bound [ymin, ymax] = [0.25,1.35], which contains the support of both

potential outcomes. The measurement error gives every relevant conditional law a

bounded density, as part (i) of Theorem 4.7 requires at the boundary quantiles.

The policy is the uniform shift q(z, x) = p(z, x)+α. We report α ∈ [0.195,0.255], a window

that satisfies the separation condition and activates the full-interval, sub-interval, product, and

tail components of the orthogonal score. The Monte Carlo study uses α= 0.22. The affine

outcome means again yield population bounds in closed form up to the outer expectation

over X ; the replication package compares them with solutions to the primitive CCOT

problem (3.2).

Sample sizes and comparison methods. The continuous and discrete instrument exper-

iments both use n = 5,000 observations, and the covariate design uses n = 4,000 for the

reported identified sets and n ranging from 1,000 to 16,000 for the Monte Carlo study.

IVMTE bounds are computed using the ivmte R package with moment constraints derived

from the observed data. The PRTE weight function ω(u) corresponding to the qα-policy is

used for both methods.

We approximate the unrestricted MTR with flexible u-spline sieves. In the covariate

design, the sieve is interacted with all five covariates, and we report degrees 3 and 7. Degree
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7 is the richest sieve that solves reliably across the policy grid without numerical error. The

replication package provides the spline bases, the fitted propensity model, target-weight

construction, solver settings, and bootstrap configuration.

O6.2. Synthetic Experiment: Numerical Results

Table O2 reports the continuous-design bounds for different values of α > 0, together

with the IVMTE 95% backward confidence interval; the full grid is plotted in Figure 2. The

IVOT bounds are tighter at every point of the 25-point grid, by a factor that grows from

3.4× at |α|= 0.12 to 23.3× at |α|= 0.01: the IVOT width shrinks at the rate at which the

policy perturbation itself shrinks, whereas the IVMTE width is driven by the unidentified

part of the MTE and stays comparatively wide. Table O3 reports the corresponding discrete-

design bounds under the outcome support [0,1.08], and adds the IVOT 95% delta-method

confidence interval; the full grid is plotted in Figure 3. There the IVOT advantage is more

modest and roughly flat in α: 2.4–2.7× over the positive shifts displayed in the table, and

2.4–3.6× over the full grid, the upper end being attained at α = −0.05. The two-point

propensity support confines both methods to bounding the same two objects, the sub-block

(0.25,0.25 + α] of the identified complier block and the never-taker block (0.75,0.75 + α].

TABLE O2

CONTINUOUS-INSTRUMENT DESIGN (n= 5,000): SELECTED IVOT AND IVMTE BOUNDS FOR θα . THE

TRUTH IS 0.5α; † MARKS THE SINGLE GRID POINT WHERE THE ESTIMATED IVOT INTERVAL MISSES IT.

WIDTH RATIOS USE UNROUNDED BOUNDS, AND THE IVMTE COLUMN REPORTS A 95% BACKWARD

CONFIDENCE INTERVAL.

α Truth IVOT [ℓ, u] IVOT width IVMTE [ℓ, u] IVMTE 95% CI Width ratio

0.01† 0.0050 [0.0051, 0.0054] 0.0004 [−0.0037, 0.0043] [−0.0038, 0.0043] 22.4

0.03 0.0150 [0.0145, 0.0176] 0.0032 [−0.0129, 0.0333] [−0.0170, 0.0357] 14.6

0.05 0.0250 [0.0226, 0.0310] 0.0085 [−0.0130, 0.0506] [−0.0178, 0.0542] 7.5

0.07 0.0350 [0.0289, 0.0451] 0.0162 [−0.0181, 0.0707] [−0.0275, 0.0784] 5.5

0.10 0.0500 [0.0353, 0.0669] 0.0316 [−0.0273, 0.1002] [−0.0409, 0.1123] 4.0

0.12 0.0600 [0.0376, 0.0820] 0.0445 [−0.0319, 0.1196] [−0.0446, 0.1349] 3.4



ONLINE APPENDIX: PARTIAL IDENTIFICATION VIA OPTIMAL TRANSPORT 33

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

TABLE O3

DISCRETE-INSTRUMENT DESIGN (n= 5,000): SELECTED IVOT AND IVMTE BOUNDS FOR θα UNDER

OUTCOME SUPPORT [0,1.08]. THE ANALYTIC TRUTH IS 0.57α+ 0.09α2 AND LIES IN EVERY ESTIMATED

IVOT INTERVAL. WIDTH RATIOS USE UNROUNDED BOUNDS; THE REPORTED INTERVALS USE THE DELTA

METHOD FOR IVOT AND BACKWARD INFERENCE FOR IVMTE.

α Truth IVOT [ℓ, u] IVOT width IVOT 95% CI IVMTE [ℓ, u] IVMTE 95% CI Width ratio

0.01 0.0057 [−0.0007, 0.0089] 0.0096 [−0.0062, 0.0128] [−0.0114, 0.0118] [−0.0118, 0.0118] 2.4

0.03 0.0172 [−0.0010, 0.0259] 0.0269 [−0.0069, 0.0307] [−0.0340, 0.0362] [−0.0358, 0.0362] 2.6

0.05 0.0287 [−0.0007, 0.0422] 0.0430 [−0.0069, 0.0476] [−0.0511, 0.0543] [−0.0525, 0.0544] 2.5

0.07 0.0403 [−0.0001, 0.0581] 0.0581 [−0.0063, 0.0640] [−0.0667, 0.0759] [−0.0688, 0.0759] 2.5

0.10 0.0579 [0.0017, 0.0810] 0.0794 [−0.0047, 0.0875] [−0.0812, 0.1158] [−0.0880, 0.1160] 2.5

0.12 0.0697 [0.0032, 0.0959] 0.0926 [−0.0032, 0.1026] [−0.0932, 0.1575] [−0.0969, 0.1578] 2.7

On the single draw of Table O2 the truth falls inside the estimated IVOT interval at 24

of the 25 grid points, with the exception at α = 0.01. The population IVOT interval has

width of order α2 near zero: its width is 4× 10−4 at |α| = 0.01 and 0.046 at |α| = 0.12.

Across the grid the estimated width is 0.92–0.97 times the sharp width. Table O4 repeats

the experiment over 20 independent draws. The inclusion rate rises with |α| on both sides of

zero, from 0.15–0.25 at |α|= 0.01, where the mean interval width is 4× 10−4, to 1.00 at

|α|= 0.12, where the mean width is 0.045; inclusion is lowest where the population interval

is narrowest.

TABLE O4

CONTINUOUS-INSTRUMENT DESIGN (n= 5,000): INCLUSION RATE OF THE TRUE θα IN THE ESTIMATED

IVOT INTERVAL OVER 20 DRAWS. MEAN WIDTH AVERAGES THE TWO SIGNS OF α.

|α| 0.01 0.02 0.04 0.06 0.08 0.10 0.12

Inclusion rate (α< 0) 0.15 0.35 0.70 0.80 0.90 0.95 1.00

Inclusion rate (α> 0) 0.25 0.45 0.70 0.80 0.85 0.90 1.00

Mean IVOT width 0.0004 0.0015 0.0058 0.0125 0.0215 0.0325 0.0454

Table O5 reports the covariate-design identified sets for different values of α; the full

grid is plotted in Figure 4. The estimated IVOT interval is 0.79–1.06 times as wide as the
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population sharp set and contains the truth at all 11 grid points. Its width is within 6% of

the sharp width at nine points. At the two leftmost shifts, the estimated policy level merges

with a neighboring baseline level because the design is close to the separation boundary,

producing the narrower intervals marked in the table. The baseline level sets are recovered

throughout.

Against IVMTE, the estimated IVOT interval is 1.10–1.46 times narrower at degree 3 and

1.34–1.78 times narrower at degree 7. The difference is qualitative: the sharp set excludes

zero at every α on this window, and so does the estimated IVOT interval, whereas the

degree-7 IVMTE interval and its 95% confidence band contain zero throughout, so the

moment relaxation does not recover the sign of the policy effect.

TABLE O5

COVARIATE DESIGN (n= 4,000): POPULATION SHARP SET AND ESTIMATED IVOT AND IVMTE BOUNDS

FOR θα . THE POPULATION QUANTITIES ARE ANALYTIC UP TO THE EXPECTATION OVER X . A ‡ MARKS

POLICY-LEVEL MERGING NEAR THE SEPARATION BOUNDARY. WIDTH RATIOS COMPARE DEGREE-3 IVMTE

WITH IVOT USING UNROUNDED BOUNDS.

α Truth Sharp set IVOT [ℓ, u] IVOT width IVMTE deg. 3 IVMTE deg. 7 Width ratio

0.195‡ 0.0830 [0.0207, 0.1172] [0.0277, 0.1076] 0.0799 [0.0175, 0.1279] [−0.0033, 0.1320] 1.38

0.207 0.0883 [0.0199, 0.1259] [0.0176, 0.1298] 0.1122 [0.0153, 0.1386] [−0.0067, 0.1438] 1.10

0.219 0.0938 [0.0192, 0.1345] [0.0150, 0.1370] 0.1220 [0.0128, 0.1497] [−0.0118, 0.1563] 1.12

0.231 0.0993 [0.0186, 0.1429] [0.0181, 0.1443] 0.1262 [0.0102, 0.1607] [−0.0160, 0.1685] 1.19

0.243 0.1048 [0.0182, 0.1513] [0.0174, 0.1516] 0.1343 [0.0073, 0.1727] [−0.0215, 0.1810] 1.23

0.255 0.1103 [0.0178, 0.1596] [0.0161, 0.1634] 0.1473 [0.0043, 0.1836] [−0.0261, 0.1932] 1.22

Monte Carlo study. We draw 400 independent samples at each of n = 1,000, 2,000,

4,000, 8,000 and 16,000, and apply the procedure of Algorithm S1 at α = 0.22, with the

nuisance functions fitted by gradient-boosted trees. We report the W = 1 component studied

in Theorem 4.7; Table O6 collects the results.

The scaled Monte Carlo standard deviation
√
nSD lies in the range 0.30–0.38 from

n= 2,000 on. The estimated standard errors approach the Monte Carlo standard deviations

over the displayed sample sizes: the ratio of the mean estimated standard error to the Monte

Carlo standard deviation rises from 0.78 to 1.00 for the lower bound and from 0.82 to 1.02
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TABLE O6

COVARIATE DESIGN: MONTE CARLO PROPERTIES OF THE DML ESTIMATOR FOR THE W = 1 BOUND, WITH

400 REPLICATIONS PER SAMPLE SIZE AND α= 0.22. THE POPULATION BOUNDS ARE (0.1301,0.2380).

“SE/SD” COMPARES THE MEAN ESTIMATED STANDARD ERROR WITH THE MONTE CARLO STANDARD

DEVIATION; “SETS” IS THE CORRECT LEVEL-SET RECOVERY RATE.

Lower bound Upper bound

n
√
nSD SE/SD Coverage

√
nSD SE/SD Coverage Sets

1,000 0.444 0.78 0.905 0.403 0.82 0.858 0.71

2,000 0.379 0.93 0.920 0.371 0.90 0.915 0.89

4,000 0.384 0.91 0.915 0.354 0.92 0.915 0.98

8,000 0.334 0.99 0.933 0.312 1.01 0.923 1.00

16,000 0.323 1.00 0.930 0.304 1.02 0.928 1.00

for the upper. The level-set recovery step succeeds in every replication once n ≥ 8,000,

having failed in 29% of them at n= 1,000; this is the finite-sample cost of Assumption 4.2.

O6.3. Bed Net Application: Data and Setup

Dataset. We use data from Dupas (2014), which studies insecticide-treated bed net

(ITN) take-up among Kenyan households. The instrument is the offered price Z taking

17 distinct values spanning 0–250 Kenyan shillings. The treatment W ∈ {0,1} indicates

ITN purchase and the outcome Y ∈ {0,1} indicates ITN usage at a one-year follow-up.

The estimation sample consists of n= 1078 observations after merging the purchase and

follow-up datasets. Follow-up usage was not collected for households that did not purchase

a net; we set Y = 0 for these households, since a household that acquired no net through

the program cannot use a study net. Purchasers with a missing follow-up response are

dropped. Coding non-purchasers as Y = 0 makes the outcome use of a study net, so that

Y (0) = 0 holds by construction: a household that buys no net through the program has no

study net to use, whatever it does about malaria protection otherwise. Dropping purchasers

without a follow-up response requires follow-up to be missing at random among purchasers,
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conditional on the offered price:

P(R= 1 | Y (1),Z,W = 1) = P(R= 1 | Z,W = 1),

where R indicates an observed follow-up. The reported intervals condition on this assump-

tion, which we do not test: attrition that varies with usage would differ across price arms,

since purchase depends on the instrument.

Propensity score estimation. We estimate the propensity score by logistic regression of

W on the offered price Z . The fitted propensity decreases from 0.854 at zero price to 0.232

at the reference price of 150 KSh. Relative to cell-by-cell estimation across the 17 price

levels, the logistic fit smooths the first stage and imposes monotonicity through the fitted

price coefficient. The replication package provides the fitted model and diagnostics.

Policy and target. Both policies compared here are fixed-price policies. The baseline

policy assigns every household the reference price z0 = 150 KSh, giving the constant

propensity p̂(z0)≈ 0.232; the alternative policy qα raises that constant to qα =min(p̂(z0) +

α,1) for α ∈ [0.05, αmax]. The target is accordingly

PRTEα =
E
[
Y qα − Y p(z0)

]
α

,

the average per-unit effect of raising the purchase probability by α above its level at the

reference price. Because both policies are constant in Z , the mean policy shift E[qα− p(z0)]

equals α exactly. The baseline here is the fixed-price policy p(z0); the other experiments

instead use the observed assignment p(Z).

O6.4. Bed Net Application: Numerical Results

Table O7 reports the IVOT and IVMTE bounds for PRTEα at selected subsidy levels,

together with 95% confidence intervals for both methods, the IVMTE interval being paired

with the degree-20 point bounds it was computed from. IVOT yields tighter bounds through-

out, and its estimated lower bound is positive at every reported subsidy level. The IVOT

95% delta-method CI remains inconclusive for the three smallest reported shifts and rules

out non-positive per-unit effects from α= 0.211 onward. The IVMTE 95% backward CI is
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likewise inconclusive at small α. At large α (near the maximum feasible shift), the IVOT

bounds nearly point-identify PRTEα, whereas the IVMTE identified set and its 95% CI

remain substantially wider. The near-point identification arrives in a periodic pattern: the

bounds tighten to near-zero width and then widen slightly as additional complier groups

enter the policy margin.

The narrow estimated IVOT identified sets do not translate one-for-one into narrower

confidence intervals. IVOT relies on treated-outcome quantities estimated separately across

the 17 price cells, several of which contain few purchasers, whereas IVMTE pools informa-

tion through its moment restrictions and sieve; the resulting variability in the IVOT bounds

remains substantial, and division by α magnifies it at small policy shifts.

TABLE O7

BED NET APPLICATION: IVOT AND IVMTE BOUNDS FOR PRTEα AT SELECTED POLICY SHIFTS. THE

IVMTE 95% BACKWARD INTERVAL CORRESPONDS TO THE DEGREE-20 BOUNDS. THE IVOT 95%

DELTA-METHOD INTERVAL IS TRUNCATED TO THE LOGICAL RANGE [−1,1].

α IVOT lower IVOT upper IVOT 95% CI IVMTE deg. 10 [ℓ, u] IVMTE deg. 20 [ℓ, u] IVMTE deg. 20 95% CI

0.050 0.740 1.000 [−1.000, 1.000] [0.129, 0.990] [−0.372, 1.002] [−0.636, 1.002]

0.094 0.774 0.774 [−0.033, 1.000] [0.167, 0.949] [−0.219, 1.000] [−0.380, 1.000]

0.153 0.703 0.800 [−0.084, 1.000] [0.262, 0.830] [0.116, 0.975] [−0.164, 1.000]

0.211 0.580 0.601 [0.158, 1.000] [0.406, 0.703] [0.357, 0.824] [−0.050, 1.000]

0.299 0.588 0.637 [0.290, 0.909] [0.575, 0.674] [0.524, 0.761] [0.183, 1.000]

0.402 0.622 0.640 [0.306, 0.960] [0.615, 0.753] [0.571, 0.820] [0.393, 0.987]

0.504 0.603 0.624 [0.410, 0.808] [0.656, 0.784] [0.625, 0.847] [0.518, 0.933]

0.621 0.597 0.597 [0.457, 0.737] [0.651, 0.782] [0.627, 0.796] [0.501, 0.861]
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